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W II 1 IllltU I kiM, 

Koi ivnely oiR’ jc.us the AmerKMii '^t.iliMi..il \svicMa(i(iii li:is 

the \ .Ln in makers statistical in the Lhiile'l Stales, Al the titne 
when our Association was founflcd, statistical mctliud was ,m eslieiiiely 
siniijle science. In recent years, the technique has, hnwe\er, heeii };ui\v 
irf^ more and more conqilex. The Journal of ilir Aiiicntau Statiiliral 
A•isfuiafion has ser\ecl all the members of the Association and an 
attempt has been made to cover, in its jjafjes, all jihases of statistical 
method. For some time past, however, it has been e\idenl that the 
membership of our org'anization is tenditif^ to liecome divided into two 
group.s — those familiar with advanced mathematics, and lho.se who 
have not devoted themselves to this held. Tlic mathemalieians are, 
of course, interested in articles of a ty|K‘ which are not mlellijrihle to 
the non-mathematical readers of our Journal The luiitor of our Jmir 
nal has. then, found it a iiuzzlinj^ iirohlem to .satisfy Ixith classes of 
readers 

Now a happy solution has apjieared The Association at this lime 
has the nleasure of I'rcscntin^ to its matlicniatically inclined members 
the first issue of the Annals of iM\tukmatic\t. Statistics, edited 
by Prof Harry Ci. Carver of the University of Miehiuan. This Jour¬ 
nal will deal, not only with the mathematical technique of statistics, 
but also wuth the apjilications of .such teclmit|iie to the lieUls of astron¬ 
omy, physics, psycholot>:y, biolojjjy medicine, ediicatinii, biisinc‘ss, and 
economics At present, mathcniatiea! at tides alonjif these line.s are 
scattered through a variety of publications. It is hoixid that 
in the future they will be ^^atluTcd together in the Ann.sus. 

The editorial ixilicy will be to .select articles that will be.st meet 
the needs of the time There can be no questioninft; the stateiiieiil 
that ,iL the present tune tliere are in this country many more who 
need stimulation in the funclamentals of mathematical sliitistics than 
there are incliiiclual.s who.se |)rinie interest is in the advanecinent of 
modern statistical theory, Therefore particular -.tress will lx- laid .m 
articles of a fuiKlaiiieiital nature (liirin}r tlie first few years of (he 
life of the Annals, The ofiiccr.s. after due delilKTatioii. have chosen 
a new method of printim>' in order to facilitate the conqHisition of 
ori|*;inal articles and the obtaining of reprints. A iihotonrajihic process 
is employed, which will iwrintt the Associ.ilioii at .my iHiinl in the 
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future to furnish reprints or back numbers. The advantages of this 
to libraries and classes m statistics is apparent. A particular effort 
will be made to insert from time to time tables that must be constantly 
referred to h> statisticians. Nevertheless, the chronicling of research 
will in no sense be neglected. 

My personal opinion is that the advent of the Annai-s constitutes 
an important milestone in the history of our Association, I am sure 
that this new publication will be welcomed heartily, not only by the 
mathematically trained section of our membership, but also by the 
non-mathematical group, for the latter recognize that the more ad¬ 
vanced phases of mathematics are rendering extremely valuable service 
in furthering the progress of statistical technique, thus aiding in the 
solution of problems of the greatest moment. 
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RF,MA\K7;b ON REGRj?.S"iON 
'h' 

S, U U'li iC'i' 1- 

1, Inn iinjicr pulilisheci twi-lA o years a^^o’ I fieri'rd a jcf '’f 
forniul-u' for l)i\ ari.itc iefjfression \Aliicli uitp t">!ncl to k: ve y"'”! 
results 111 ! nnmuidal iiiatcria's <'* a fait ly tiattii c •, h-cli. 

in the ease uf nioder.iU'l' shew (l'-tril)i’ti'>'is. were redufCt' 
sitniile and easil\ appliculjlc f(inn<t Two jears later I extetided 
the I henry .ilsn to the case of nmltiple correlations of s'’n’'nr 
t_\ |K‘s- 'riiesc fiiiimilac were deduced on the assumption 'hat the 
coirelatmn surface enttid he exiiressed by a so-called series of lyite A^. 

1 e. tliat tlie dcMations fnitn the best tittiiiff normal surface could be 
expressed as a senes. de\ eloped accordiiifi to the deri\ati\es of differ¬ 
ent orders ot the lliavais function, expressinj.,' that normal surface. 

When, after the lapse of so many yetirs, T find that this thc- 
or\ has not rcceiied the attention which it seems to me it merits 
in eiew of the \ ery simple, and on a fairly large class of curved 
regiessions readily apjilicaiile results. I uttrihnte this in part at 
least to the apparent (not actual 1 s])eciality of the assumiitions 
made uith regard to the niatheni.itnal expression for the corre¬ 
lation surtacc, and in part also to llie rather repellent .show of 
nuithematics iniohed in the deductions In the hoyie to gi\e the 
theni.i a better chance of coming to the attention of statisticians, 
1 piopMM' heic to deduce .some of my main ve.sulls in an entirely 
differenl way, hringing the theor\ hacU on more simple principles 
I believe that by this method of deduction, it will he more easy 
for the leader to see e.xactly where a.ssumption.s come in. and 
also I he nature of the restriction.s caused l)y tlic.se assumiitions. 

2 l.et X .md y he a yiaic of correlated \ariates. our material 

1 I he correlation function of l \|ie nml the rcfrrcssioii of its ehaiacteriitics 
KniiKl Sveiihkii \ eten.sl,a])sahn(leniiLns Hiiiullincer Uil. fiS, Nr 3.1917 ,\ko 
'‘Mcfldelanclen fraii Lunds .Vstroiioiniska Oliservatoninn’' Sen. II, .\'r. 17, 

1 Multiple coirel.iiinii and non-lincar rcKresvion, krkiv. for Maicmatik. Fynk 
och Astiononii, Ihl. 14 Xi, 10, 19t9 \lso •’Meddclanden Iran Liiiuls .Sstmii- 
oniiska Oliscrvatoiiiiin." ,Scr. I. Xr. 91 

3, (.liarlior, fontnhtitiimh to the niatlieniatical theory of statistic*, d The cor¬ 
relation function of type A, \rkiv for Matcimtik, I'ysik ocli Astronimii. Hd 
9, Xr. 2f), 1914. \lsii "Mcddelaudcn fran Lunds Aalronnniiska Ohscrva* 
toriiim" Ser. I, Xi, fS, 
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ciiiisistiiif; lit A/ such piiiis Cumiuitinn tlu' means and lontral 
inonient.s, we have 

K'-ji-I TiZy : M'rNi -MyY 

The standard deviations of x and y and tlin coeflicient of 
correlation are then defined by 


V/^'ZO ' t/T^ ^ 

Following Yule' and Peaison^ we now treat the problem of 
regression as a simple problem of graduation, defining the re¬ 
gression oi y on j: as a parabola of a given degree, which, with X 
as argument, is fitted to the y’s by the method of least squares. 
The regression may then be written in the form 

{/*-= SAdi {x-M:i)+at +• 


and the least squares normal equations for determining the par¬ 
ameters d,, a,, • dp assume the form (Pcdrsoii Op, Cit. 

p, 2S). 


a = a. 

4 a.^ y.pg 

<2j ^lo + 

4 dp fj.fr,o 


■*' ^zMio 

4 fia Myo 4 • 

4 dp fiptl, a 

ZI~ ^ZO 

+ ^Z /4.0 

+ ■ 

4 a^p fftpfz, o 

}j.,r a, 

4 <3 2 

■'SjAeo ^ • 

+ dp fJpf,,o 

Mfii! ^o/^p.0^ a^ 

,0+ ^zMp-tz, 

o^^s^pzM.o-^ ■ 

^ ^pfLzp, 0 


1 , 


On the Theory of Correlation, Jour. Roy. Stat, Soc Vol 60 IM? « I 

'"r" 1 “v “>« ti™- 
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Wrilhit; the solution m the foiin ol cleun nniMiii-.,i 


li.ive 


wIk'h'c 


'3,.,= 



L • 


/ , 

0 , 


Mjo V 

.t 

0 

H'i3 ! 

1-^30 ■* 

* 


hia ■■■ 

Psp ’ 


Mso >• 

yf 

Pao - 

P 46 * 

j^60 * 

Mto s 


Mp.o 1 

Mpttto • 

MptM.a 'i 

Mp*i,o t 



and A, is obtained hen the i'lh i"m in A is evcluinucd for Ihe U< 
membra of eiination'i (1), i e for the series (>f elements; 

® ' ^11 ' M-tl ' 3 / » ‘ " Mp,l < 

3 Some iniyortant general conclusions may at once be de 
rived from this svsteni, Dclining as iwn-rc<jrcsswji of tlicp’tli order 
the case that all the coefficients a,, , a, , • ■ • turn out to 

be practically eipial to zero, i e. (hut a horizontal straight line 
is the best parabola of the jo'th degiee that can be lUted to the series 
of t/'s, it is first seen, from the first of eiiuations (1), that then also 
3-0=0 . Secondly we can draw the conclusion that this can take 
I lace only if all the elements /j.„ , /Uf/ Mai'' ' * ‘ 
ccinal to zero. Hence the condition for non-regression of the p 'Ih 
order of y on x is that we have 

(4) f^i.c = o for 1= I, e, 3 '-p 

This clearly iiuoKes also that tiu coeffirieiit nt lorret.ilini. r 
equals zeto. 

Defining further ,i:. i.•incs’non of (hep '(It order the ci-m 

that the coefficients are equal to , ro, i e that 

a non-horizoiUal stiaiglii line is (he best (laratKila of ilic p 'th 
degree that can be fitted to the senes of y'st we iinnicdiatcly 
m', from the two first of equations (1), that then we must lane 

(^) 
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REMARKS ON REGRESSION 


Referrinjf here to the well-known theorem that any determinant 
will disappear, when the elements of two rows are proportional 
(the elements of any one row being obtained by multiplying the 
corresponding elements of another row by a constant factor) it 
IS easily seen that all the deteiminaiits A,-except A^, and hence 
by (2) all the coefficients <So, ■••-3 ^; except cs,, will disappear 
if the quantities o, ji,,, Mzn the left membra of . 

(1) are proportional to the elements o, 

in the second row of the determinant A . Hence the condition for linear 
regression of the/j’th order of y on a- is that we have 

= /^L,, foi- 2. 3, ■■ -p. 


A few considei atioiis will show that this condition is not only 
sufficient but also necessary For p = 3 these criteria were demon¬ 
strated by Pearson 

4 Thus far there are no other assumptions involved than 
the principle of least squares, and that the regression of y on x 
may be described by a whole rational function. The chief diffi¬ 
culty in the application of this theory of regression is that as 
seen from equation (1), m order to determine a regression of * the 
p’th degree we must compute and use moments (of the series of 
X 3 Up to the order Bp ) Now, as justly remarked by Pearson, mo¬ 
ments of high orders are, on account of their large standard 
errors, very little to be relied upon, at least -in the case of ordin¬ 
ary materials {N not very large). Besides’this, the numerical 
labor involved in computing higher moments is comparatively 
very great Hence, Pearson's theory of regression will be prac¬ 
tically applicable only m cases when the regression is at the most 
parabolic of the second degree Indeed, this is a very serious 
restriction, because curved regressions often have at least one inflec¬ 
tion Thus in order to meet fairly frequent cases of regression we 
must needs have recourse at least to cubic parabolas But this should 
lequire the computation of all the moments of * up to the sixth order. 

In order to remove, as far as possible, this difficulty, I take 

In 1 /"Af expressed by Thieleh Uiele introduces, 

nvarhnt of coefficients called the semi' 

invariants. These semi-invanants (here denoted by A,.) are 

^fined in terms of the moments by the identity: 

1. Theory of Observations London 1903, p 49 
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^20 p / '^^30 


4f 




Developing, wc find 

^eo ~ f^ia ' ^3o ^ ^io ’ '^■40 M^o ~ '3/J- to '• 


(7) 


'^so f^sti M^to~ ~ M 


z 

30 


Now, fht rule indicated b\ Thiele is the following; 

To obtain the fiiit semi-invariants rely entirely on computa¬ 
tions To obtain the intermediate semi-invariants lely partly on 
computations, partly on theoretical considerations But to 
obtain the higher semi-invariants rely entirely on theoretical 
considerations. 

Of course, this rule is iiist as well applicable to the deter- 
niination of moiiients, as anv moment may be cxprcssctl in terms 
ot ilie s<‘ini-invan<inia of the same and lower order. In particular 
vie li.iie 


(a) 


lo 


'Ml 


H’to ^J(/ I A^ja ■ ‘^}o'y U 4 , “ 

/^30-^S0~ + /5rl^, + /04 

5 A most natural way of aiiplying the rule is affordnl In 
earson .s celebrated theory of tretiuency-fuiiction.s. The nuimeitts 
,Ui,aare the moments of one of the marginal cILstrilnitions (here 
the disfributioii of the x's). Computing /U„,/Xja and in the 
ordinary way honi the observations, criteria can be formed* 
s (lumg to which ot tin- Pearson Types the freiiuencv curve of 
« belong.s. Ilus being d.eided, the parameters of the curve nun- 
)e ( etennined by the aid of the .s.uiie moment.s. As the momciUs 
ot liigher order are easily i-.xprcssetl in terms of the iiaranieter.s 
c get, in this way. expressed in terms of fjt,, and 

^40 * 

In state the iiiatler in a more general w.iy. vv,. mav use ihr 
tormulae given by Cem.son in his memoir m, regression, Im cH 


i. -See V\. I'aim I l(lcriiiii. 
faille \'I 


^■u■|lKlu,\ tunvs ami t ..ikUi-.h Im 
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REMARKS ON REGRESSION 


Pearson starts from a differential equation of the form 
(9) bjX 4 -i ' ■)= (x-¥a)f(x) 

where /{x) is the fieqnancy function of x . 

Jfultiplying on both sides by x and integrating by parts, he 
finds the following formulae^ (placing the origin in the mean) 

ilO) l)bii^n^^-\r (n -t^) < • ■ 

~ b^n-n.o 


Now, Pearson remarks that experience shows that for the great bulk 
of frequency distributions the higher terms, multiplied by b,, b^, etc., 
may be neglected. In fact, Pearson’s system of frequency curves is 
obtained as a result of putting = 0 for 1^3. 

Following Pearson’s example, we get the recursion formula, 

ill) + 4 ~ 


Putting here n = 0, 1, 2, 3, vft get four equations to determine a , 
io , S/ , and in terms of the moments This 

being done, we get and /x^^on putting n=4 and S. 

The procedure indicated above leads, in fact, to the theory 
of skew regression which is the natural consequence of Pearson's 
theory of skew frequency curves 

6. As the theory just indicated above is at present at my 
request being worked out in detail by one of niy pupils. Mr. 
Walter Anderson, I refrain from proceeding further into the 
matter 


It remains, however, to show how the special formulae for 
cubic regression, given by me twelve years ago, arise out of a 
somewhat similar procedure. 


Instead of starting from Pearson’s theory of frequency func- 
tions, I now start from Thiele's theory of frequency functions. 
JUS as m the preceding section the coefficients b^, etc were 
neglected in the equation (10). given by Pearson, i now ncgllcl 

equations (8), given by 
ere is no d oubt that the former approximation is of 

1 See also Palm Elderton, Op cit, p 3P 
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far more general validity than the latter; still the latter may be 
justified by the following considerations. 

Assuming the variate x to be generated as the sum of a large 
number of independent, elementary increments, each of which 
has its own frequency distribution and its own set of semi- invar¬ 
iants, it follows from the theory of Thiele that any semi-invariant 
of * is the sum of the elementary semi-invariants of the same 
order. Supposing the elementary increments to be a in number and 
denoting by A, the mean value of the r elementary semi-invariants 
of order we consequently have 


Hence we get 

/ 1 54 T''* 

v f 

Except under rather special conditions, which it is not necessary 
to dwell on here, the ratios not extensively great. 

Thus if j is a large number we see* that the "standardized" semi¬ 
invariants of jc are small of the order of magnitude 
In particular we have. '* 

of the 
'■ " 

7so " » 

Yu " " 

We now have, denoting by 


order ^ yX 

" T 
“ 

„ / 


the "standardized” 
equation (8). 


C(j-^ — 


_ 




Zo 


moment of or , by a simple transformation of 




+ IS, 

Stopping with quantities of the orderwe get 
f/-S) IOy,^ \ ISloyj -t (s 
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In practice we can, of course, not very well know if the hy¬ 
pothesis of elementary increments is valid, but if we have, on 
computing the moments up to the fourth order, found that 7 ^ and 
7 ,, are rather small, and that is of the order of magriitude 
of 7}t, there is a certain plausibility in assuming that and 7 ;, 
are still smaller and that they may be neglected as compared to 
7 ^ and 7 ^. 

The curve of cubic regression of y on x we may write in the 
form 

ty — Cq + c, tx + Cg tjf + Cj tgg 
where we have put 



and it is evident that equation ( 1 ) now takes the form 

0 ~ Co ■+ Cg Cj 

r = 4c, +Cg»,o + CjO(^ 

~ Co ^Cf 0 t)o CgO^ + C, 0 (fo 
<*Si ~ ^0 CCjc ^1 + Gjo 0(544 Cj CCgg 

We get 

C/^)A= Pi.o-c(l-f)-c<oJo(oo-^a:,o«^o- 

- (< - *00 +J<) t 

A,=/> io(goOfoo-ci^, -or., »4) «J 

~^<*3c ( Olg~ «*)+««, ctgo ( »5.- cigo (yj - C(j, dgo [Cf^- A^) 
dSi=P^oo -«4.+ 2c(„0(g~ a* Aoo ) 
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/ (^yj~ ^3a~ ^ J 

And the coefficients arc 

cr^ 4“^ 

We now introdm-e the semi-invariants by ( 8 '), taking for 
c^jo and cti, the approximate formulae (1,3). 'Kor oit, and % we put 

{15) cit,= 7i, •, 

) 

The coefficients 7 ^,, and 7 J, are then the standardized corre¬ 
lation semi-invariant.s, according to a generalized theory of semi¬ 
invariants for hi-variate distributions. 

It is now a consequence of our principle ol approximation 
that all powers and products 7 '^, , 7 ^, , . . , . , of which the 

sum i 4 y + A+/ + nnn+. ... of the indices exceeds 6 , shall be 
neglected as compared to powers and products of lower order. 
Observing this, the determinants reduce to the following: 


Ai= /Zp-^6(r740-7»,)+^^m0 
7*/^ » 

5^3^ -6{r7^-7,) , 


Using the same rule of approximation on muUiplying by 
we hnally get 


A 
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^0~ 1 


In my cited metrioir of twelve years ago I put* 



Using this notation, we’ get 


"4 ~~^3o » 

^4c "^730^30' 

These coefficients are exactly the same as in equation (34*, II) 
of my former memoir. As shown in that memoir on several nu¬ 
merical examples, the regression formula in question applies very 
well in cases of moderately skew correlations. 

It is seen that the coefficients r,. and determine the 
curvature of the regression. If r^=r,=o the regression is linear 
(of the third order), I have called these coefficients the correla¬ 
tion coefficients of higher order If the correlation surface is 
approximately normal we have the following formulae for the 
standard errors of the coefficients involved. 


1. In Pearson’s notation we have r^-^i and r^ = ^ /. 
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Lund (Sweden). 





.SYNOPSIS OF ELEMENTARY MATHEMATICAL 
STATISTICS* 

By 

B, L. Shook 


■Section I. Elementary Statistical Fonctioks 

1 Variaics. Practically all statistical data'is obtained as the 
result of observations that endeavor to establish the magnilude-s of 
certain variables. The individual magnitudes that are recorded are 
termed variates, Thus in computing the average annual rainfall of 
a region, the variable is rainfall, and the amount of rainfall for any 
single year is a variate Lijkewise, if the bank clearings for the City 
of New York be under consideration, then the variable is bank clear¬ 
ings, and the clearings for .my .specified interval is a variate. 

2 The aritlniictic mean of a .seiies of variates is equal to the 
sum of the variates divided by the number of variates in the series. 
If Ny designates the arithmetic mean of the N variates v,, v. 

V * y ^ * 


The nth moment of a series of variates is defined as the 
arithmetic mean of the nth jxiwers of these variates and is repre¬ 
sented by the symbol ^ , Thu.s 

That is 
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Obviously, by definitions (1) and (2) 

(3) = My 

4. The deviation of a variate from the arithmetic mean will be 
designated by the symbol v , i. e. 

(4) = K/ -My 


S. The n th moment about the mean* is defined as the arith¬ 
metic mean of the nth powers of the deviations of the variates from 
the mean, and is represented symbolically by Thus 


(S) 


so that 

(Sa) 

A/ e ^ ~ 0 


(5b) 

Mir 


(Sc) 

Mty 



The fact that //, "O', is demonstrated as follows: 


£ V' ^Zv~MMy 

fti-r-- ^-Mv~My~ My " 0 Q. D. 

The numerical example of Table 1 illustrates the definitions of 
the preceding paragraphs, The data consists of thirteen variato, 
which repri^nt the number of even numbers found in consecutive 
blocks of IQO numbers, draw n to determine the order of call for draft- 

^ convenl^c the arlUmv-iic mean is frequently referred la u Ikt mewi. 
When relerring to geometric or barmonic means, the »dj«tiv« geometric or 
hartnonic must therefore be specified. 



16 ELEMENTARY MATHEMATICAL STATISTICS' 

ing United States soldiers in 1918. These variates were ubtaitied from 
the first 1300 drawings n»ade. 

The most obvious conclusion to be drawn from Table I i.s that 
the use of fractions in determining the values of fj.„, is cumbersome, 
if AC is a whole number^ then the values of v, P^and are integers, 
and the procedure is simple Generally, however, A^. will be fractional, 
and consequently awkward expressions for y , K^and will result. 
On the other hand, the computation of values of ,, i.s relatively easy, 
and hence it is expedient to expres.s , and in terms of the mo¬ 
ments fJ-'n V ■ This may be done as follows: 

Since by definition, 


Vf= y, -M, , it follows that 

Vi- My , and 

i// + JK. My^ 

Consequently 


V* = vl-ZMyV, -rMy 
vl » vl -ZMy My 
Yj ’vf-ZM^Vj + Mf 

I. 


V,^ = g/-J V,^My^3V, My- My 

l^/= V^-SYsM/rdYjMy-Ny 


I-ZNyZv^NM*y Z-3Mylv^-^5MllY-NMl 


Dividing both sides of these equations through by N yields, 
respectively 



^'-ZMy-NyAMi 


2.v‘^Lv 
N ~ N 


■^Myj^\ 3 M£My-M 


3 

V 


Hence 

H'Z'V ~ M2tv^ 

JUs.y-3Myju^,y+ZM^ 


(6) 



TABLE I 
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elementary mathematical yr47/STJiS 


These formulae are perhaps the most important In our work, since 
they enable us to obtain the moments about the mean without requir¬ 
ing that we actually determine the deviations. Applying these for¬ 
mulae to the numerical example of Table I, 


34314 / 666f_ 2526 
13 'U3/ 169 


_ 177716 .^ ^343141 / 666\ , . (666'^_ 21240 

13 U)\UJ ^\l3r 2197 


The results thus obtained by this indirect method are identical with 
the results obtained in Table I by employing the direct method. 

7 Standard Deviation. The second moment about the mean, 
/j. 2 „ is a function of the variability of the data, since its essential 
elements are the deviations of the variates from the mean. But if the 
original variates happen to be measured in inches, then since is 
the average of the .squares of the deviations, it follows that the unit 
of fuuy is square inch Nevertheless, by extracting the square root 
of //j vwe would obtain a function which would in general measure the 
variability of, and posse.ss the same unit as the original data. This 
function is known as the standard dn<iation and is denoted by the 
symbol a-y . Thus 


Verbally we may say that the standard deviation is defined as the 
square root of the mean of the squared deviations of the variates from 
their mean, 

Actually is rarely computed directly from th? squared devia- 
h^ons but rather by employing the relationship given in formula (6). 
For the data of Table I “ w;* 


0- - 50.2593 

•' V169 ir~ 


3.78918 


the standard A ' f ^assume that the arithmetic mean and 

a “IS’Z "»■ ‘"‘I 

., then we may say that a man weighing 190 lbs. is 



B L SHOOK 


19 


40 lbs or 2 standard units above the averag:e in iveight. Likewise an 
individual weighing 120 lbs. may be considered as being 30 lbs, or 

1.5 Standard units under average weight. 'Conversely, if the arith¬ 
metic mean and the standard deviation for heights be 67 inches and 

2.5 inches respectively, then an individual who is 2 standard units above 
the average height must be five inches above the average stature, or 
in other words must be 72 inches tall. The magnitude of an observa¬ 
tion expressed in standard units is therefore defined as follows: 


( 8 ) 


= 


V>-M, 

a-y 


Vl 




It will be observed that these standard variates, t ,, are abstract 
numbers For example, if the original variates be expressed in the 
unit inch then the unit of My, v and a-y is also inch, and it follows 
that if both the numerator and denominator of a fraction be expressed 
as inches the quotient must be an abstract number, independent of the 
unit employed in the measurements. For instance, one series of vari¬ 
ates would result if the height of each of a group of individuals were 
recorded in inches However, if their heights had been recorded in 
centimeters, each of the resulting set of variates would be numerically 
about 2 54 times as large as the corresponding variate expressed in 
inches. Nevertheless, the standard variates obtained by both methods 
would agree in the case of each individual. Thus, if 

My~ 67 ins = 67f2 54lcms., 


and 


erV = 2.5 ins.* 2.5(2.54) cms., 
then for an individual 6 feet tall 

V - 72 ins as 72(2.54) cms., 

V = Sins. = 5(2.54) cms., 

i “ 5 ihs. _ 5(2.54) cms. 

2 5 ins. ”2.5(2.54) cms. ' 

t r= 2 2. 

With the aid of a computing machine, the series of standard vari¬ 
ates corresponding to any observed series of variates may be com¬ 
pleted very rapidly by meams of a so-called continuous proces.s. To 
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illustrate, we found that for the data of Table I, page 17, 

M = SI.230769 
cr^, = 3.86610 

By formula (8), then 

t,= = -13.2513 + .2S86S9 v', 

In using this equation one should first subtract out 13.2.S13 from 
the machine, and then set up 258659 as a multiplier. The product 
of this multiplier by 51 will cause the value t - - .059691 to appear 
on the machine. By merely subtracting the multiplier two times, the 
value 'i =-.577009, corresponding to = 49, appears. Continuing 
this "build-over” method, the following set of standard variates is 
readily obtained. 


TABLE II 



exaggeration to state that the theory of mathe- 
Ls ttiifSr 7"' in prob- 


9. The properties of the 


moments of standard variates are both 
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interesting and important Thus 
(9) 


smce 


Kf — r XlzMy- y G - n 


a-„ //d- 


(see formula Sa) 


Referring to formula (6) we see that 

Mb" + 

But since has already been proven e(jiul n i 0, 

MU ‘ 

Mb t ^ Mi { 

Which is an important smiplifiialton m the innmeiUs of the stantl- 
ard variates. 


( 10 ) 

for 


( 11 ) 

for 


M 


t i 


/ 


n = ZlL±yIhzMA'- 

Mit fjZ I )- 


JAa 


= / 


(-.LC formula 7 ) 


cr' 


Mil cTy ) a-* 


We sec, tliereforc, that although the values of //„ and n,, art 
always 0 and 1 respectively, the value of pi,., will iiossess an ab,stract 
value depending, nevertheless, upon the variates themselves. The ex¬ 
pression, , is known as the coefficient of skirumcss and is denoted 
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by the symbol oC,,,, i. e. 

( 12 ) 

U I, 


P‘ a tv 
jj-l r 


Sumttiary of Section I From the viewpoint of Elementary Math¬ 
ematical Statistics, we chJlrarterize a series of variates by its 

(a) number, N, 

(b) mean, jVv , 

(c) standard deviation, cr^ , and 

(d) skewness, 

The moments about the mean, , are introduced solely to facilitate 

the determination of cr„ and Other moments, are used to 

simplify the numerical calculation of the moments about the mean, 

Verbally, we may state that the mean'serves as a convenient aver¬ 
age, and the standard deviation measures the concentration of the vari¬ 
ates about their mean. 

A thorough discussion of the significance of the coefficient of 
skewness must be slightly deferred. We may say at this time merely 
that the value of a(j„, depends obviously upon the value of and 
that a glance at the last column of Table I will lend weight to the 
statement that a positive or negative skewness indicates a weighted 
preponderance of those variates which are considerably greater than, 
or less than the mean, respectively. 

Finally, the operntion.s of mathematical .statistics, and even cer¬ 
tain comparisons in descriptive statistics, require that we introduce 
the notion of a standard variate, defined as follows: 


.Section 11. 


Indirect Metuod of Outaining Elementary Functio.ns 


a con^tanft^ theorems of moments states that if 

a constant be added to, or subtracted from each variate of a series 
the moments computed about the mean for the revised seWes S 
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identical with the corresponding moments of the original series. By 
way of a simple example: 

The mean of the following five variates is 138, consequently the 
values of k ■ are as given below: 


1 

y. 


1 

■■ 

-5 

2 

mSsM 

4 

3 

138 

0 

4 

141 

3 

5 

136 

-2 

Total 

690 

0 


If We subtract, say, 130 from each of the variates, then for the 
re\i!,ed series x,, x,, x),, x>and Xj, 


i 

o 

" H 


1 

3 

- 5 

2 

12 

4 

3 

8 

0 

4 

11 

3 

5 

6 

~2 

T otal 

40 

0 


= 130 -I- 8 = 138 


The value subtracted, 130, i.s termed the provisional mean, and Li 
general is designated by the symbol, M .. It follows, therefore, that 


a' 


(13) 

(14) 

(15) 
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( 16 ) = 

It is understood that the functions of z are defined in precisely 
the same manner as corresponding functions of v , that is 

M = — 

^ yV 

= x^-Mf 
u' 

etc. 

11. Formula (13) follows from definition, although (14)— 
seemingly self-evident—needs proof. Thus by (13) 

W,* = 

Vi 

= Mo* 

2v= NMo-*^x 

Dividing both sides through by A'yields, b)' definition, 

K=Mo*M^ Q.E.D. 

Formula (IS) is proved by means of (13) and (14) as follows: 

~ • (Definition) 

-(vi-Af<)-(/VJ,-Af)(Formulac 13 and 14) 

' =Vj-M, 

= ^4 Q. E, D. 


and j, ^ Xr” 
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and we have just shown that alvva 3 's for coricsixuiding: \ .iliies 

K = 

the truth of (16) is apparent. 

12. A comparison of tables III and I will reveal an adviintag'c 
of the indirect over the direct method o£ calculation. 



jV = — 

13 


JLl ^ u' ~~ A/« “ 

Mfie • ‘ X 1 « 




/25^ _ 


= 3.78918 


= -- 


21240 


“ “.167303 


A/, = 50 + ^ = SI 3/13 

cr^, => £4 ’= 3,78918 
^atx =~167303 
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It will be observed that the values 


Aj x~ 


2526 


and /ij.j 


_ -21240 


13^ 133 

agree exactly with those of Table I, namely 

;/ -"21240 

The following will illustrate an important advantage of the iU' 
direct method of deterniining the moments, ^ . Let us suppose 
that after computing the values of N^,, cr^ and for the 13 vanates 

of Table I we desire to delete the I3lh variate, » 52, and compute 
the values of Af, cr and cij for the remaining twelve variates. 

By the direct method of Table I, the revision would be quite 
laborious, but by the indiiect motliorl of Table III, revisions arc made 
easily, as follows: 

A' = 13-1 =12, Jj? = 16-2 = 14, 2 'j:^214-4 = 210; 

616 - 8*608 

Consequently 






14 

12 

210 

12 


Mf.x~ K = 


" IT = A/'*'v?a;^ 

I 


6 


581 = 4.01732 


af.,, -1 (]Q 0— _ _ 

531 Yssr 


* 51 1/6 




4.01732 

^v= <*i.x = - .114250 
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13. In a woicl, re\jsions of seric'^ arising from 

(a) incrtasinff nr (lecreasiry^ the number of variates, 

(b) combining two or more series, or 

(c) correcting tlie original'variates 

together with the resulting smaller numbers that result by emijloying 
the indirect method, lead us ordinarily to avoid using the direct method 
of section I in computing the fundamental functions, tMan, standard 
dmiation and skentiness. 

In practice, one continually faces the problem of revision. Thus, 
in business statistics, publications serving as sources of data frequently 
are obliged to present revisions for estimate.s made in previous issues. 
Moreover, monthly and annual endeavors to bring statistics up to date 
require the addition of variates to series. In problems arising in the 
field of psychology and education, it may develop after preliminary 
calculations have been made that one or more observations of the 
original senes must be deleted due to the presence of factors such as 
unusual physical or mental impairment at the time" of examination, 
cheating, etc. Again, we may desire to combine the statistics for sev¬ 
eral distinct intervals, for several classes, or for various schools of a 
city or state, etc 

In the numerical exnmp!e.s above, calculations were made in 
terms of fractions, rather than decimiibs, in order to emphasize the 
fact that the direct and indirect methods will yield identical results. 
Ordinarily, decimals are employed, and the results will consequently 
differ slightly. 


Skction III 

FRKQUENCY DrSTRIOUTIONS 

14. In dealing with lartre groups of quantitative data, the com¬ 
putation of the elementary staU.stical functions and an appreciation of 
the variation in the magnitudes of the scries of measurements is 
greatly facilitated bv sy.stematically presenclng the data in the form of 
a frequency distribution. Such a di.stribution may present in tabular 
form 

(a) each different variate observed, and 

(b) the number of times that each dilTerent variate was observed 
in the investigation 
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Tt !s evident at the very outset, therefore, that if a fretiiiL'iicy clistribii- 
fion merely reproduces preci.sely the .'■ame data that mifi-ht otherwise 
have been listed serially, the values oi U, cr and at, computed from 
.such a frequency distribution must coriespond cNtictly with the values 
oi M, cr and a(, that would have been obtained by the serial metIuKh 
Thi.s serial method has been considered in the two preceding: .sections, 

15. As an illustration, suiipo.se that we consider the coiunlete 
table from vhich the 13 viuiates, u.-ed in earlier eomiiuliitinus, v\cre 
taken. Since, according to the regulations, 17.000 numbers were with- 
diawn, we shall have 170 group.-, of one hundred nUInbe^^ each, con¬ 
sequently 170 \ariate,s. These arc listed below 

We shall see that one can compute the fundamental functions from 
the frequency distribution more readily than from Table IV. Again, 
certain phenomena are appaicnt at a glance at Table V, though by no 
means evident from a short inspection of Table IV. Thus the range 
of the variates is immediately observed in Table V, and the degree of 
symmetry in the distribution can be guc.ssed rather accurately by one 
accustomed to computing the coefheient of skewness from distribution.s. 


TABLE IV 

Number of even numbers in 170 samples of 100 nnmber.s each. 
U. S Order of Call, lOlK 


51 49 S3 49 46 47 .51 

49 51 5.5 50 46 53 46 47 

60 59 42 42 .58 43 .53 49 

53 46 47 50 55 50 48 47 

48 57 49 52 57 56 45 64 

51 S3 51 49 39 ,54 51 .56 

42 46 SO 56 42 54 50 45 

50 52 53 55 .52 48 50 53 

51 55 47 45 55 51 47 54 

52 60 52 53 49 52 46 62 

54 so 51 50 .50 53 44 54 

53 47, 44 48 55 45 55 45 

52 55 54 56 42 49 45 55 

^ 37 44 53 52 .50 51 47 

56 50 S3 49 52 60 4» 

36 45 50 51 53 44 47 54 

M -44 49 43 57 46 48 48 


57 

46 

54 
44 
37 

44 

47 

45 

48 
43 
51 

55 

45 

56 
50 

46 

49 


48 

54 

53 
SI 
.58 
41 
58 
48 
46 
48 
45 

50 

55 
44 

51 

54 
48 
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The frequency cliitribution for Table IV may be obtained readily 
by means of the “cross-hve'' method as follows. 


TARI.E V 


Frequenev Distiibtition for Data of 
Table IV 


V 

Tabulation 

/ 

37 

r-—- “ 

1! 

2 

38 


0 

39 

1 

1 

40 


0 

41 

! 

1 

42 

IHt !l 

7 

43 

lit 

3 

44 

Wi Ml 

9 

45 

MM M+ 

10 

46 

1 1 1 1 MlJ 

TTTT rttr 

10 

47 

t 1 1 -, 11 

TTtl iTM 

10 

48 

MM MM il 

12 

49 

MM fM 1 

11 

,50 

MI+MH MM 

15 

51 

MM fM^ I'll 

14 

S2 

Ml-f li'l 

9 

53 

MM MM l!'i 

14 

54 

MM MM ! 

11 

55 

MH MM 1 

11 

56 

MM !i 

7 

57 

Ml 

4 

58 

li! 

3 

59 

i 

1 

60 

111 

3 

61 


0 

62 

1 

1 

63 


0 

64 

1 

1 

Total 


170 


lb. The above tvqx; of distribution slunikl !«* diffcrniliaini i om 
oihera ill which it has Ik'sii found aclvantaRcous to combific the vatUtes 
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into classes nncl likewise to fcroiil) tofietheri the corresponding frequen¬ 
cies. A cli.stribution of grades v^ill seri'e to illustrate this second type 
of distribution 


TAHLE VI 


Distribution of Examination 
Grades of 168 Students 


Class 

Frequency 

0-. 10 

0 

11- 20 

2 

21- 30 

3 

31- 40 

5 

41- 50 

7 

51- 60 

16 

61- 70 

39 

71- 80 

45 

81- 90 

41 

91-100 

10 

Total 

168 


Such a table does not rei>resent iwai tly the original data in which 
the grades were recorded for each student as an integral number of 
l)cr cents; nesertheless, it gives a very g,H>d idea of the general form 
of the distribution and enables us to conniitte the fundamental func¬ 
tions with a considerable degree ot accuracy 


17 hlscictc I 'anafes The distribution of Table V is obviously 
one in lyiich the lanates cdn, fmtn theii \eiy nature, be expressed 
n y as integers. A distribution of thi.s tyiMi is tei incd one of discrete 
‘ rto cs, or one of a discrete c-aiiahle Omimon illustrations of this 
tyiie are tube found in distributions of the number of individuals it. 

iVhcad'’ etc "" 
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IX C oilfunions I'nnalc.s In the majority of distributions the 
vaiiate.s by tlieir nature may differ by infinitesimais, and the observed 
values, as recorded, arc merely more or less accurate estimates of the 
inic t'o/fiM, ivhich never can be established with absolute accuracy by 
any method of measurement Thus the variates in the case of heights 
may be correct to the nearest inch, one-hundredth of an inch, or even 
the one millionth part of an inch, etc., but theoretically it can be shown 
that the chance.s that any niea.surement of a continuous variable is exact 
is about one in infinity A frequency table for the distribution of con- 
timinns variates must alway.s, therefore, be one of grouped frequencies. 

\9. The fundamental differences between distributions which 
may be classified as 

(a) discrete 

(b) ffrouiied discrete, and 

(c) continuous 

aie ot \ital mipoitnnce whenever the accurate determination of the 
mean, standard deiiatum. or skewness, is concerned. We shall now 
illustrate in det.iil and by mmiencal examples the procedure which 
should be followed in each case 

20, Freqiiciuy Ihstrihufions of Dtsdch' I'ariates 

If 180 dice were thrown, and a thniw of a ,si.x sjxit counted a suc¬ 
cess, then the expected frequencies of .successes that would be obtained 
in one thou.sand such trials are a.s follows. 



>12 


r.LEMi'\r iR\ \i n'Hi'M IIli.u m iiisurs 


TARLK \'1[ 


1/ 



^9 

X-^ 

15 

1 

-15 

225 

-3375 

16 

1 

-14 

196 

-2744 

17 

2 

-13 

169 

-2197 

18 

4 

-12 

144 

-1728 

19 

6 

-11 

121 

-1331 

20 

10 


100 

-1000 

21 

16 

- 9 

HI 

- 729 

22 

23 

- 8 

64 

- 512 

23 

31 

- 7 

49 

- 343 

24 

41 

- 6 

36 

- 216 

25 

51 

— 5 

25 

- 125 

26 

61 

- 4 

16 

- M 

27 

69 

- 3 

9 

- 27 

28 

75 

- 2 

4 

- H 

■29 

79 

- 1 

1 

- 1 

30 

80 

0 

0 

0 

31 

77 

1 

1 

1 

32 

72 

2 

4 

8 

33 

64 

3 

9 

27 

34 

56 

4 

16 

64 

35 

46 

5 

25 

125 

36 

37 

6 

36 

216 

37 

29 

7 

49 

343 

38 

22 

8 

64 

512 

39 

16 

9 

81 

729 

40 

11 

10 

100 

1000 

41 


11 

121 

1331 

42 


12 

144 

1728 

43 


13 

169 

2197 

44 


14 

196 

2744 

45 

1 

15 

225 

3375 

46 

1 

16 

2.56 

4096 


AT, . 30 
Af, = - .027 

Aix = 24 687 
Msx ^ 11.259 
= 4 968S3 

122.655 

.108097 


29 973, cr^ = 4.%«53, a!, ^ = .108097 


Z/ = 1000 

Lx/ ^ -27 

I xV ' 24687 
Ix^f = 11259 
= 24.6863 
A3x =13.2.586 
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Explanation Since ihih dibtribution of discrete variates is an 
exact reproduction of the original data listed serially, we know that 
the moments obtained by the frequency distribution method must be 
identical with those which would have resulted had the aerial method 
been employed In fact 

’If 

(17) 

and 

Xumericallv, Z x"/ is absoluteh equualent to ^ jc*. However, 
Z'X*'/ implies more: it indicates a brief and systeniatic metluxi of 
attaining a total in which multiplication replaces repeated additions. 
Thus, in the serial method the calue or = 5 would be added 46 times 
during the numerical determination of ^ or . In the frequency distribu¬ 
tion method one multiplication. 5 X 46. repre.sents likewise the con¬ 
tribution of this lariate to tlie total.^a:/ = 2-X . 

If a comiiuting maclime he not available, the headings of Table 
\TI should lx* 
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degree of r-onficlence that al! five ^mninatioiis have been accurately 
fleterminecl 

It follows that we may now write, employinfi; (17), 

(19) , ^ 

and observe that here, as in the serial methotf, 

Ml:x~ ^X 

M^=‘ Mo 

U*f~ Mz X 


etc. 

21 The Grouping of Discrete Vanates Occasionally frequency 
distributions of discrete variates contain so many different variates 
that some sort of grouping must be employed, Thus, the distribution 
of Table VII and the numerical calculations may be abbreviated as in 
Table VIII. 

E.vplanatian. The class mark of a clas.s is defined as the .rith- 
inetic mean of the greatest and lea.st variates that can occi" within 
that class. In Table VIII we might have used the class marks as 
values of V, but the use of a iirovisional mean, as has already been 
demonstrated, saves a large amount of labor. 
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TABLE Vni (Unadjusted) 


Class 

Class 

Mark 

/ 

A’3 

X 

14-16 

15 

2 

- s 

17-19 

18 

12 

- 4 

20-22 

21 

49 

- 3 

23-25 

24 

123 

- 2 

26-28 

27 

205 

- 1 

29-31 

30 

236 

0 

32-34 

33 

192 

1 

35-37 

36 

112 

2 

38-40 

39 1 

49 

3 

41-43 

42 ] 

16 

4 

44-46 

45 1 

1 

4 

5 


Zf = 1000 

M, - 30, A 

Zx/ = -9 

A4 = -.009 

Ixi-- 2817 

T4;,x = 2.817 

40S 

f^'sx ' -405 

=2 81692 

=1.67837 

- ,481058 

4.72783 


_ gr,^ = .101750 _ 

H = 29.973, o; « 5.03511. 101750 


The class intcnvl is defined a.s the common difference between 
u\o conseaitivc clas.s mark.s, In the example of Table VIII, the class 
interval has been chosen as the unit of jc , con.'.cqnently and 
are expressed in class ut,its. If A denotes the class interval for a 
distribution, then 

(20) , and 

(21) Actj. 


Thus in Table VIII we had 


TV,, - 304- 3(.(X)9) » 29,973 
cr,, » .It 1.078371 a 5,03511 
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Since the skewness is an abstract nur.iber, completely nulciHiiKlent 
of the unit employed 

(22) ^Si,t 


22 Table IX shows in the second, third, and fourth columns ttit 
values of cr, and which are obtained by various groupings 
of the data of Table VII. The grouping employed in Table VIII is 
listed asi?(3 2) in Table IX, the 3 denoting the number of different 
variate.? in each group, and the 2 designating the position of the first 
observed variate (i, e. 1.5) in the first grouping. Thus the cla.sses 
of the grouping svnibohzed by D (6:4) would be 


12-17 

18-23 

24-29 

etc. 


From Table IX it may be okserved tliat, although all of the value.s 
of agree to a rather rem«irkable extent, nevertheless the unadjusted 
values of reveal the fact that an increase in tlie class interval is a.s 
a rule accompanied by an Increase in the associated standard deviation 
and a decrease in the corresponding skewness, 


23 In computing the moments , u', ^ ,tim\ „ for 
distributions of giouped frequencies, the assum)ition is made that each 
variate in a class may be treated as being numerically equal to the class 
mark, A mathematical investigation that lies beyond the scope of an 
elementary coiir.se shows that in the computation of and 
is entirely legitimate to treat each variate after this manner, but the 
demonstration also reveals that grouping tends to introduce a sy.stqm- 
atic error into the value of To eliminate this systematic ten¬ 

dency we find that one should introduce a correction and write 


(23) 




l-iA‘ 

U 


where X denotes the mmber of different that are grouped 

ogether m each class Thus, in Table VIII we .should liave intro¬ 
duced as a correction 


3^-1 ^ 

12 ■ 32 ~ 27 


= .074074 
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TARLE IX 

Comparison of Acljiisted .incl UiiadjustecI \ alues ot cr aiul oi, 


(3) 

(4) 

Uiiacliii'.tod 


a'j.v 

4,969 

lOS 

4 992 

,10f) 

4 993 

107 


fl) 

Grouping 


£>(1 Ij 29,973 

D{2 1) 29 972 

C>f2 2) 29 974 


Avg D(2) I 2Q973 


29 972 


Avg D(3} 29,973 


Avg. /9( .a) 


D 
D 

/;( 6 : 3 ) 

D(6-A) 

D(6:5} 

D(6-.6) 


Avg. /,)((!) 


7;1 

7:2 

7:3 


29 926 
29 972 


Aver 


29 973 


4 974 I 03 


4 9(11 


Avg. /)(") 
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This vvotikl have resulted in the followiii/'' revision : 

2,742SS ct = I.t)S616 

/U3^= ,4810S« 4.54260 

o',, = .105899 


M, = 29.975, cr, = 4.96848, ar^ , =. 105899 


A'ftiin, for /: = 7 wt would use 




7--1 

12*7' 


/Vr 
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When the .simple adjustment of fornmla (21) is in.'i l<\ Tnlile IX 
shows that the systematic errors in the sallies of cr„ and cf’j, , causud 
by (>Toupinn, are ehnnnated. 'I'lins in roluiniis 5 and (i the ;u'er;i(t(‘s 
for each Rroiip are constant, con.sciinenll.v the eiinr.s iMiiainini^ an* 
accidental varialion.s. which, due to a conipleic I,iik ot rminiensai ion, 
slill reniain, but such discrepancies aie not seiious, 

It should be noted that toi dislribiidons of clisciete I'aiiaUs in 
which no jjioupins' occurs, a.s in Table YU, the Corrociion vanishes, 
since for J: = 1 

(21) ^ 


24. I'icciuciiCY nishibiitioiis of ('niitiinii)iis f./i si'.m. The tol 

lowiti(r ivill serve as an illustration of the niethorl of obtainiiif; the 
fundanienlal functions for a disiuhiilKin of conlinnoiis variates. 
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TABLE X 


Wcightb.of 1000 Female Students 


tOrigrinal McaflUJ'cnients Made to Nearest 1/tO Ibi) 


' ' ' ~ ' - ■ -1 

Cla.s.s 
( Pound.s) 

Class 

hfark 

\=/D 

1 

/ 1 

X 114.95 

.r 

70- 79 9 

■1 


-4 

80- 89.9 


16 

-3 

90- 99,9 


82 

-2 

100-109.9 

104 95 

231 

-1 

110-119.9 

114.95 

248 

0 

120-129,9 

124.95 

196 

1 

130-139.9 

134.95 

122 

2 

140-149.9 

144 95 

63 

3 

150-159 9 

154.95 

23 

4 

160-169 9 

164 95 

5 

5 

170-179 9 

174.95 

' 1 

6 

180-189 9 

184.95 

1 , 

7 

190-199.9 

194 9.^ 

2 

8 

200-209 9 

204 95 

1 

9 

210-219,9 

214.95 

1 

10 

T<it>d 


1000 



=114,95 

A4 - .379 class units 

3.089 
/t/i* « 8.131 
oi s 1.69175 
4.84184 

£<.,,= .976424 

Ny = 118.74 lb.s.. <7^ « 16.9175 Ib.s., «.97f424 


JLvfiliinatioif. The class mark ha.s previously t>een defines! as the 
nie.in of tlie gre.nte.st anti Icii.st variates that can b<e inelndetl in a class 
Since the uriginni me.nsiircmtiis were made to the nearest tenth of a 
pound, the true limits of the 150-159.9 class .ire 149.95‘159.95. a,w! 


Z/ = 1000 

Ler/- 379 
£,4r/« 3089 
IxY-- 8131 
= 2,86203 
= ^[.72769 
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Ihcir mean is 154 95, which accordingly is the class iiiark in this in¬ 
stance. If the original measiircMiients had been made to the neomrt 
politic/, then the clas.ses noiild be written 

150.0-159,0 
160.0-169 0 


and the tine liniit.s of the 1.50,0-1.59,0 class would be 149,5 and 159.5 
pounds re.specti^ ell, and the cot res|H)nding class mark would Ire 144.5 
lbs.' It IS apparent, theretoie, that a table of eontinuou.s variates 
should specif\ clearK the accuracy with which the original tnea.sure- 
nients were made, fni the values ot the class niarus and conseiiucntU 
that of the mean, hinges on this point. 

It will be noticed that in thi.s exani[)le the class iiiten'al has agfain 
been taken as the unit ot cr. and this fact must be taken into consid¬ 
eration in detei mining the \ alue of and , 

Since the assumption is also made that the clas.s iiiaik may repru' 
.sent the inagnitu^les of all variates occurring in that cla.ss, the tpies- 
tion of correcting, the second moment, ag.mi aiises. .Since in 
each class of a distribution of contiimou.s variates an inliiiite mtiiilrer 
of different variates may occur, the correction is in this case 

/ - //k^ J 
IZ ~ /Z 

Theicfoic, coiresponding to iornuila (24), we must uiitc, in oidei 
piuperly to adjust the second moment of a distiibutioii of coiitimioii.s 
variates 


(25) 




6 s bet 01 c, neither the V allies ot Mj,wn lequire .idjusUm-nt, 

Summary of Satmii 111 'rhe fiei|uency distribution is a tlevicc 
for presenting an extensive scries of variates in a systematic and com¬ 
pact form. Not only are the phenomena of aggregation more readily 
lierceptible by this method of iiiesenting the data, hut the calculation.s 
of the fundaniBnt.il functions are facilitated. 

The formulae for obtaining the mean, slandard deviation and 
,skevvne,s,s are, with tbe exception of a single adiustmciU that may 
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arise, identical with those employed in the serial method One need 
only observe that 

N = 1/ 

Z-x^/ 


The adjustment referred to is that we should in frejieral regard 


H'Sje 




tz 


For ungrouped distributions of discrete variates this correction 
vanishes, since in this instance A 1. Foi disti ibutions of continu¬ 
ous' variates, since here k would equal infinity, the correction is 
numerically equal to 1/12. 


These corrections will remove systematic errors in the standard 
deviation and skewness that arise from the phenomenon of grouping 
complete frequency distributions. 


Editor's Note. This abstract of iilcniciilary Mathematical Statmtics will be con¬ 
tinued in the May issue of the Annals. 



BAYES’ THEOREM 


tiy 

Joseph Berksoi^ 


As for all established sciences, the typical problems ,of practical 
statistics have become inveterately attached to their several neat and 
convenient formulary solutions. To recall consideration of the basic 
reasoning underlying every-day statistical practice that applies to an 
elementary question may appear in the nature of an unnecessary dis¬ 
turbance of prevailing peace. If the experience of the writer is typical, 
however, vagueness or dubiousness of the premises inherent in a rule 
applied by rote will emerge to plague one in the conclusions, and a 
periodic return to fundamentals is as salutary for mental comfort els 
for the integrity of science itself In what follows, an attempt will be 
made to go over the ground covered by Bayes’ Theorem, and to point 
out its import for sound statistical reasoning. No claim is laid to 
mathematical originality at any specific points, but in the approach and 
synthesis will be found, we hoijc, a measure of instructive novelty, 

A large class of statistical problems is typified in the following. 
A standard machine is known, from long experience, to produce a cer¬ 
tain fraction P of imperfect products. What is the probability that 
in the next issue of n products, a fraction p will be imperfect? 

We now present a related but not identical question. There is 
no available knowledge concerning the general practice of a machine; 
n products are examined a.nd a fraction p found to be imperfect. 
What is the probability that the machine turns out generally a fraction 
P of imperfect products? The distinction between the tWo questions 
may be schematized as in Figure 1. 


“‘"I Vital Statistics of the School o£ 

Research of the ' ’Tt'’'*' Institute lor Ulological 

Research o{ the J il'.ns Hophins University. 
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Tlie varies , II rcprcsfiU serially all the vnriinis frac¬ 

tions of imperfect jinsUicts which iniKlit charactcrirp isirlifiilar ma¬ 
chines, each one, let ns say, (Iclertnineii by .sonic dctiniie citinhinatinn 
of mechanical defects. \'aliie.s fl , p,, /?,, etc.. .-»rp the fhtv-tti,itin|.j 
fraction.s of iiniierfect products that riiij,dit apirar iti the s.miples phe 
duced by the.se machines. C'oinuvtetl !ty ,irr«»ws \w(h /’ ate ihe ^an. 
domly varyinfr values of p that miKlit result (mm I,’ . with /,' tlto.sc 
that mij*'ht result lioni /J , etc., the weiftht of the arrows l>em^r j,rrj 
{jortional to the prohahility of the particular p concerned I5 
be noticed that each P may fisc to any of a numt>cr of p \ 
that some of the p \ may result from any of ,i nmiilier of P 

The hnst tjuestion in terms of the <liaj;ram is. "finnt , how 
probable is it thatshall result?" The second is: "''‘urn , how 

probable is it that has ktut its .source^" Answtfitifj flic hft. wc 
calculate in the realm of the p \ connected with ^ In (he w ,md 
we calculate in the realm of theP \ connccleti with 

An answer to the first is ^ivcii dirtvtly in terms of our r-.inn ,{4^ 
statistical reasoninj^. Wesiy that the />',s which result «_.«) W 

adequately de.scrilH’d as a normal distrihutioti wit!) «r ;^ i I*} 
and from this the prolHihiliiv ol arty jarticiil.ir /) ^.dlnihur l I hr 
answer to the .second is miire diflumlt, and w.is Kiiro m j,;r(trt.d trmis 
first by Haye.s f I) in iIh* theorem known hv his name fl nr. 2 hro 
reni is not frequently used in aiiplicd statistics, yet the pt. tUrjos ilua 
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arise in jjractical situations would often seem to demand just such 
an answer as it provides More often than not do we have a sjiecific 
sample and inquire about the probable character of the universe from 
which it was drawn, in contra-distinction to the situiition in which the 
universe is known, and the questions concern the jiossible samjiles. 


The method of presentingf the theorem here jfiven will not follow 
rigidly any historical demonstration. Actually the calculation tiuan- 
titatively of an ‘‘inverse probability” or the ‘‘probability of causes,” 
was first given by Bayes But he considered a purely geometric set-up 
and his solution was in terms of this conception. Uy implication he 
utilized a general principle first cleaily stated later by Laplace, and 
furthermore, Laplace generalized the solution still more by arguing 
from the probability of a cause given by a particulai sample, to the 
probability of the next sample. With this realized, then, that Bayes is 
to be credited with the original demonstration and Laplace for an im¬ 
portant extension, we may proceed to a demonstration which is not 
exactly that of either 


I. Problem We have an urn containing three balls. Each ball 
is colored black or white, and each color is equally likely, We draw 
one ball and it is black What are the probable contents of the urn ? 
We argue—the following are the possibilities’ 


n III IV 

wwb wbb bbb 


All of these possibilities, we say, are equally likely a priori and 
we have for the probabilities of the sample the following: 


^ I, the probability of a black sample from 1=0 
5 II, the probability of a black sample from II = I /3 
^ III, the probability of a black sample from III = ^3 
IV, the probability of a black sample from- IV = 3/3 


whje I .s the probability of the sample 5 being drawn from urn 

of tL ^ *‘7 probabilities 

various urns are in proportion to the probabilities of the .sample 
drawn, and we have 


Ca) 


PU'Pm:P\V-o l/3:2/3:3/3 
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where PI is the probability that, having drawn the ball, urn I was its 
source, P II that urn II was the source, etc 

Also, since the ball must have been drawn from some one of the 
urns, the total probability of one or another of the urns is unity and 
we have 

(b) I+ /’!!+/’Ill+/’IV=1 

From (a) and (b) vve ha\e therefore 

PI = 0 

PlI = 1/6 

P III = 2/6 

P IV = 3/6 

We now extend-the problem to the case where die u prion piob 
abilities of the various possible urns are not equal 

Suppose we say that there are many urns of the descriiitiun I, 
II, III, IV in a large chamber, and that these are in proportion 
I : II . Ill ' IV = 1 , 2 : 3 ; 4. We now pick an urn at random and 
draw from it a ball, which turns out to be black. What is the prob- 
ability that the'urn is of some particular description? Proceeding as 
before, we have for the probabilities of the sample being drawn from 
the various urns the following: 

Pgl = 1/10 X 0 = 0 (Piobability of urn x probability 

of sample) 

p^li =2/10x1/3 = 2/30 

P^ III = 3/10 X 2/3 = 6/30 
IV = 4/10 X 3/3 = 12/30 

where pg I the probability that such a sample a be diawn troni 
um I, etc. 

And again on the principle that the ijrobabilitte.s of the urns are 
in projxirtion to the probabilities of the sample drawn, we have 

P I ; P II : P III : P IV = 0 '. 2/30 : 6/30 12/30 


and as preceding 
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pi + p n + pin+p IV = 1 

Therefore 

PI = 0 

IT = 2/20 
P III = 6/20 

/"IV = 12/20 

We shall now generalize this solution. 

Let rr,, n; , etc. be the a priori probabilitie.s of the various 
possible universes from which a sample is to be drawn. Let 
pj , etc., be the probability of the sample being drawn from the re¬ 
spective universes. Then, a sample s having been drawn, the prob¬ 
ability that its source is universe r is given by 

P - 3 ^ 

~ £ TIP 


If dll the universes are equally likely (our first case above), 
n; » rr, = rr, ■= • and we have 


(I) 




Pr 


If the equally probable univer.ses are infinite in number, the P's 
varying by infinitesimal gradations from zero to unity, and p may 
assume any positive value less than 1 , we may extend the last for¬ 
mula ( 1 ) by use of the calculus as follows: 


Let X “ any possible P between Q and 1. From a universe x 
I draw a sample containing r + 5 individuals, designated hereafter 
as a sample (r, a ). The probability that it will contain r successes 
and 3 failure.s is given by 


'^<''”.31 is the probability that the sample ( r. 3 ) 
coefficient of the (r+ / )th term in the Bernoulli expansion , Tt- t qJ.* . 

pT3r 

The probability of the sample of ( r, a ) coming from a universe 
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the P of which lies between x and ( x -I- cf-ar) is therefore 

where ^ is the probability that the sample (r, / 

emanates from a universe whose P lies between x and (jr + tfo- ). 
If the universe from which the sample is drawn may have a P any¬ 
where between a. and h , the probability of the sample ( -t; J ) is 

( 2 ) 

^ A 


and the probability that x is between a and b is therefore as in (1) 

( 3 ) "p 

f xV-xfdx 
• * 

Where ^ jP is the probability that the universe from which the sample 
{}-, s ) was drawn has a P between <2 and b . This is Bayes' Theo¬ 
rem in terms of the integral calculus. 

Now, we ask the further question, what is the probability of a 
second sample containing vi successes and n failures’ being drawn? 

If Jo be the p of the universe friuu which the sample (m, k ) 
is drawn, and if P may vary from 0 to 1 we have analogously with (2) 

( 4 ) 

Jx”u-xrdx 

0 


where^/?,„^,,is the probability that a sample («.,a) be drawn from 
universes whose P’s vary between 0 and 1, and 

R _ + n)! 

" rn^n* 


1. Designated hereafter as the sample (m, «). 
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The probability of the event {ei, n) occurring fiom any par¬ 
ticular universe is given by the product of the probability of that uni¬ 
verse and the probability of the event The total probability of the 
event (w. n), i. e, the probability that the event (>n,n) occurs at all 
from any u ii'ers'e, is, therefore, given by^ the product of form (3) 
with 0 and f substituted for a and i> and (4), as follows. 


(S) 


P 

^(m,n) (r,a)~ 


l>ri t n)f 

r>fmf 



dx 


where is the probabiluy of a .second sample 

after a f .st sample 3) has been drawn. 

This is Laplace’s extension of Bayes’ Theorem, somewhat 
modified. 


Bayes’ Solution. 


It will be illuminating to derive thi.s result by the method of 
We shall follow his proof except to simplify his notation and 
the.jntegral calculus where he used geometric demonstration, 



llaye.s, 
to u.se 
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AbCU IS-a square billiard table. A ball is thrown and comes to 
lest at a', through which a line is drawn parallel to . A second 
ball is thrown; if it stops to the left side of the line a', we designate 
a success, to the right, a failure. Before the first ball is thrown, what 
is the probability of the second ball succeeding r and failing s time.s 
in r plus 3 trials? 


If the first ball comes to rest at the probability of a s jcccssful 
second throw is = p and of failure = q . The probability 
of r successes and s failuies with the first ball at x is then 

-p 7 ■ 


Let us erect at each 


I . 


( 6 ; 


CD ~ r'sf 




and coiiii(;i.t the sununits forming a hguie as shown in i'lgure 2. At 
each point, of course, y ' will be different because p ^ ^ , and 

? “ different, but for any particular case, r and a 

remain constant 


^Tjie probability that the first ball shall fall between a and {d-\c/x) 
that the second ball shall therefore succeed r and fail a 
times • That both shall hapiien is therefore 

CD CD 


and if x is to be between <a' and 6', the total probability is 



t' 

But Ci?*=Area ot /\D and f y'dx- Area of the shaded 
iwrtion, a'-Jb. Therefore -s' 
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( 7 ) 


4 ' 


■ (r, 3) 


Arad 
Arad AD 


The probability that the first ball fall between C and D and 
thereafter there occur r successes and a failures is similarly 
But the first ball must fall somewhere between C andi?; therefwe 
the total probability of the second throws having r successes and jsi. 
failures is given by 


( 8 ) 


p 

ir, a> 


_ Area CJJ) 
Area. AD 


With this established, the analysis proceeds. 


Given the result of a series of throws to be y successes and 3 
failures, what is the probability that the first ball has fallen between 
a' and i)'? This we may obtain by the use of the solution already 
derived and the principle of compound probability’. 

Let a: be the desired probability that the first ball fell between 
a' and 6' We have seen that the probability of r successes and a 
failures in the second series of throws is 


Area CJD 
Area AD 

from (8) 

therefore the probability of the first falling between a, ' and b' and 
the experience (r, s ) following is 

^. Area CJD 
Ares. AD 

But we have shown that this combined probability is equal to 

Area a'Jh' 

Area AD from (7) 

Therefore 

(9) * - Areaa^ 

Area CJD' 


1 . 


This step is very elaboratel 
demonstration. 


y proved in Bayes’ 


original paper by a circuitous 
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This is Bayes’ Theorem, as its author gives it. The additional 
part of his work is concerned with the quantitative estimate of the 
ratio. 

We may now show that his solution is the same as that given in 
(3), as follows; 

(10) y' = CJ)x from (6) 

where 

distance from C to x' 

E - ir+s)> 
r/s! 

Now 

(j'= ay. CD 
i)'= by CD 

<a and b having the meaning of equation (3) Assume the relationship 

(11) x'=CDxx 

(12) dx'=CDxdx 

Then 

x‘=b' 

a,Jb = Jy'dx' 


= CD\£^^^J x^ih xYdx 

X ■ • 


(Substituting from (11) and (13)). 


*1 / 

Atea Cd-D = cD‘x£r,g dx 


Similarly 
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Therefore 


Area 


-iJb 

CJD 



J x^{J~xTdx 


O 


which IS the same as formula (3) previously derived 


To be directly applicable to statistical problems formula (5) must 
be numerically evaluated This is accomplished exactly for most prac¬ 
tical instances only with a great amount of labor, and methods of 
approximation have been resorted to For a few simple special cases 
the solution may be easily derived as follows 


iiru ^ P successes and o failures. 

What IS the probability that in the next single trial it will succeed? 

Applying formula (S) to this instance, we have 


^ - p -m = / 

•5 = 9 7) = o 

and the desired probability is given by ’ 

t 

jT^*'{r-cc)‘^dx 
P = C-_ 

J -x)'^dx 

O 

Now 



bi 

(a + i 4 /)/ 


From which we have 


P = 


yn-^l 


~ ^ 4 / 
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succeed in the next trial is 3/5, not 2/3 as the more usual procedure 
would indicate. Again, if an event has occurred a thousand times 
without a failure, and we know concerning it nothing except that fact, 
the probability that it will fail next instance is 1/1002. If an event 
has never been tried at all, the probability that it will succeed on the 
first trial is l/2 

An event has been tried times and succeeded each instance 
What is the probability that in the next d trials it will again succeed 
each time? Here 

r = M m - d 

3=0 n = o 

and tne desired probability is given by 

^ - 

J x^dx 

0 

N+l 

” N+d-t-/ 


From this we conclude that if an event has succeeded 25 time.s 
and never failed, the probability that in 25 further trials it will again 
not fail even once is 26/51, or in general if an event has never failed 
inJV trials, the probability that .fl/Tfurther trials will yield no failure 
is about 1/2. 

Discidsion. 

To precisely what position in the methodology of applied statistic.^ 
Bayes’ Theorem will eventually become adjusted, it is imfiossible at this 
poirit in its development to say with certainty. The literature on the 
subject, as soon as it leaves the realm of purely hypothetical situation.s, 
is rife with disagreement, and clarification remain.s a contemixirary 
problem. In this brief presentation, no attempt can be made to ade¬ 
quately summarize the various views concerning the questions at issue. 
We may, however, consider a few jxiinls that have diseijMinary value 
for statistical thinking rather than any immediate piactical utility. 

It is basic to the aims of staliiHral calculations to e.stimate the 
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probability of given experiences fioin ashiimptions of pure random 
variation. A consideration of the logic involved m the development 
of Bayes’ Theorem i.s useful in bringing out the inadequacy of the 
reasoning by which our most ordinary statistical procedures attempt 
to accomplish this. If, having observed a probability p , we esti¬ 
mate the standard deviation ot succeeding samples of n by - , 

we imply tacitly that in the imiv'erse from which tlie sample was 
drawn, the chance of a success is the p of our observation The rea- 
.somng leading to, and formula (3) itself, indicate how unwarranted 
this IS Our knowledge of the univ'erse which generated the sample is 
never given with certainty by the sample. Indeed, formula (3) states 
a probability for any particular universe that may be assumed. With 
only a sample as the source of knowledge, and without Bayes’ Theorem, 
we have no clue as to the nature of the generating universe. But, 
if we do not know the universe, how' are we to calculate the character 


of Us samplesi' One answer is to take refuge in formula fSj, i. e. 
use Bayes' Theoiem. As a practical solution of the difficulty this has 
two major objections, first, there are no existing tables for making 
the necessary calculations without pi ohibitive arithmetic labor; second, 
even if the evaluation could be effected there are reasons to doubt 


the validity of its application. For the formula in question rests on 
the assumption that all the probabilities from zero to unity which might 
characterize the universes from which we draw samples are a priori 
equally likely, the socalled assumption of the equal distribution of ignor¬ 
ance. Now this IS an exceedingly questionable assumption, and it is 
partly on these grounds that Keynes rejects outright the possibility 
of applying probability to actual experience It must be admitted, we 
think, that it is difficult to see what there is to justify the assumption 
that every sort of general universe from which arise the events of 
experience is equally likely. Would it not appear the more reasonable 
hypothesis that these universes ave themselves "events,” samples of 
some larger universe, and why should this be extremely different in 
the distribution of its probabilities from the universes that we ordin- 
any meet. Theie are writers, however, who, admitting that the as¬ 
sumption IS to be ipiestioned. believe it may be .subjected to exiierimental 
pt and have essayed to actually sample at random the probabilities 
tha characterize the univc.ses of our experience It would be ini' 

h^rbut the n" investigation is bound to be 

dub,ou.s. Wc'do ib^ inde«UhTt\'*^ Pnocechiie seems to ns exceedingly 

the concent of "th.. ^ ^ assigned to 

samples, re to be o 2er B nT "T'T" 

out-iiiiul. But granting the existence of such a 
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distribution of a prion probabilities we doubt the relevancy of its 
estimation to any practical problem In any actual investigation, we 
deal with a definite slice of [lossible experience; an anthropologist is 
not concerned with the universes dealt with in the investigation of an 
economist or an epidemiologist. If a priori probabilities are of inter¬ 
est to him, they are those that obtain in his peculiar world of observa¬ 
tion It appears to us quite as wide of the mark aimed at, to call in 
a formula which obtains its a prion probability from experience m 
general, as to obtain it from the unique exiierience at hand, and indeed 
it may be argued that, as between the two, the latter is the more 
reasonable. 

What then does all this come to? Does it mean that the entire 
.structure of established statistical procedure rests on quicksand, to be 
toppled over by anyone armed with a reading of Bayes’ Theorem j" 
We are inclined to the belief held by Keynes that, so far as logic is 
concerned, this is substantially true As regards this, however, it is 
at bottom in no worse plight than any current scientific procedure 
when its fundamental assumptions are hard pressed. But we do not 
rest the matter here. All this admits is that applied statistics, like 
all applied science, is not founded on unquestionable premises and in¬ 
vulnerable logic. It is [lerfcctly consistent to add that in general its 
formulae are good approxiinalions. How good? This is a question 
permitting no dogmatic comprehensive answer. Differently good for 
different situations. Some idea of the degree of approximation may 
be obtained for given assumed conditions by direct calculation. It 
may be shown, for instance, that under certain conditions results ob¬ 
tained by way of Bayes’ Theorem or the more usual "normal” dis¬ 
tribution render not very different results, and these conditions, indeed, 
approach the ones we most frequently encounter. But, in general, a 
more satisfactory answer is furnished in the pragmatic consideration 
that our formulae have in fact been widely used and experience has 
not violated their anticipations This is the fact that we would stress, 
because it throws into relief the exiicrimctital as opiwsed to the math¬ 
ematical foundation of statistics. Comforted on the one hand that 
experience m general supports our procedure.s, the considerations we 
have elicited m this discussion will emphasize equally tlieir shifting 
approximation. The dear minded and careful worker will keep thus 
constantly in mind and shun literal interpretation of conclusions drawn 
from formulae applied to extreme cases. No scientist worth his salt 
will permit hinuself the use of formulae the premises of which he has 
not examined But the stati.stician, because of the great variability of 
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the data vvith which he is likely to deal, stands in special need of this 
precaution. Where statistics run counter to what apiiears to be the 
general experience, it is a wise rule to re-examine the .statistics rather 
th.-n to indict forthwith the dei>endability of the exi>erience Such an 
attitude would modify considerably much that is found m current 
statistical literature and it would modify it in the direction of greater 
soundness. 
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A MATHEMATICAL THEORY OP SEASONALS 

By 

Statistical Department, Detroit Edison Co. 

The graph of any time series may be assumed to be a compound 
curve which is deiiendent upon the following factors: 

Secular trend, f(x) 

Cycle, cfjr) 

Sea.sonal .star) , and 

Residual errors, 

If we designate thexth term of the observed time series by 
, we have that 

(I) o ■s(jc)+e,t, 

It also follows that the standard error, based on our hypothesis, is 



In making predictions, we desire that the standard error of c.sti- 
mate be! a minimum, and this requires that be also a minimum, 

In dealing with data covering a period of years, i. e. 12 n months, 
we observe that 



A MATHEMATICAL THEORY OP SEASONALS 

£€‘- [.5r,-/(/)'C(/)-5(/)l' 


+ <<« ^> 1 ' 


(/^n MM] 


Let US now find the values of 5 (1), 5 ( 2 ) . . , 5(12) that 

will minimize the standard error 01 estimate. Placing the partial de¬ 
rivative of with respect to 5 (1) equal to zero, yields 

At = ^[.i/r/l/>c(/)-j(/j[-/(/>c(/3 


^^[ 0 yn,.,rf'^i^n~ll)-c[l2n-l/)-s[ll^f{IZn-ID-c{f2 n~ff^^Q 




Solving 
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where we understand that 21 a I/x c(jc) means the sum of 

the products of o i/x t c(a:') taken from the first month 

of each year^ and similarly for 21 /(■x) -C&:) 


The partial derivative with respect to a (2) yiel 

s{2h 

2 


and in fact 

(3) 


tf (O') -C lx) 


Thus the seasonal for July is a function only of the various July 
values of the observed series, the secular trend and the cycle factors. 


Since both /(x) and c(x) are smooth functions, it follows that 
their product, which we shall designate by ^ («), represents a smooth 
function which is merely that part of the time series which would 
remain if the accidental and seasonal fluctuations were eliminated. The 
formula for the seasonal index for the i th month may therefore be 
written 


(4) 


sU) = 


- ID Z - 


At this point we may recall the fact that in fitting a curve of the 
type y = -^{^(x) to observed data by the Method of Least Squares, 


21 . y* • 


whereas if the Method of Movioits be employed 


Jc = 


Zoi/x 

Z M 


E.Niierience in various statistical applications demonstrates that 
the two methods yield approximately the same results. Borrowing 
from this experience, we shall choose the simpler form and v^rite in- 
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.stead of tonnula (4j 

Z 


(5) 


So Li as tlieoretical coiisidcjatLi - a r . .e .k. i i ^ ^ n u 
isUlienoi to (5j, but the tact that the Lttei formiihi ^iidbies us to 
obtain seasuiials by a method far simpler tha4i wcmlcl Rsult by using 
formula (4), requires that v\e choose fS) hi preference to (4) Ordin’ 
anly the difterence in results obtained by usmg both formulae is less 
than one-half of one per cent. 

Verbally, formula (S) states nieicly that the seasonal tird.’A for 
any month is the ratio of the total of the variates for the mouth in 
questwii to the total that would have been cxpencnced if neither acci¬ 
dental nor seasonal influences were present 

(j, We now are forced to find a simple method of obtaining values of 


Let r, j V t V ) V T “and Tj denote 

tht total production for seven conseculi/e years. If we assume that 
the effect of both seasonal influences and accidental or lesidual fluc¬ 
tuations is to shift the production from one month to another, but 
nevertheless to leave the total production for each year practically 
unchanged^ then a smooth curve passing over the seven year period, 
and preserving the annual totals, may be assumed to afford a repre¬ 
sentation of ^(x), VVe, therefore, detetmine the equation of a par¬ 
abola of the sixth degree in such a niannei that the areas under this 
curve for seven equidistant unit intervals are equal respectively to 
> ■" ' , Tj .^3 Fitting six degree parabolae to suc¬ 

cessive seven year intervals it is possible to deal with a time series of 
any length 


By adding together the interpolated values for all the January 

values of ^{x), and .similarly for the other months, we can show that 
0) 
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where the valuer of the coefficient.N are as ”i\en m Table I, 

In order to compare the efficiency of this inethcKl with another 
method of computing scasonals, it is necessary that each formula l)c 
tried out on some series for which the true values of the seasonal indices 
are known. We know in advance, of course, that there exist many 
.satisfactory methods of obtaining seasonals, hut we also desire to know 
somelhing about the amount of time that each method retjuires as 
well as their relative accuracy. 

The theoretical series, on which we shall try out two methods of 
computing seasonals, is built up from data taken from an article, 
'‘Statistical Analysis and Projection of Time Series," written and ])ub- 
lished by the statistical division of the American Telephone and Tele¬ 
graph Company. After eliminating from the Production of Pig Iron 
series both trend and seasonal influences, the factors of Table II re¬ 
mained. We shall con,sider these, therefore, as the combination of 
“Cycle and residual” factors. 

Although smoothing this data by a i>roper matlicniatical formula 
would eliminate the residual errors, nevertheless such procedure would 
introduce a bias in favor of the formula for computing seasonals that 
is proixised in this paper. The reason for this bias lies in the fact that 
most smoothing formulae are developed on the assumption that the 
smoothed ordinate lies on a parabola of a chosen degree, and since 
a similar assumption was made in our theory, it is evident that the 
proposed method will benefit most by employing a parabolic smoothing 
formula in obtaining the hypothetical cycle series. 

For this reason the data of Table 11, with additional data for 
one year on either side, was given to a draftsman with instiuctions to 

(1) Plot the data of Table II 

(2) draw free hand a smooth curve that to his mind be.st rep¬ 
resented the general run of the data 

(3) read off from his curve the approximate value of the 
.smoothed statistics. 

The data of Table III resulted. 

In essential agreement with the American Telephone and Tele¬ 
graph article, we shall assume a linear trend, the value for the first 
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month being 1511 and the monthly Increment 8. The product of trend 
by cycle produces the theoretical values of {4 (jc") presented in Table IV. 


TABLE I 


Constants for computing seasonal indices 


i 




Bi 


IDi 


1 

.12530 

.07897 

.08392 

083333 

08259 

.08959 

.03963 

2 

.11822 

.07914 

08389 

.083333 

.08269 

.08849 

.04757 

3 

.11094 

.07955 

.08382 

.083333 

.08283 

.08723 

.05563 

4 

.10345 

08018 


.083333 

.08299 

.08590 


5 

.09577 

.08104 


.083333 


.08456 

.07187 

6 

.08792 

.08208 

08347 

.083333 


.08327 

.07995 

7 

.07995 

.08327 


.083333 

08347 

.08208 

.08792 

8 

.07187 

.08456 

.08315 

.083333 

.08361 

.08104 

-09577 

9 

.06375 

08590 


.083333 

.0^73 

.psois 

.10345 

10 

.05563 

08723 

.08283 

.083333 

.08382 

.07955 

.11094 

11 

04757 

.08849 


.083333 

.08389 

.07914 

.11822 

12 

.03963 

.08959 

08259 

.083333 

.08392 

.07897 

.12530 
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TABLE II 


Cycle and Residual Series for pig Iron Production 



1904 

1905 

1 1906 

1907 

1908" 

1909 

January 

-37.5 

B 

23.0 

24.2 

-43.3 

- 7.9 

February 

-13.a 

mm 

182 

20.2 

-36.4 

- 7,8 

March 

-10 4 

mm 

20.2 

17.6 

-408 

-13.7 

April 

- 7 

15.9 

181 

19.7 

-42.0 

-15.6 

May 

- 42 

14,6 

17.5 

21.9 

^3.0 

-10.5 

Tune 

-15,2 

10.4 

15.0 

23.1 

■^2.0 

- 3.3 

July 

-27.4 

70 

16.8 

23,9 

-35.5 

4.9 

August 

-25 3 

111 

9.8 

21.6 

-30.6 

10.1 

September 

-12,5 

15.4 

12.7 

19.0 

-25.8 

18.0 

October 

-12.1 

18.6 

20.2 

21.4 

-24.1 

22.6 

November 

- 56 

221 

23.8 

- 1.6 

-19.0 

24.2 

December 

11 

20.7 

24.9 

-34.5 

-12.1 

27.0 


1910 

1911 

1912 

1913 

1914 

1915 

January 

26.7 

B 

- 8,0 

19.5 

-22.0 

-35.9 

February 

215 

mm 

- 1.0 

15.7 

-16.7 

-27.8 

March 

19.5 

- 5.5 

- .1 

10.6 

-10.5 

-25.0 

April 

15.8 

- 8.2 

1.4 . 

13.0 

-10.8 

-20.1 

May 

9.4 

-17.9 

5.4 

13.9 

-19.7 

-16.3 

June 

8.2 

-17.9 

7.0 

106 

-21.9 

- 6.9 

July 

25 

-17,8 

5.5 

7.7 

-20.3 

.0 

August 

- 1.3 

-13 6 

8.1 

5.1 

-20.6 

6.5 

September 

- 2.5 

-10.1 

7.1 

4.7 

-23.8 

10.5 

October 

- 6.5 

-10.3 

11.0 

.7 

-33.6 

15.1 

November 

-10,7 

-10.5 

12.8 

~ 7.8 

-39.3 

16.1 

December 

-181 

- 9.8 

17.8 

-19.3 

. .i 

-40.6 

21.0 
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TABLE III 


Per Cent Cycle Series for Theoretical Distribution 



1904 

1905 

1906 

1967 

1908 

1909 

January 

-38,2 

6.6 


m 

-37.S 

-12.2 

February 

-36,7 

7.5 

MM 

MM 

-38,1 

- 7.1 

March 

-32,4 

9.0 

16.0 

16.0 

-391 

- 2.4 

April 

-?2.4 

10.0 

162 

14.6 

-39.4 

2.1 

May 

-18,7 

11.0 

164 

14.1 

-39.4 

5.0 

June 

-13 5 

12.0 

16.6 

12,7 

-38 5 

10.0 

July 

-98 

13.1 

166 

11.6 

-38.0 

12.7 

August 

- 64 

136 

16.6 

8.0 

-36.7 

15.6 

September 

- 3.7 

14.1 

16.7 

5.0 

-33.4 

17.2 

October 

,0 

14 5 

16,6 

.0 

-29.1 

18.4 

November 

2.3 

14,8 

16.5 

-174 

-23.8 

19.6 

December 

4.4 

15.0 

16.5 

-35,0 

-170 

20.0 


1910 

1911 

1912 

1913 

191,4 

191S 

January 

206 

-12 3 

- 7.2 

108 

-14.0 

-32.3 

February 

20.6 

-13.4 

- 5.0 

10.7 

-17.0 

-28.1 

March 

20 3 

-13.6 

- 3,0 

' 10,6 

-20.0 

-23.6 

April 

19.5 

-13.7 

.0 

10,0 

-23.0 

-18.1 

May 

17.9 

-13 7 

27 

9,3 

-24 7 

-13.0 

June 

16.4 

-13.6 

48 

8,5 

-27.5 

- 74 

July 

12 4 

-13.4 

6.9 

7.1 

-29.8 

- 2.8 

August 

71 

-12,8 

7.9 

60 

■32.0 

3.5 

September 

0 

-12.0 

8.5 

3,6 

-33.5 

9.0 

October 

- 6,6 

-11.2 

9.5 

,n 

-35.0 

13.8 

November 

- 8,0 

- 9.6 

100 

- 50 

-36 0 

15.7 

December 

-10.9 

- 79 

106 

-10,0 

-35.0 

17.5 
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TABJ.E IV 


Theoretical Trend and C\ck’ Series, ip ix ) 


1904 

1905 

1906 

1907 

1908 

1909 

934 

n 

1967 

2092 

1184 

1748 

962 


1981 

2100 

1178 

1857 

1032 

HI 

1994 

2105 

1164 

1959 

1191 


2007 

2089 

1163 

2057 

12S4 

mSm 

2020 

2089 

1168 

2124 

1342 

1845 

2032 

2073 

1190 

2234 

1406 

1872 

2042 

20()1 

1205 

1 2298 

1467 

1889 

2051 

2003 

1235 

2366 

1517 

1907 

2062 

“ 1956 

1305 

2408 

1583 

1922 

2070 

1871 

1395 

2443 

1628 

1937 

2077 

1.552 

1505 

2477 

1669 

1949 

2087 

1227 

1646 

2495 

1910 

1911 

1912 

1 

1913 

1914 

1915 

2517 

BHM 

2115 

2632 

2125 

1738 

2527 


2173 

2638 

2058 

1851 

2530 

1900 

2226 

2644 

1990 

1973 

2523 

1905 

2303 

2639 

1921 

2122 

2498 

1912 

2373 

2631 

1885 

2261 

2476 

1921 

2430 

2620 

1820 

2414 

2400 

1932 

2488 

2595 

1768 

2542 

2295 

1952 

2519 

2577 

1718 

2715 

2151 

1977 

2542 

2527 

1686 

2868 

2017 

2002 

2574 

2447 

1653 

3003 

1994 

2046 

2595 

2332 

1633 

3063 

1938 

2092 

2618 

2217 

1663 

3120 










TABLE V 


Theoretical Seasonal Factors 


January 

.99 

May 

1.04 

September .98 

February 

.93 

June 

98 

October 1.04 

March 

105 

July 

.98 

November .99 

April 

1.02 

August 

l.OO 

December 1.00 


By multiplying the data of Table IV by the seasonals of Table V, 
a theoretical series would be obtained which would comprise the ele¬ 
ments of trend, cycle and seasonal—^lacking only chance or residual 
errors. 

In order to obtain a senes of chance factors that might serve as 
residual error factors, sixty cards were marked with integers totaling 
1200 The cards were distributed, after shuffling, into twelve piles 
of live cards each, and the totals of each pile noted. These were taken 
as the residual factors for the first year, and the process was repeated 
for the following years. The chance factors of Table VI resulted. 

Making allowance for residual errors as well as the seasonal fac¬ 
tors, we obtain finally the theoretical series which we shall attempt 
to analyze, Table VII. 

If the various methods of analyzing time series are sound, they 
should be able to break up this series into its elementary components— 
trend, cycle, seasonal and residual errors. A comparison of the results 
by different methods should indicate to some extent their respective 
merits. In attacking the ordinary observed time series by different 
methods and comparing results rhc difflculty is to tell when all has 
been done, which of the mcthtxis is best. Unforhnately, if they dis¬ 
agree, we do not know which one is nearest the triu . Our theoretical 
senes, however, enables u.s to com|)arc rc.siilts obtained by different 
methods, since we know tlie answers in achance. apd also will serve 
students as a detailed exanijile of time .series s\ nthesis, 
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TABLE VI 


Residual Factors 



1904 

' ■ 1 

1905 

1906 

1907 

1908 

1909 

January 

98 

98 

98 

98 

106 

99 

February 

91 

98 

101 

95 

96 

106 

March 

105 

103 

98 

94 

105 

89 

April 

100 

108 

99 

98 

102 

99 

May 

103 

100 

101 

94 

99 

97 

June 

94 

94 

84 

103 

100 

94 

July 

91 

114 

102 

102 

lOS 

103 

August 

116 

93 

90 

108 

108 

102 

September 

98 

102 

104 

118 

100 

106 

October 

95 

95 

107 

100 

94 

104 

November 

99 

84 

112 

96 

90 

97 

December 

no 

111 

104 

94 

95 

104 


1910 

1911 

1912 

1913 

1914 

1915 

January 

96 

102 

98 



98 

February 

107 

99 

102 



89 

March 

91 

95 

97 

92 


92 

April 

110 

96 

106 

104 

104 

83 

May 

104 

109 

98 

104 

no 

108 

June 

102 

92 

108 

105 

97 

113 

July 

94 

92 

109 

91 

91 

103 

August 

98 

103 

98 

98 

96 

98 

Sei)tenibei 

100 

102 

104 

96 

100 

105 

October 

105 

103 

94 

112 

102 

107 

November 

95 

107 

93 

108 

98 

102 

December 

98 

100 

93 

9 ; 

107 

102 
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TABLE Vn 


Theoretical Series 



1904 

1905 

. 1906 

1907 

1 

1908 

1909 

January 

906 

1662 

1908 

2030 

mi 

1714 

February 

814 

1582 

I860 

1855 

mm 

1831 

March 

1138 

1913 

2052 

2077 

1283 

1831 

April 

1215 

1976 

2027 

2088 

1210 

2077 

May 

1343 

1892 

2122 

2043 

1203 

2143 

June 

1236 

1700 

1672 

2093 

1166 

2058 

July 

1254 

2092 

2041 

2060 

1240 

2320 

August 


1757 

1846 

2163 

1334 

2413 

September 

1457 

1906 

2102 

2262 

1279 

2502 

October 

1564 

1899 

2304 

1946 

1364 

2643 

November 

1596 

1611 

2303 

1475 

1341 

2378 

December 

1836 

2163 

2170 

1153 

1564 

2595 

Total 

16061 

22153 

24407 

23245 

15278 

26505 


1910 

1911 

1912 

1913 

1914 

1915 

January 

2392 

1933 

2052 

2554 

2041 

1687 

February 

2514 

1746 

2061 

2330 

1780 

1532 

March 

2417 

1895 

2267 

2554 

2194 

1906 

April 

2830 

1865 

2490 

2800 

2037 

1796 

May 

2702 

2167 

2419 

2845 

2156 

2539 

June 

2475 

1732 

2571 

2696 

1730 

2674 

July 

2211 

1742 

2657 

2314 

1577 

2566 

August 

2249 

2011 

2469 

2525 

1649 

2661 

September 

2108 

1976 

2591 

2377 

1652 

2952 

October 

2203 

2144 

2516 

2850 

1753 

3342 

November 

1875 

2168 

2389 

2494 

1585 

3093 

December 

1899 

2092 

2435 

2150 

1779 

3182 

Total 

27875 

23471 

28917 

30489 

21933 

29930 
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To obtain the values of the seasonal factors by means of formula 
(5) and Table I we need only observe that for the theoretical series 


z 

= 16061 

% 

= 22153 

% 

= 24407 

-T, 

- 145291 

T.. 

=- 30489 

T„ 

= 21933 

T,. 

= 29930 


Consequently we have 

TABLE VIII 


Seasonals by Interpolation Method 


Month 

z.y* 


a 

January 

22121 

23587 

.938 

February 

20957 

23693 

.885- 

March 

23527 

23801 

.988 

April 

24411 

23911 

1.021 

May 

25574 

24023 

1.065- 

June 

23803 

24135 

.986 

July 

24074 

24246 

.993 

August 

24779 

24358 

1.017 

September 

251.64 

24468 

1.028 

October 

26528 

24576 1 

1.079 

November 

24308 S 

24682 

.985 

December 

25018 

24785 

1.009 

Total 

290264 

290265 

11.994 


It is interesting to compare the seasonals of Table VIII with the 
corresponding set obtained by the method of "link relatives.” The 
following table presents the series of link relatives for the theoretical 
series of Table VII. 
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TABLE IX 


Link Relatives for the Series of Table VII 



190+ 

1905 

1906 

1907 

1908 

1909 

January 

.898 

.952 


mm 

847 

1.068 

February 

1.398 

1.209 


mm 

1.220 

1.000 

March 

1068 

1033 

.988 

1^1 

.943 

1.134 

April 

1 lOS 

957 

1(1+7 

.978 

.994 

1.032 

May 

920 

.899 

.788 

1024 

.969 

.960 

June 

1015 

i.231 

1.221 

.984 

1.063 

1.127 

July 

1357 

.840 

.904 

1.050 

1.076 

1.040 

August 

.856 

1085 

1 139 

1046 

.959 


September 

1073 

.996 

1096 

860 

1.066 

■ESi 

October 

1.020 

.848 

1.000 

.758 

.983 

1 .900 

November 

i 1.150 

1,343 

942 

.782 

1.166 

' 1.091 

December 

.905 

882 

.935 

1.077 

1.096 

.922 


1910 

1911 

1912 

1913 

1914 

1915 

January 

1051 

.903 

1,004 

.912 

.872 

.908 

February 

.961 



1.096 

1.233 

1.244 

March 

1.171 

.984 

1.098 

1.096 

.928 

.942 

April 

.955 

1 162 

.971 

1.016 


1.414 

May 

.916 

..799 

1.063 

.948 

.802 

1.053 

June 

.893 


1.033 

.858 

912 

.960 

July 


1 154 

.929 

1.091 

1.046 

1.037 

August 

937 

.983 

1.049 

.941 

1.002 

1.109 

September 

1045 

1.085 

971 

1.199 

1.061 

1.132 

October 

851 

1 011 

.950 

, .875 

.904 

.925 

No\'eniber 

1.013 

.965 

1.019 

.862 

1.122 

1.029 

Decemlier 

1 018 

.981 

1.049 

.949 

.948 



From the above we obtain the following. 
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TABLE X 


Link Relative Seasonal Indices 


Months 

■-- 1 

m 

HH 

(3) 

(2) Adjusted 

(4) 

Seasonal 

Indices 

January 

.913 

100.0 


97.5 

February 

1112 

91.3 


89.0 

March 

1.019 

lOLS 


98.8 

April 

1.024 

103.5 


100.7 

May 

.934 

105.9 


103.0 

June 

1.010 

98.9 

98.7 

96.2 

July 

1043 

99.9 

99.7 

97.2 

August 

1.020 

104.2 

103.9 

101.3 

September 

1.064 

106.3 

106.0 

103.3 

October 

.914 

113.1 

112.7 

109.9 

November 

1.024 

103.4 

103.0 

100.4 

December 

.949 

105,9 

105.4 

102,7 

January 


100.5 

100.0 



The following exhibit of the results obtained by the two methods 
is interesting. 
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TABLE XI 


Cunipnnson of Interpolation and Link Relative Metlicul.s 


Months 

wM 

Interixilation Method 

1 _ 

Link Relative 
Method 

Seasonal 

Error 

Sea.sonal 

Error 

January 

.990 

.938 


.975 

-.015 

February 

930 

.885 


.890 

-.040 

March 


.988 

-.062 

.988 

-062 

April 

1020 

1.021 

001 

1.007 

-.013 

May 

1040 

1 065' 

.025 

1.030 

-.010 

June 

.980 

.986 

.006 

.962 

-.018 

July 

980 

.993 

.013 

.972 

-.008 

August 

1.000 

1.017 

.017 

1.013 

.013 

September 

.980 

1.028 

.048 

1033 

.053 

October 

1040 

1.079 

.039 

1.099 

.059 

November 

990 

.985 

-.005 

1.004 

.014 

December 

1000 

1.009 

.009 

1.027 

.027 


The mean deviations and the standard deviations of the two meth¬ 
ods show that both methods are about equally effective. This advantage 
of the interpolation method is scarcely worth mentioning. Neverthe¬ 
less, the fact that the results,are obtained with but a trivial amount of 
labor is important. 



Mean 

Standard 

1 

Deviation 

Deviation 


of Errors 

of Errors 

Interpolation Method ! 

.0269 

.0337 

Link Relative Method 

0277 

.0338 

















STIELTJES KNTEGRALS IN MATHEMATICAL 
STATISTICS 


By 

J, Shohat 
(Jacques Chokhate) 


Jniroduciion. Stiekjes integrals, introduced into analysis in 
1894-5*, play an increasingly important role not only in pure math¬ 
ematics, but also in theoretical physics and in the theory of probability. 
In mathematical statistics, however, their use, it seems, still remains 
very limited. And yet, one of the most remarkable features of 
Stieltjes integrals is that they represent, as the case may be, an integral 
proper or a sum of an finite or an infinite number of discrete aggre¬ 
gates. Thus the statistician is enabled to treat in a single formula a 
continuous, as well as a discontinuous distribution. This means far 
more than a mere simplification of writing. In fact, since Stieltjes 
integrals have many properties in common with Riemann and Lebesgue 
definite integrals, we can use all known resources of the theory of 
definite integrals (mean-value theorem, various inequalities), and 
therefore readily obtain general results which, otherwise, require 
special (often complicated) proofs. The advantage of such a treat¬ 
ment is particularly evident in the theory of interpolation, approxima¬ 
tion, and mechanical quadratures. 

Hence, the object of thi.s iwpcr is to pre.sent a general 'xpositiort 
of the properties and applications of Stieltjes integrals. Many of the 
results stated below are well known^, and the proofs may be omitted. 
Some results are believed to be new (for example, extension of Tche- 
bycheff and Holder inecjualities) and may prove useful in mathematical 
statistics. We close, as i^n illustration, with the theory of interpola¬ 
tion, for here, even in recently published books, the continuous and 
discontinuous case.s are treated separately while the underlying ideas 
are identical. 

1. Stieltjes: (a) Recherchea sur les fractions continues, Oeuvres, v. ll, p. 402' 
SS9; (b) Correspondence d'Hcmiitc el de Stieltjes, v. II, p. 272, where these 
integrals are first mentioned in a letter (No. 3SI) to Hemiite under date of 
October 25, 1892. 

2, (a) Hobson, The Theory of Functions of « Meal Vnrlahle, 2<l. ed. (1921). 
V. I, p. 506-16, 60S-09; (h) O. Perron, Ole lAjhre von den KettenUrikHen 
(1913), p. 362-69. 
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1. Definitioii and general properties. fix) be continuous 
and t^(x] be bounded monotonic non-decreasinp on the finite interval 
(d. b) (a < l>) Then, as is well known, the follow.nfr limits exist: 


i^(xio)=Jjni ^ (xfs) - 

Mx-o)-Urn. [ ^(x-£)--{P(a:)] 
0 


(d: 


■b) 


If JC is a point of discontinuity of ^(x) , i#(xtD)- ^ <’) 

is called “saltiis” of ^[x) at this ix)iiit. The number of such points 

is at most denuraerably infinite; the points of continuity of {*'{■*) are, 

therefore, everywhere dense in i<3,b) ^{x) is fP- integrable, and 

so is p-{x)x*‘ (A= O. /.).jThe Itieniann-Stieltjes integral 

(of /(x) with respect to M J Ax)d r^ix) ) is defined as 
follows; * 

(S) 

/ J{x)dijfix)=Um Z 


d = x,< x,<x^<'• •<x„.,<x„=b 

arf— Xj^, (jro^ t. ••••-.-/ j 


The existence of the right-hand limit can be easily established. The 
continuity of fix) is here sufficient, but not necessary*. 

In many phases of mathematical statistics the case of a continu¬ 
ous Ax) is evidently the more impirtant, although many [iroblems 
arising in the theory of probability require applications of the discon¬ 
tinuous case. 

From the very definition (.S) one in,ay obtain many pro|)erties of 
Stieltjes integrals in common ndth the ordinarv definite integrals. 
Thus: 

(1) Jd^{x)~ 

A 


1. (a) Hobson, 1-c; (b) T Hildcbramlt, On tnWgmls KeliilecI lo aml Kstension 
of the Lcl)est(ue Integrals, Hiillctin of the-Vinericaii Mathcmntical Society (2), 
V 24 (1918), V, l7?-202; (c) Lelteaqiie, Uyonstir I'iiitdgmtiim, 2d ed, (192fl), 
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(2) 


(a - c-«i) 

(2) 

M AM 


(4) 

^A/<3ifr = A^fdi/t 

(vf 3 Const.) 

(5) 

\f/d^\^ /\f\di/, 

d A 


(6) 

^fdIp -f{.^)Jdijr 

A d 

£ b : luqan-valne theorem) 

(7) 

jf>dp:s.ff^dp , if yXx>s/,( 

A d 

.X) for- A£ X£ b 

(8) 




ifZ conver>jre.s imiforml) *n (4 , fc ) 

IW ^ 

(9) 

b b ^ 

« 4 4 

(inkpration by i>.irtS) 

(10) 

ffd\p^ fA^)P^^)dx , if 

A « 



with ;5»(a:)ii 0 mf<j,b). 


(.lO-bii 

* * 

« 4 

, if exi.sls 


and is R” intcprrable in (<j, b'). 


Let have only a fitiUc mnnber of iKiiiith of incrwist in {A^b), 

(4 . 

with the saltus at (i-/.^.«), sotimt v^C*) 

Ht>) L <r, . Such 

fincdons, calletl sh'inmc functions ("fonctU^n cn esafcr”), prove 
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very useful. Here 

111) a-J(x) {^rfix,^o)~fU,-o)] 

J i ot 

If the mmibcr of |Klint.^ of increaM* is mtinite 

( 12 ) 

A 

Conver.sely, any .sum ^ u, Vi can Iw rciin-sentcd as a Slieltie.s in¬ 
tegral in infinitely many way.s. Let ii.s intnKluce n im.sitive tnimlKT.s 
, •" •‘^n a certain interval (a, Z>), n |xiints(<2 <)x, <‘-<ri<b) 
(the choice of cT, depends ii[X)n the nature of the i)nihleni involved), 
and a stepwise function }f(Jt)ha\inff at x=Xi a .salt us , 

5”-n). Then, writing u^-ct/ v/, , we may con.sitler v, as 
values taken re.siK'Ctively by some functions f{x) ,^[x) at x * Xj 
(t = /, 2 n ) . Hence, 

(1?) f{x)<l>{x)d}li{x) 

i-/ i 

Formulae (11-13 j show clearly the use of Stieitjes integnd.s for the 
representation of sums of discrete aggregates. 

(14) f fdt/fzo , if f(x) X o in (a, b) 

a • 

Here’'='takbs place if and only if ;if(a:)has a finite or demimer- 
ably infinite number of iMints of increa.se iiKa, b) (not everywhere 
den.se) and/(a:)\'anishc.s at all these iwint.s, f(;r we exclude, of conr.se, 
functions/(j:) which vani.sh at all (lomts of continuity of ^^'(a:)aiKl 
therefore \ani,sh identically in (a, b). ]f i^{x)1tax iiifiuitcly iiuiuy 
pomis of increase, while fix) vanishes Iji (d , b) oiilv a finite number 
of iime^, without chaiiyhifj sujn, then J J{x)df{x') ^ O and has 
the sign of /{x) ® 

b 

(IS) J Hx)x^d ifixyo (k=O.I,- ’-n-f) m])\kn:f(x] 

s 


has at least ndi.stinct roots inside (<s , b) assuming that ^(a:)ha.s at 
least nix)ints of increase'. 


1 


I'liis is a Iciini 
inimljer of mkIi 
such points 


of a ilKjoreiii due lo I'wrim (1-c, p. .loH-o')). If the 
poim.s is m<n. (I.ij slums only that /(a:) vanishes at all 
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(16J 



( h- 


itilplifs; 


(/■(x) iMii-t.lill !>*.!.i ■ f ' /•! • 


Since in tin* «li ^ > ■■■ !* fi r '■;!?».. U' < 

it f(illnn> tlinl .i Slieltn' rnSirir.f! ,, 

place {-/(xjn- 'i-fr'.j.., 


1171 



a. <t 


' •* .pilin’ it i\i- re 


if the lv\ii iiuiiiniiniic n*.)! riu t< .psts.j, i” . , 

additi\e rfjri!.taiil onU .it .til . - .5 « 
value theorem tny /{^jc7|//«.r> , •.»<’ (-■ 


/ .} r j (iitti j hj nil 

1 Uuij- (In- hhmh 


(18) F{x)^Jf{t}dt^{t) !<> M-nii}')-."!! '< 

a 


' ■ nf 


iiiul iherefiire. ru d .iln j, 

I'lO'i li'rM ffj;) , , 

(20) F(x) -fix) '(x) at nnv j 












tJiic leoti'iii/f*'* in * IK >iu a 
the nrdiluirv ^Icrinitc inti-ural \yhkh i ^ / 


’ " r I ■ f'Ifc Hi (l| 

' V'^ ) i-r , 


(~ 11 ^ t ^ 




i *0111:1 


't f ix, t) , etiiiiinuMiu inj >, )(««(• 
to tit^s d :s. t,) tiir .til v.ilin*.,,.} * .. 


(221 f 

dt 7 &r' 


d ^ (xl 


4 


^ t (a s X a b ■, it.f, t 


I If t^' Cx) h,K 1 iiiim. 
nii|i|\ tlie v-itiic curtcluMnti 


- >■! jufdii ,,,11 


H i 


‘ . 1 5Sh rr .|K.v.( 


i ,1 (;6lltiU;l'"'as>ip 
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Notes, (i) The above results holcl, with pr(t|K;r limitations and 
modifications, if be of bounded variation in (a,b ), for such a 
function can be represented as a difference of two inonotonic non- 
decreasinp functions and we define in accordance with fS), 

Jfdf = . 

d d d 

(ii) In applications to probability and mathematical statistics 
^■( 0 :) stands for the "'cumulative law of distribution," so that 


(23) {/'(a:) is monotonic non-decreasin)j from }^(a)=0 to , 

(24) For (a c db) t\\t integral f d i^(x) 

b e 

= probability F’;[c £ xi cfj 5 _f d . 

h i 

(25) J f{x)di/i{x)=Bif) , 1. e., the exiKcted value or math- 

i 

ematical exi)ectation of /(x), 


Let w(ai) /(x) be continuous in (a,b), and d(x) be of IxmntlecI varia¬ 
tion. Then, 


(26) ij/(x)=J \ytpe)ijo([x) is of bounded variation.' 

J 

h ^ 

Jf{x)d dr (x) = f/{x)w{x)d(X (x) 

« « 


Given an infinite sequence of functions j^„(x) {n. = /, 2, - « • ) 
of bounded variation in (<a.ib). If the total variation in (a, b) of 
all ip„ (x) does not exceed a li.xed quantity Af indeiiendent of n, and 
if, in addition, lUn = exists for ai^x&h, then^ 

Jf(x)d ^{x) , for any continuous 

Ax). • • 


Notes, (i) (27) holds true if we know that i//7j <(fr(x) = at (x) 

exists at all points of continuity of the scciiience ji'^'lxfand at ac-a.fo 


1. T Carleman Le 9 ons sur les equations inlc'ifrales 
symetnque (Uppsala) (1923), p. 11-12, 

2. Page 9 of preceding reference, 


singuliJrcs iioyau rfel et 
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?) 


(iij In applications to iirobability and statistics (27) is of great 
importance In fact, consider ^^(x)as a sequence of Z'anable laws 
of disfribiifion approachhg, as a limit, a ccitain fixed law of distribu¬ 
tion ^{x). Tlieiif by (23), the total variation of any iiifa, b) 

is 1; (27) thus becomes apiilicable and shows that under the said con¬ 
ditions the cspecled value of any continuous function in the variable 
law of distribution approached, as n-^oo its expected value in the 
liinilini/ law of distribution, 

II, Sticltjcs Integrals Over an Jnfinitc Interval We dehne 

CO ;r oo b 

(28) cf iff ~f/‘fi'> 

S A "<» cto & 

h 

(similarly J J, proiided jhe right-hand limits exist as finite nmii- 
hers. It is assumed that J fdifi, J jdtji exist respectn ely fur any 
hnite x>a, and for any (mite intend! {a, b). I'or the existence of 
(28) It is necessary and sulticient that 

129/ \ Jfd ifi\<e foi cr ^ .i certain number-r (e), 

X. ' 

e - arbitranli' small. 


One sees readily that 



exists, l! 



dues, and if /(x) is bounded fur 


all real \ak\es of r. The lirst of these conditions is satisfied 
it ^(x) Is a hiu of distribution. W'e notice that an> J can 

lie wiitten as ^^£7^ , if ue agree to take if'(x)^ ■, ^{b) 

u’siicctisely for cc-£ a , > b . 


'I'lie formulae given above litild. in general, for mimite limits as 
nell, -with the exception of those wliiih reiinire a double liniiting 
process, like K, 21, 27, etc., where ordinarily .idditional precautions 
must lie taken in the form vif certain assumiitioiis siieeifying the lie- 
havioiir of fP'Ise) and of other fnnctioii.s involved at infinitv'. 'I’hus, 
(8) is not valid in general for fa, 6)»(-co, oo) , ami reiiiiires a 
more detailed discu.s.sinn. Furiuulae 21. 22 hold true if we assume, 
for example, the uniform limmdcdncs.s and continuity with resiieet 
to ^ of the fimctioii.s involved for all x in (-<» > ), ami also the 

existence ofi. e, definite value,*: for if/[±co\ 

•'(to 

I'ormula 17 deserves special alfciilioir. in genera!, it is not Iriie 



ao sriELTins inthckaus 

■for an iiifiinte iitwiral, :i.s was slmwn hy Stioltjcs*. 

III. Appro-timatc Eivlmtiou of SticHjcs I^ita/rals. In prac¬ 
tice, as in statistical computations, we evaluate approximately, 

replacing it by the right-hand member of (S), for a certain chosen n. 
The question arises Regarding the error of .such an approximation, 
Let eo{a.) represent the modulus of continuity of f(aa), i e. 

(31) l/(a:)-y(y)l£ w(<3)fon lx-j^i£6(a < X, y * b) 


Then, if Xi^,-Xi<h in (S) for i= !> . n-f , we have 

- ip (x,) ] 

a n.j ■JV#/’' 


(32) ^ (^(h)£ f‘^^=^u{h)\^ib)-f{a)\ 

'C 


n; 

ZP 

[h^max. (cc,^- xf} \ 1=0, I, 


n-/j 


(32) answers the above question for any continuous /{x). 

Special Case: Lipschitz condition’: 

(33) |/(r)-/(t/)|< A|x-y| (as x, ys i ; 

\ pAh\_ii/{b)-f{3)] \= const.) 

In (32, 33) ive replace h by A/g , if ((f/) in (S) is, as usual, the 
mid-point of the interval {xj, [1=0, /,. n - /). 

It must be noticed, however, that the above con.siclerations are 


1 (1. c. p, 73, p 505-06. (17) is closelv related to the sti-callcd ".Mimieiits- 

problem”' find a monotonic non-decreasing [unction ^(x) in (a t b) with 
infinitely many points of increase, if all its moments ^ ^ ^ (x) 0^= 

0,/’-’]are given Tins problem, for[s, b) infiiiil*. iiinv he "hulcler- 
iiimcd/' I. e it may adiiiil inpintely many solutions, wlnlc it is olwivt "ileler- 
nnneil, fo^ pnile (<3, b), Stieltjcs gives the fiillowing example; 

^ x*[/+;i3in (x'-»]e-***(7x=/ xV*'*</a: 

La constant, 1^ = o ° , and ^ “ 

[/tXain is nionotonic non-decreasing in 0 ,ta , if lA,la /, 

^ exists for aixsi , then A"” can lie taken equal tn max, 

1/ (*) I in (a,b) If /(x) is given gmi'hicall), A. can lie found roughly 
as the maximum of the absolute va'* ..le slope in{<l, b) 







J snou ir 


«i 


not woikable in j'enoral on :m 10(10110 iotoi\:il, for liorc, in iilaoe of 
(31 ), we (iidin.'uily h:i\e tlie more conijilR.ited I'olation 


wliere cd (x ,i/,6]-^co with x.j/(o\. = j. 'rini-i lu'ie, in 

order to nlitain an inetiurdity foi die cuor. we imist add to the riR;ht 
member of (32), where a,b are (mite numbers pnawily elioscn, two 
more terms—t!ic upper limits cif ^ J" f d i^\ :ind|y^ /d yj\ , wduLli 
v\e obtain b\ means rif a suitable Inputhcsis loneeininn the Ixdi.ivior 
of /(j), at mhnity. 


IV Tc/icbyclit'ff iiiid Holdci I iu'qiialilh'\ for Slicllic.s I iih'i/) alxK 
Hereafter ^(x) stands for a numotomc uon-decreasiujr luuetiou 
defined on a certain intersal (a, i ), timte or nilimte Let /, lx), 
/,-?/•-/i] be contimum.s on (a, fa)-. 'I'hen see base the 
follovvinpf fundamental transfonimtioii: 


(34) 


jf, ■ 


* 6 a 

jL<P,dlif> 

J 

JhP.diP 

s 

b 

Jl, • 

b 

■fL^ndlp 


_/ 

n 

a a 

(n 


/,M /X^„) 




ridy'ix,) . 

1-/ 


The proof isseiv simiile fni n-Z, tor we can write 

[u{x)d^(x)- fi'(x‘)d^{x) 

^ J K b 

dili{x,)d 


9 

as 


s a 


.lUd It iiias readilv be estcoded to aiiv n l'‘oinutla (34) sieKIs mans 
I Cf. ID) .\(itei .|ae<|ues t (iipUluile. Sui Ics naeumlvs i|v Siieltjes t (imiitw 

Kenilm, v ISO (| 0 _x)|, (i)K-20 


2 . Ill sase (i' fa-) lias .1 finite iuiihIkt nf |«iiiits nf niereiise in (a, h) . reiiuire 
iiiilv ileliiiite values ni ,all /|(j), these |siiiits 
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interesting results by a proper choice of /tj /s , i>i ■ 

Examples: (i), n = t 

(35) 

Schwarts ineguditv —(*'= ' only if /, and are linearly de¬ 
pendent. 


<ii) n=2’f^=f^=l. 


Write /, ^ in place of ^: 


(36) ffidijr ' 

- i 

Jd^^ hdrfi‘ 

it t i 

Tchebycheff inequality (derived by him for the special ciase 
= dx ), vMere f, f are any two functions both varying mono- 
tonicaily in (a,b ), either in Uk same sense (sign > in (36) or in 
the opposite sense (rip» < ). In (34-3?) tve nuty replace dtptx) by 

;7(.r)</*[^( j:)> o Jn(a, i)]f 

(iii) Sfti(x)=/-(x)ar^-'[i=/,^,. 

* A A 

jFdtlfjFxdip ...... jFx”-‘dilf 

^ jFxdtP . difr 

.. 

? T?l_• v«. _ 


■ JUj,, 

Mallei A oitenninontefiMt,, AreWv CBr 
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The determinant plays an iniiKirtauc mle in tlie theory of orthog¬ 
onal Tchebycheff iwlynomials fsec belou ). l‘'ormiila f37j gives an 
upi^er limit for 

(38) |AJ < >/r,!{b-ar^--^M”[fd>l>{x)Y 
\M=tn&x. 1/’(-j:)| ia (<3. f?)] , 

Applying (13) to the above formulae, we get: 


(39) 

l*l 1'/ 

(40) 

Z • 


<■/ Ui 


y r 

(411 


zy, ^ ^ 


-Caihliy iiiciinitliiy (from (341) 


o) 


Formutae 40, 41 follow from (36) b\ means ot (13|. nith a■^^ I (in 
(40)), (in (41)) [ i = I, • > -n]. The .seiiucmces , (bi)}, 

((^J I (i^) } are'assumed to be cither increasing or deci easing, the 
•sign k being chosen as in (36). Tlni.s all tlicsi- {and many similar) 
iHeqiialilics have the same ori(iiit-foriiiiila (34). .\p))|_\ing (13) to 
Hblder-Minkowski meflualltIos^ 


(42) ju, 


we get: 


{3 >/) 

(-3 > l) 




1, t(. ]. V n 73, )-li, nil, 142, 143. 14<. l»4. 

2 !•'. Itict/, Lehei .S>siciiie iiitegrici-lwrer Ihml.HK.iieii, .\l!iilieiir.aisdii- 
V 60 (1011), iiij. 449-497; p. 456. 
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Formula (43),.with tfisl^ s»^^/ and/replaced by|/|* 
yidds: 

(S,:>3,>0)^ 

The applications of the above inequalities to the theory of probability 
and mathematical statistics fire many. A few illustrations follow: 

(,i) Consider even momenta. a„=/*^"A.^)dx-£fx**/^)dx 
of a continuous unimodal symmet- ’' distribution over a finite interval 
(-4. a ). Here (36) gives (with si*. <, t/ft(4£)/i[r)rfr, ^)<ix-}), 

[«■'• .v /W"y!-xj]. 

' *• * 

,1 (») If C denotes an arbitrary constant, take in (42) /(jc)fc«:- i', 
We^et’ ^ ^ 2)), so that 




VI 

an< 


quantity 

increases with g for any constant € 


u ijf'fr ti{4 (k)]^« 

id, in particular, 

^ i. 


u vr 


^/mh 


^lio if ai. o. 




1. Paul Levy, Calcul des probabilite's (Paris 1925), p. 157-58. 
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(iii) Apply (36) to the functions ^oth inonotontc 

inla,&) , the same as in (ii) . 

(48) E{f £^)E(<p) (for the choice of ^ see (36))'. 
The .same formula (36) gives for any function 

(49) I{n^{E{f)Y (n-2. 3.•••••/ 

Formula (45) gives with the same '■ 

(50) i {iS(|/|*‘) ) ’i. (S, < >.) . 


V. Application of Stieltjes Integrals to Some Minimutn-Prob- 
lems. Given a number m^/ ,M finite points -x,-? 
positive quantities er,, and a function f{x)wiih zvell de¬ 
termined values Z, Find o polynomial P„(x), 

t degree not exceeding n^s JP/-Z)^tnmimi3ing the expression 

• Discuss the behavior of Pn{x') for 
m-^oo. We introduce a finite interval (a , b), containing in its in¬ 
terior all points jc,- and a inonotonic non-decreasing step-wise function 
j[t(a:) with the above properties (sallus cTj at etc,; see )>. 7S), 

Then our problem can be forniulatcd as folIow.s Find a polynomial 
P (x) of degree not exceeding n, iiiiniinising the integral 

n^^ypA^r ‘'K'W In ^1]. 

Here the advantage of Stieltjes integrals is clearly evident, for 
the latter jiroblem has been discussed by G. Polya', D. Jackson' and 
the wTiter'. We know that a solution always exists and is Unique 
for m>l. The behavior of P„(x\ when either or both m and n in 


1, Ci Hohlniim I'{iTim\lierim(; und Uetfrumlvwj; Zweier HiiUssatzc der Mathe- 
niatischen Statistik, Matheiiiatische Annalen, v 74 (1913), pp 341-442, 
p 374-75 


2. Ill fact, (36) liolds, with sii{ii >■ , if -/fy) and p(x)- f'Cy'i Iiavc 

the .same sign for any x, y in a, b , which, of course, is true for 

,V fa) G. Polya. Sur iin alnorithme toiijours convcrgenl . . ., Coinptes Keiutus, 
V. lS7 (1913) p 840-43. (h) U. Jackson, On ihe Convergence of certain 
lioiyiiomial and trigonoinctric approximations. Transactions of the American 
Mathematical Society, v 22 (1921), p. 158-66 (c) Idem, Note on the Con¬ 
vergence of Weighted Trigonometric .Series, Uulletiu of the American Math¬ 
ematical .Society, v. 29 (1923), p. 259-63. (d) f .Shohat, On the Poivnoniial 
and Trigonometric Approximation, Mathematische .^lmalcn, v. 103 (1929) 
p. 157-75. 
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crease indefinitely, has also been discussed by the above writers. It 
was found that, if f(x) be cotitinuous in{a,b), tlwu for n fixed and 
approaches tiiiifonuly iii(a ,dj the polynomial TJ„ (x), 
of degree 2 n, of the best approximation {in Tchcbycheff sensed) to 
/(x) ,provided, ifi (x) has infinitely many fioints of increase every¬ 
where dense in (a, b). Furthermore, [/ihj. 
the best approximation Il/hnax .\J[x)‘rr,{x)\for a 4 xsbT” 

This result has been supiilenieiited by the writer fin a i)a|)er which 
will apiiear elsewhere), who showed -that the abox'c result holds if 
rp{x) has a finite nnniberN(> n\Z ) points of increase, IT (x)repre- 
seniing here the polynomial {of degree s n) giving the best approx- 
imation to f{x) on the aggregate of the said points of increase of 
The following ca.ses are of siiecial intere.st. 

^ (a) n = 0 , i, c find a constant X„^ miniiiihing the sum 

I . 


‘'^1 of the 7 teVfrd , I the largest and the small- 

and the ”constant nf ft '‘^1 ^ ~ / (* a) | /•? the largest possible, 

lim X„ = 

(51 ) , . r ^ P 

fi-,)-f{r.) < ■ ■ ■</(xJ 


( 52 ) 


thn X. s 


necessarily: . I^'^wniml of degree - r, , ec|.«|,ty l„,,,,yi„p 
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and the limiting results do not depend on As an illustra¬ 

tion f{x)’‘X*‘‘'" may serve, or, more generally, /(^)^ Aj x 
(all Aj >0 ; all kj and K are positive integers or zero)*. 

(b) M=n*Z ,ii arbitrary. Here the writer showed (the paper 
will appear elsewhere); 

(S3)im f,(xyn„{x) 

i.j-i 

[t 1 /.-?»w) -] -s.u) 

Mr,I 

'' ' k^l,z, - ,M 

(i=/. - M) 


where AT, A) y stand respectively for the following determinant and 
its minors: 



(SS) Ar= 





We proceed now to show the application of Sticltjes integrals to 
interpolation. This must be preceded by a discussion of 


VI. Orthogonal Tchcbydwff Polynomials. Theorem. Any 


1. Cf. D. Jackson, Note on the Median of a Set of Numbers, Bulletin of the 
American Mathematical Society, v. 22 (1920), p. \.60-M, where the above 
results have been obtained for the ]>articular case jf CsOs-x. 
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functiou monotonic mn-dccrcasiinj on (<i > — finite or infinite 

and having all moments {k=-0,l.-‘') with /, >■ 0 ' 

generates a sequence of folynoinials { (a:) ] of degree o, 

ttniquely deternuned h\ the relations^ ■. irid/^O 
(rnitn 1 m, n=o, /,■••) ^ ^ 

(n = / z . . to x''i{x)dp (x>0 (A=0, 

Proof. Take jJ,(x)=xV„., a:V..jx+/;. The above rclatk^^^^ 
lead to the following set of equations. 

fa /. +/, /, + • 

(56) /«?;+/,/.+ ■ • • 


fn-i ifn“ 0 

fn; t, -^Yn.rO 


• • in-> Vxo-x'^i.a.rO 

The determinant of the Ccx-fficienhs is (sec (37)); 

■ ■ -J /7(i,-5j)' >0 


which proves our statement. Add to (56) the identical relation 

fnii ^ ' ' ' . » »”tl f'T ^„ (x) we obuin the 

following expiession: 


f58) 




f' ■ in 


y. //■■ /o., 

r„„ 

, 

yy-Vn 

^-1 fn ifja-i 



/ I X" 


fn., fn 


Doinknf *A* ^ ‘"’’y number M of 

points of increase, then A,=(? fop „ > M i x r ^ ■ 

for n--0 / ■■■■M k i Zc ^ ?„(x) exists only 
fraction).’ ’ >'* ^ rational 

olic/Xoomills.^ '"’liortant Tcheby- 

!• We (lisreganreonstant factors, 
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(c5. i) 

d tp (ec) = 

pipny- polynomial of 
{Constant Factors disreAardedi 

finite 

dx 

legendrg : 

fini te 

(£-3)'* ‘(b-xVdx 

{o(,A >0) 

Jacobi . ,nV T 

(O,oo) 

dx 

(cC,K>o) 

Za^uerrei 

(-CO, oo) 

e'*'^jc(A'>0) 

Laplace- Hermiiz . 


The polynomials can be normalised, by multiplying by 

constant factors , so as to obtain an orthogonal 

and normal system of Tchebycheff polynomials (.x)= <a^ j ■ -J 
(^=0. /, ■ ■ • ■ ; a„ >0) 

i 

(59) f = O(w^n), =/(/n=n) 

(m, n-O, I, Z .) 

The following are some of the most iniix)rtant proi)erties of (J:). 

(a) The roots of are real, distinct and lie between a, b. 

b 

(b) If all integrals 

by (59,) we have the formal development: 

(60) - /(j)cvo^ilj (x), |^4j=y/(j)^j(x)(?i/'(x) j 


which, regardless of its convergence or divergence, has the following 
remarkable property, any ‘'section" {"Abschnitt’’) of (60), i. e. the 
polynomial P„{x)-^ A, (pi{x),obtained by taking its first nr I terms 
{n= O, I, - • ■ ) gwes the best approximation to f(x) in (o , 2?), 
tn. the sense of least squares, i. e it minimises the integral 
dtfr {x) . Moreover 

1 Cf. W. Romnnowsky, Sur quelqucs classes nouvelles dcs jiolynunics ortho- 
gonaux, Comptca Renclus, v. 18S (1929), p. 1023-25, where new [Kjlynomials 
are discussed arising from Pearson's frequency curves of tyiie IV, V, VI. 

2 In the develojiment^ /fX) Aj (x) , where the (.r) are not 

normalized, 
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(61) /[/-?,] *dtif = (j;J * <3^ {Z) 

■ ./r 4 -(K. 

denoting hereafter an arbitrary palwiotnial of 
de^ee =t « . The proof is very simple. Write (?^(j) aa LH.ii 
with constant coefficient ^, substitute this expression into %/y4fA 
and write down the conditions of minima: 6>, which,(S9)” 

i<t>i dip’‘Ai Ci“ C'. ^ A'■ •'a ). 

S combinations of 

(62) fn^=J‘f{x)x*dip{x) {k=0, /, .)^ 


Introduce the symbol 


(63) 

/,»o. arbHr-ary) 

Then evidently, 

d 

(64) a 


m other words, we have the following simole 

of tfn (*) «^/ace coeft a- by the forrclLJl' 

given in ( 62 )(A= 0, / .. »'i a„j ^moment m* 

0. /, . . .). ,•« (60) 
[ * ^ 

(c) >, (ac) are denominators of the sucre««,V- .. 
the continued fraction s«ccessive convergrents to 
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(6S) / 

(Ai (> ^}, Cl - const.) . 

Historically, it was' the aforesaid minimum property which has 
lead Tchebycheff to the discovery and investigation of the general class 
or orthfnjonal polynomials conesponding to any monotonic non- 
decreasing function, while before, only isolated special cases of such 
polynrmials have been known (polynomials of Legendre, Jacobi, 
Laguerre, Laplace, Hermite). Tchebycheff found these polynomials 
in connection with 


VII. Least-squares Interpolation. The problem can be formu¬ 
lated with Tchebycheff' as follows Given the values of a certain 
function y=F{:c) at n-it real, distinct points jc, , , wl/t 

the corresponding weights cr^ Find its value at , assuming 

for y the representation A + boc • 4 Tlx"', {m-£ n) so 

that the errors of Ffx ,) [i= /. 2, ••• n+/] shall have the lea-it 
possible influence on the required x'aliic F{x ). 


Using Stieltje.s integrals (which greatly simplifie.s Tchebycheff's 
analysis), we are lead to the following solution: 


( 66 ) 


L a 


vvhere dix)is the stepwise function having at a saltiis = 
2,'’ nV) bjeoutaius in its interior all points jr, , (x)] are 

orthogonal and normal polynoiiuals determined by (59), or.' which is 
the same, denominators of the successive couvcrgeiits to the continued 
fraction (65) (we disregard constant factors), which here reduces to 


n+i 


(67) y—= 

jL, x-Xi, 

i-i ' 


0-1 _ A, 


I j:-c. 


A» I 
I x-C, 


1. Tchchycheff, (a) Sur les fraclions contimics. Journal des Mathematiques, (2), 
V, III (1858), p, 289-323: (li) On the least-squares intcr(»latioti, Collected 
Papers, v I, p. 473-98; (c) On iiiter|X)latioii with equidistant ordinates, ibid., 
V, II, p, 219-42 (b, c. ill Rus.sian). 

2- o-,' IS inversely proiwrtional to the iiicaii-.square error of jPCjcj). 
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We see that (66) is noihing but the first «+/ terms of the development 
(60). Hence^Tchebccheff's solution (66) yields the minimum of 
(x^* d Moreover, for the mean- 

square error of (66), we get, by (59): 

^^=/F^difi-£ a: 

a kti 

( 68 ) ^ 

= 2^ cr, [2 ^(Ti f (r,) (jr) ] • 

i*/ K^o *■ iti 

The name “least-squares interpolation’’ is thus fully justified, and we 
see the complete identity between the hvo problems' least-squares tn- 
terpolation and approximate representation of functions by senes of 
Tchebycheff polynomials. Whether the data arc discrete and in a finite 
number, or the form a continuous set, the underlying principles and 
the resulting formulae are identical, provided zve use Stieltjes integrals, 
There is no need to treat the two cases separately (as one find.s even 
in recent books on this subject) and to introduce siiecial symbols in 
the first case. Another very imiiortant feature of the above solution 
has been indicated by Tchebycheff If we add one more term to the 
expression <S4ii>j:+ • + Ax'" assumed for y^Fip:) , we need only 
add one more term to above, without citaugitig the preceding 

ones (compare with Lagrange interjxilation formula!) Formula ((^8) 
enables one to find the number of terms necessary to attain a pre.scribecl 
accuracy, 


Consider two special cases. 


(a) The ordinates are equidistant :x„,-a;.=A (i =• ■/!) 

and all zveights cr,, are equal ( = /) Here Tchebycheff (1-c. 1-b. 
p 91) gives very simple expressions for the jiolynomials (x), as 
well as for the coefficients A^oi ( 66) • 


(69) 




n+Ek-l 




z -)J k-0, 

difference. 

3 ^ 


(70) 

j -^ r j(H/) (/?-iXrj-i-/) Ag 
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(We have replaced «+/ in our above formulae by ). All (z) 
can be easily computed by means of the relations: 

S5„(z)-A“/=/ ; = 

(71) [n*Ak-/Y] (F) 

{k^e) 

(b) rn = t, arbitrary (i = /, i*, • * • n.). We take in (67) 

(72) A,=fdf{x)=la,. 


We get now (by successive division, for ex.) 


(73) 


(74) 

(75) 


c, = 


= A 


fxdip ^ 

'IT 




A = _ 

' f{:>c-cydp -^r: /-/; 

X^j i*/ »o /x d t 

$9 

(mean-square error) =Z°:['=w-P,W]' 




(See 68) 

Let if(x)represent a law of distribution. Then, ^ ^V 
standard deviation zT, and the above formulae become: 
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One recognizes in (78, 79) formulae quite similar to those for the 
line of regression of on a; and for the standard' error of estimate 
of y, Introduce 


b 



and our formulae become the classical ones: 




We thus obtained, using Stieltjes integrals, elegant, simple and easily 
memorizable formulae for o^, and for the coefficient of correlation r 
Moreover we see by inspection (Schwartz inequality) that-/- r ^ / 

ITaUo dependent. We 

o7 f ^ a special tase 

M,tlwmfltk*l MoWH,' Punction Space, American 


Pans (France). 



SIMULTANEOUS TREATMENT OF DISCRETE AND 
CONTINUOUS PROBABILITY BY USE 
OF STIELTJES INTEGRALS 


By 

William Dowell Baten 


The object of this paper is to present several theorems pertaining 
to the probability that certain functions lie within certain intervals. 
The first theorem is a generalization of Markoff’s Lemma, which is 
proven for the disci ete and continuous cases by use of the accumulative 
frequency function and Stieltjes integrals Tchebycheflf’s Theorem is 
obtained as a corollary to a very general theorem, the proof of which is 
based upon the first theorem. Other corollaries are given. 

Three theorems, due to Guldberg, which follow are concerned with 
the probability that a non-negative chance variable be less than certain 
functions of the expected value of the variable. These are proved for 
the discrete and continuous cases by employing accumulative frequency 
functions and Stieltjes integrals. This is the first time, as far as the 
writer knows, the discrete and continuous cases for these theorems 
have been included m a single proof. 


Theorem 1 If A denotes the exjjected value of the non-negative 
variable x and i is any number greater than 1, then the probability 
that je £ At^ IS greater than 

Proof: If jc is a discrete variable with values at x^^, {/- /, Z, 
■ ■ ■ • , 71) with corresponding probabilities , then it is understood 
that the probability that x takes'other values is zero. If a; is a con¬ 
tinuous variable having a probability function defined over the interval 
{a, b ), then it is understood that the probability that x lies outside 
of (<5 , h ) is zero in case (<s , i ) is different from (-(»,+<»). In 
both cases jr is a continuous variable in the interval (-eo ,+» ). Ldt 
the probability that x lies in the interval (-oo , x) be F {x), with 
P (- CD )» (? and /(+<»)"•/ . Then the probability that Jr lies in 
the interval {x,, x^) is 
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where the last two limits are different from zero when there is prob¬ 
ability different from zero at x, and This exists since F {x) is 
a non-decreasing function over the interval (- « , + cd ). In the special 
case when F{x)- where f{x)is summable, f{x)dx 

represents the^probabdity that « lies in the interval (.r, ), 

In either case, by definition 

4 = Jx dF{x) 


X >Ai^ in the interval £,<»), where e approaches Q, hence 

■A'^J X- dF{x) 

But 

f xdF\x)=Jim fxdF(x)*hm z, f dF{jd)~lim Z.-hm fdP{x) 

by the first theorem of the mean, which holds for Stieltjes integrals in 
this case Here z>4f*+e , hence if w >Af® (therefore 

A>At*Jdf{x) But/<f/‘(ac) is the probability Z’that J? 

Ai'O ' . M* 0 

IS greater that A,c hencii 
A>At^P, 


where Q is the probability that x s At * 

This theorem is a generalization of Markoff’s Lemma', which he 
proved for the discrete case. The above proof takes care of the dis¬ 
crete case, the continuous case and the case which is a combination 
of the discrete and continuous. 

Theorem 2. If /( jT/, . x^) is a function of n inde¬ 

pendent variables, then the probability that 


1. "Wahrschemlichkeitsrechnung," by Markoff 1912, Page S4, 
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is greater than /- where £ represents the expected value,A; 
is a constaiit and t > / . 


Proof: Let 

£/=f/(-2V tlien 

£{yy£{fY2kMfhk^ 

By theorem 1 the probability that 

|/-% i^lE{f*)-PkE{f)^k‘ 

is greater than 

Corollary. If/(jr, ,jr,, - • • • a:„) = a:, 4• ■ a:„ and 
ki^j) I then theorem 2 becomes the famous Tchebychell theo¬ 
rem’. This theorem is; If x,, x^, • • • x„ be n independent 
variables, then the probability that 



is greater than / - 

This proof is by far simpler than that given by Tchebychelf, while 
it is similar to that given by Markoff. 


In the corollary if , £{x^ = a£{xi*)=A 

then the probability that 




- <2 




is greater than . 

t 

If /( X,, Xg, ■ ■ x„)~^ xf then the probability that 

' ±'I I lUi J./ 


is greater than , where the variables are indeixndcni, 

■£ . If a is negative it is under- 


1. "Des Valeurs Moyennes," by Tcheixcheff, Journal de Math 1867 (2). Vol. 12. 
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ys 
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stood that O' can not take on the value zero, if 5 - /h .where a 
is odd and b is e\en, it Is understood that a: is non-negative. 


Other interestiuR results may be obtained from thus theorem if 
X (yn j, . . . represents various functions of the ri 

independent variables and fc^be gUen dilierent values If / is the 
.sum of the variables, theorem 2 is a more general theorem than Tcheby- 
cheff’s theorem because of the constant k which may have values 

other than Z ^ • 

ITi 


Let CTjbe the re.sult of an individual throw of a coin, 1 if a head 
IS thrmvii and x,. = 0 if a tail is thrown. then ^ • 1 + q • 0, 

where > the probability of a head and ? is the probability 
of a tail. Let m represent the number of heads thrown in n throws 
and let k^’lipi^n-npY • th^» probability that 


I m - (n pi ^/n- np~q)\i. t/n, of that 


Let t=*-/n , then the probability that 




n 


Jim 

in n 


is greater than I- 4^ or l~j^ , which approaches unity as n 
increases. It is near unity for large values of n . This show? that 
the enijiirical probability approaches the true probability p as the 
number of throws increases, and the advantage of k . 


Tlicotcm 3' Let ^ be the ex^iccled value of th’e non-negative 
variable x rai.sed to the power n and t any number greater than 1, 
then the probability that x< t 'ya' ^is greater than I - . 

Pi oof. Lot c > yu and let f(.x) be the probability that 
X lies in the interval (-os, * ), then by clelinition 

u'^ = f x^dF^x)-, and x''dF{x)/c'' 
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Now 


Jx^dFix^c” Jx''dF{x)lc'’ 

-at cie 

= Urn Urn f dF{x) i JdF{jc), 


by the first theorem of the mean, and since Ixm 


(jLe)" 

c " 


2l. 


Since JdF[x) is the probability P that -r is greater than C, 

> p or Q > 
c” ^ 


where <$ is the probability that :c £c. 
Let ^ = ;rTf^ , then -i ^ ^ 




, hence 


But <J becomes the probability that x £ x > ®'*^t:e c was 

any number greater than . 


Let j/=|cr-^| , then theorem 3 becomes: If ^ is tlie 
expected value of | i-- |" and i is greater tha n 1, th en the probability 
that \x-k.\ does not surpass the multiple d 'Iju'„ y , is greater than 
, where A is a constant 

If ^=y X'<^F(^x) , then becomes ^ and theorem 

3 states that the difference j^-/c|does not surpass the multiple 
i n X I Rreater than . ^n this special case theorem 3 

becomes Guldbcrg’s theorem’, but this is more general than his theorem, 
for it includes the continuous case, the discrete case and the case which 
is a combination of the discrete and continuous 


If y=|/(^)-*| is used for the vaiiable, a more general theo¬ 
rem IS obtained Here is a function of x . Of course, the 

probability law for /(-x) must be secure from that of x if the con¬ 
tinuous case is under consideration Certain restrictions must be placed 
u])on fix') concerning conlimiity, snnjinahihty and concerning Uie 

inverse 

1 "Sur im tlitlor^nieUe M Maiknn." liv Alt. (liilillierK, Compte Reiulue, Vol 
175 (1922) [lagc 679. 
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HT. 


Theorem 4, The probability that the difference | .ar - /»| is not 
greater than the nuiltiplc t! t! ^/, is greater than / — ( "-J 

( where u ^ a: is the exiiected value of \x-/n \ ”, and -m is the 

exiJected value of x . 

Theorem 5. The probabilitj that the positive 
iurpass the multiple tm , ( ^ > / ), is greater than 

where is the exjiected value of |aj--7n|” and , 

These liist two theorems are due to Guldberg’ for the discrete 
case. By the method used in theorem 3 these can be pro\'en for the 
continuous case, the discrete case, and the case which is a combination 
of the discrete and continuous. 

1. "Siir quelques inequalit^s <les 1« c.-tcul de probabilites," by Guldberg Comp 
Rend Vol 175 (1922), p, 1382. 

"Sur 1« theoreme de, Tcheliecheff,'' by Guldberg. Coniptcs Rciidue, Vol 175 
(1922), p, 418, 


quan tity -c doe.s not 


-(m 


•((wT* 
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FUNDAMENTALS OF THE THEORY OF SAMPLING 


I Sampukg from \ Limited Sepfly 

We shall consider first a population of 5 individuals, in which 
each individual possesses a common attribute that can be measured 
quantitatii ely. The sum of the associated variates may be expressed 
as follows. 

s 


From this so-called parent populntion it is possible to select ( ®) 
different samples, each consisting of r individuals, ( r s a ). These 
samples may be ordered after any fashion, and the algebraic sum of 
the variates for the respective samples may be designated 




+ * 


~ 

-t 

+ • 




- • 

■ ■ 



• 



Thus, while represents the sum of all the a variates in the 
parent population, £ x designates the sum of the r variates occur¬ 
ring in the i th sample, 


We face now the problem of de,scribing adequately, from a Sta¬ 
tistical point of view, the distribution of the.se ( ^ ) values of * , that 
is to say, we must express the moments in terms of the moments 
of the parent population, . 

M,= -^ 

' (?) 


By definition 
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Since each value of z will contribute r terms to the value of , 
this latter expression will consist of t'-C terms involving each of 
the s variates of the parent population alike Therefore, each variate, 
(i = 1, 2, 3, , . s ), will occur in the expression for z 
exactly ^-(f) times. Consequently 

We shall now investigate the values of 
u 

where we choose to represent a deviation from the mean as 


Observing that 

z,= >3; + '^^+ • JV" pM,= £,•+ 

we note that 

= £x * 4 Xj 


V.)* 


(H 

Therefore 

= JlfiLil) 


i^r) (^)L 3 ^ (I) ' 


or, writing 


^ r{r-l)(r-2)- ■ - ■ ir~r=l) 
3{s-/){s~Z) T^-rT) 


(2a) 
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(3a) 

(4a) 


By utilizing further the multinomial theorfem, it follows easily that 


3! 


Z!l( (//)' 


K ,= 4f 




Ism 

4! 3! H (en* 

1^13,^, , , £3,3, x,x,) 

+ /=- iTTy—) 


^ 2!{/!Y 

, etc. 


The rule for writing down the terms is as follows, The number 
of terms in the expression for ju„.f equals the number of partitions 
that can be formed from the integer n , The subscript of /o equals 
the number of elements in the corresponding partition, and exponents 
of X and the factorials in the denominators are in fact the elements 
of the partitions. 

Our next problem is to express the summations in terms of mo¬ 
ments of the parent population, /Unx- 

First order summation 

l^ = Sju,.^^ 0 

Second order summations 

Z Xj - ~5fU , ^ 

since 


Third order summations 
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since ■^j 

and {Zx)^=0=ix^^3^^/Xj + 6lijXji^ 

Fourth order summations 

I X*= 3yU^^ 

^ 

21 

X*Xj X^^ = 2s 

2^ 2^ Xj - ~2 sf-i^.^-^s 2 -k 

Utilizing these summations, (2a), (3a) and (4a) may be written 

( 2 ) = 

Continuing after this fashion, one can show after a lavish use of 
symmetric functions that 

(5) , = s/4,,, (/j -/5/i+ -60/>^ \Z4/!>^ ) 

+ lOs^^i, ,,{/>,- 4/5,4 3f^ - 2fs \ 5 

(6) , = 5/4^ ^{>, - 3l/}^\l80f^-590/>^ +360^^- /26^2\ 

4 15 3^,., /4, 4/9^ -/i>/j, 46^^ I 

+ * X { /J - ] , 
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(7) , = 5/U, ^ (/r ^^336 0/ig 

-Z5Z0/>^ + 720^^]^ 

f ^/5X xA‘* xi /"z -/V,+ 

+ 84/>^ - 24^^ 1 

+ sXz-AaJl -Z^?} 

t- 1 * 

(8) fX,- s^,J[/>rl27,.^^l95Z_^^~l0206^^ 

+ Z52O0/>g-3J92O/>^ + 20fe>Oyi>^ -5040/>g | 

+ 32/>j, ^ 2/f/>^-670/}g 

^7S0^^-4d0^^^/20^^\ 

4 365‘^g^^^Jy/>^-l8p^^97/i,-Z40^^^304/>^ 

-/92^,^48^^\ 

+ 4 A-74/>g^73/u-/80/,^^22d/>g-/44/>^^3^\ 

4 ^^<7^W^f^LW9/>,^27/>g-37^g^24,^,- 6^g\ 

4 /03s*MU\A-iA-^^A-4A-^A !- 

It is convenient, at this point, to define the " n th sampling poly¬ 
nomial” as follows: 

^ l°h (Z’ ^ ^4 / -/7)1 . 
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If we place y , then 


pe +/-/P 

Taking the n th derivative of both sides by utilizing Leibnitz’ 
Theorem, we obtain 


Placing ai = 0 in this equation yields, by definition. 


That IS, for ■'2=15, /, 2 , ■ • • 

■??(/’)=/^ 

^ C^) + (/<3)+>5/>i^ O) =V^ 

etc 

Thus. 

' PA/°)=A> 

=/^ -’-1 / .?/Z ^-6/3 " 

( 10 ) , 

PlA=/0-/5p^-^50/^^-60^^^Z'1- p" 

Pe{A>) =/3 - /^ i 7/7 ^-39o^ '^^3eO/D^-l20/3^ 

PJp) =p-63p ^^eozp^-2/00p*^3360p ‘^-2S20p'^^72qpT 
, PM -p-127pU/932p^-/0206pSZ5200p"~3l920p ‘ 

[■f Z0/60p ^-5040p^ 


etc 
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The law of formation of the coefficients is obvious. for if n 
desij>nates the coefficient of /O'* in the expression for . 


Comparing the iMlynomials of equations (9) with formulae (2) 
to (8) inclusive, suggests writing the expressions for in the 

following symbolic form. 




= 2 ^ 


p.r- 


P. 

Pn 


Z' 


u - 4>\p P Pli- 

(■^ 41 2' {2‘Y 

[ ^ S ! " * 3 ' Zi 

n -g/fp 

Y* e‘ * ^ 4' 2! z/ 






etc 


3 / 


( 2 ')‘ 


By we understand an expre.ssion derived from the samiiling 
iwlynomial, , by writing ns/o^. Thus, 

P 4 (Z’) "Z' “ 7/o^^/2/>^-6/o ^ , whereas 

P* = Z’/' ^ 

Again, since 

PIA-P^p) •;?(/=)=4= "+^z’ 

P^P) ~ /°»~^P4'^^Ps 

The number of terni.s in the expression for will ec|vtal the 
number' of partitions that can lie fornietl from the integer n ■ The 
subscripts of the P and factors for any selected term corresixind 
to the elements pf the corresponding \«irtition, and the exiKinent of a 
equals the number of elements in the |«irtition. The factorials beneath 
'the fn. factors agree with the order of these moments, and the fac¬ 
torials apiiearing occasionally under the P factors dei>end iiixm the 
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number of times that any P is repeated as a factor in that term All 
terms arising from a partition in which unity is an element have been 
neglected, since such terms will contain as a factor and conse¬ 
quently be equal to zero. 

Illustration L For the parent population we shall select the fol¬ 
lowing (it will be noted that graphically the ordinates terminate on the 
hypotenuse of an isosceles right triangle) • 


TABLE I 


Parent Population 


JC 

A 

1 

! 24 

2 

1 23 

3 

1 22 

4 

21 

5 

20 

22 

3 

23 

2 

24 

1 

Total 

300 


The mean, standard-deviation an’d moments about the mean for 
this distribution are as follows* 


-W. = 8,666 


33.222 

= 5 76387 

r =■ 108.526 

,566749 

= 2642.27 

2 39398 

A, ,= 20525.2 

5 69279 

/z, 322570 

cF, 27,3878 


It may well be remarked at this, point that the stanciard variate 
corresixinding to an observed variate, is 


( 12 ) 


t, = 
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and is consequently an abstract number. The n th moment of the 
standard variates is also without unit, i. e. 


(13) 


If'' 

~Fr 


Na^ 





In dealing with distributions one should always bear in mind that 
the mean and standard deviation determine merely the position of the 
centroid vertical and the scale of the distribution, but that the standard 
moments are in6uenced by the shape of the distribution alone, Con¬ 
sequently a study of the mathematical representation of frequency dis¬ 
tributions is essentially an investigation concerning the standard mo¬ 
ments of observed and theoretical distributions 

From the above parent population it would be possible to select 
{■*/") samples, each consisting of 25 individuals To describe the 
distribution of these sampes, we proceed follows. 


A = = -08333 


^1^ 

II 

< 

= .0066 

8896 

32 


23 

/=i “ • 29g 

- .0005 

1626 

226 


22 

- .0000 

3824 

1649 


296 

= .0000 

0271 

3090 

0 

Pe Ps 295 

= 0000 

0018 

3938 

31 

.0766 4437 0 

P.--- 

.0450 

5692 

2 

P, = .0642 9896 8 

P. = 

.0032 

3772 

45 

P. = .0424 7628 8 

pi = 

,0040 

5670 

98 

P; = .0056.9468 03 


,0004 

0949 

264 


Ps = .0065 8261 36 
.0048 0969 62 
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and found that the distribution of the totals of 1000 samples of twenty- 
five variates each was as follows: 


TABLE fV 


Class 

Freq . 

5000- 

2 

7000- 

54 

9000- 

203 

11000 - 

310 

13000- 

254 

15000- 

130 

17000- 

36 

19000- 

9 

' 21000- 

2 

Total 

1000 


As a matter of fact, if r is fifty or greater and » is at least ten 
times as large as r , the parent ixipiilation has relatively little control 
o^er the shaije of the distribution of samples. But before investigat¬ 
ing the limit towards which distributions of samples approach in shape, 
it is well to present a second illustration of the theory so far developed. 

Jllvstration II Pearson's Hyperyeometric Series. 

If from a bag containing black and ^3 white balls, r* balls 
are withdrawn without replacements, the chances that the r. balls 
withdrawn will contain 0, 1, 2, X, . . . r white balls are 

given b) the successive terms of the hypergeometnc series 

(lilCr’ld;.") -(7)1 


A distribution ofithis type is equivalent to the simplest case that 
can arise in accordance with the theory of sampling, that is, by assum¬ 
ing that each variate of the parent population is equal to either zero or 
one, and that v denotes the proper''on of the j variates that have 
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unit value. The moments of the parent population are found as follows: 


TABLE V 


Parent Population for Hypergeometnc fand Binomial) Series 


X 

A 


x~M^=x 


0 

(/-p)s 

a 

-P 

{-IT p\l-p)3 

1 

p6 

ps 

1 -p 

P U-pT'S 

Total 

5 

ps 


P(/-P)3{{/-pri(-i)-^ p’^} 


Therefore 


( 17 ) p''-'] = pq[q’^WT p''-'] , 


where (p+ <1 = !) 

In numerical problems this formula should be used ordinarily as 
it stands, although for algebraic purposes we may use frequently the 
forms 

= 0 

^P<T=PU-P) 

{q-p") = p{i-pV-^p) 

Prx =P9 (T^-P^) = P(/-p)(/--3p+3p*) 
etc. 

Using formulae 2, . . we may write the moments for the 
hypergeometric series as follows: 

etc. 
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qr if one prefers 


! P I 
Ml ^P7 (5 5*** J 

M,.i= ^P<r ] 

M..= spqiqr^-ip^\^-7 


■y 5a^p^ q* 


ffixi ^ 


4 



etc. 


These will be found equivalent to those given by Pearson*, namely 


Mi ~ 
Ms = 
M* 


oi/3 (sFcuta-^/S) 
o^/3ls+»Ys-^/3)(s^^Eq(■)(si^A3) 


(s*'+Tn, s -tWa)[ 

3(s-/)(s-£)(s- 3)1 


5'*+5 


3 


(.37ncf6jn,+ /) 


+33^(7n,mj + ^m’ ^ 


where 


+ 3s (OTj + ^»2, 


)+/d m* j 


of =-P /^ = ~pa 

nil - a^^/6 - o(/3 

II. Sampling from an Unlimited Supply 

Referring to the formula of the first part of this paper, we observe 
that as a approaches infinity, r remaining finite, 


•Lond„ Edinburgh and Dublin Phil Mag, Jan.-June, 1899, page 236' 
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K = 

pMx 




II 

"m 

X 




Ma t 

r'fJ‘3x 




H'* x~ 


X 




riJ.^ ^^10 

X X X 








Ar.= 

riJL,,^ + 2J 

+J5r 

“H.t 

Msx 

±/05 r'-’^/j.^ ^/j.1 

•X 



P-bT 


,^fi,^+56p 

(X) 

f^JiX 



From these the following equations may be obtained: 

M, , -I^M. , = r'[/u.^-/0/u^ , 

Mg,^-2dM^.x m t ,-f 420^^^ 

+ 560^l^fU, r{fu,,^-2SUs.-x ^m.x 

- , yu/ ^ 

^5<S0jut,^,^-630ju*^] 

Ill terms of the standard moments of the distributions these 
equations become 
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( 20 ) 


^-^ ^^ = ^4^4 <00(^3% I 

*^7 {~ j“ j ®9 »’*’ ~ 4% 1 ^ 7 *~ X 

2/00^^ 


7p\o(>^.x-2S(>i^ ^~56o(^ , ^■i4ZOc(^.^-i66a(.^^~&3o] 


If, without reference to subscripts, we write 


Aa = 

, h4 -^l^l 
X,= 

= /“«-/«^ A(,Ata + 30 / 4 ^ 

A^= fAy-Zr 35 (x^ ^ZIOjjL^ fx. 

A^ - fj^~ 28 - 35iJ,^ -f 420}x^ jx^ 

+ 56014^/u^- 6 50/4* 

the distribution of samples from an iinliimted supply is defined, so far 
as moments through the eighth order are concerned, by the relations 


, z 
-a 


122 ) 


rM, 


A = r A„ 

^'M Tf X 


Working along a different line of approach, Thiele was the first 
to realize the importance of these A. functions, He made an extensive 
study of their unusual properties and was thus both directly and in¬ 
directly responsible for many imixirtaiit contributions to the theory of 
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mathematical statistics. These values of Aj are the so-called "semi- 
invariants of Thiele.” 

Again, we may write 

' 7 ^ = ^3- 
^3). 3 

y* = oC^-IOo^l •3<7 

^ -28o(^^S6o('^o(,-35o^;^420a^^^60o(^-6So 

and observe that the shape of the distribution of samples is determined 
by the relation 

(24) 

which follows from equations (20), 

The values are referred to as the "standardized semi- 
invariants of Thiele.” 

If now /’ be permitted to approach infinity as a limit, we observe 
that in this limiting situation the shape of the distribution of samples 
is entirely independent of the shape of the parent population, since 



that is 

a,-3 -0 

etc. 

Thus the limiting distribution, which is called "the Mormal Curve,” 
must have the following propertie.s: 



118 


PUNDAMIINTALS OP SAMPLING 


' = 0 

= 1-3 

(25) = 0 

= 1 - 3-5 

, = 1 - 3 - 5-7 


The Theorem of Bernoulli 

If p denotes the probability that an event will happen in a single 
trial and = 1 ~p the probability that it will not happen in that 
trial, then the probability that the event will happen exactly x times 
during r trials is, by Bernoulli’s Theorem 

(26) = Q 

From our point of' view we need only regard the problem'as one 
of sampling in which we withdraw samples of r» variates from an 
infinite parent population, in which ,as per Table V, p designates the 
proportion of the variates which are zero in magnitude—the remaining 
variates being of unit magnitude. Then since 

’ P7[ T 

we see from formulae (18) that 

' K = 

Mi.t ~ rpq 

(27) • 

rpcf[<p^-^p*\h p^cf* 

■ p-s,~ rpq‘[<f*-p‘*]+/0 


etc. 
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Poisson’s Exponentia-l Binomial Limit 

If the probability that each of 1000 individuals die in one year 
were 5, then the expected number of deaths in such a i^roup for one 
year would be 500. On the other hand, if the probability that each of 
10,000 die in the year were .05 then the expected number of deaths 
would also be 500. Again =100000 and p “ .005 or p *1000000 
and p - .0005 would give the same value. If we continue after this 
fashion to let p approach infinity and p zero, but in such a manner 
that the product rp=M remains constant, then it can be shown quite 
readily that (26) becomes 

(2b) lim 

/J o 
rp a u 

This is known as Poisson’s Exponential Binomial Limit. For a 
Poisson distribution it follows from (27) that 

/^iii ~ 

3M^ 

M,,; = Z5Mf+ ISMI 
= A4+ 56MI^IQ6M^ 

. 191^1^409141 ^105Ml 

Substituting these values back in the definitions of the semi-in¬ 
variants (formulae 21), we observe that for a Poisson distribution 

(30) K = 2. 3,..8) 


Discu.ssion of Results 

So far a.s I know, no general method has been worKetl out which 
will permit one to exjire.ss coniple.x sunmiaiions, such as those tm iiages 


n 
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103, 104, in terms of rtioinents. Moreover, I am vinable at present to 
justify the use of the ‘Sampling liolvnomials” for the moments of the 
samples of an order higher than the eighth Laborious computations 
have established the fact tliat the apiiarent lass- of the sampling poly¬ 
nomials holds for the hrst eight moments, and hence we have a simple 
method at-our disposal of writing down expressions for these moments 
of samples withdrawn from liiute jxirent iKipulations. A study of these 
sampling polynomials should re\eal an entirely different approach to 
the problem. This is but one of many interesting problems of math¬ 
ematical statistics that recjuire further mvestigation. 

Although we utilized the results of sampling from a limited supply 
to obtain corresponding forinulae for sampling from an unlimited sup¬ 
ply, nevertheless it can be shou n that for 3 = 00 a simple method exists 
for expressing the moments in terms of the moments, , as in 

formulae (18). Moreover, this law holds for any positive integer, n . 


Thus 


^ H-n /fit Pt ^ 


zc> 

+ 

+ 




sni^! 

ZO! 


»»<•• M * X A. X . ... 

(4<n3>r jjwr 


Since formulae, such as {3a) and (4a) are based on multinomial 
considerations, the rule for waiting down the values of is valid 

for any value of n , when 3=00 . 

Proceeding after this fashion, one can show that corresixmding 
to formulae (25) one can write for the limiting distribution, referred 
to as the Normal Curve, 


(31) 


^in-tt * ~ ^ 


= 


Un) ! 


And since the function 





liDllOlH 11. 


lil 


/ 

f32) y = -rF=^ ^ 

vsatisfies the alwe conditions, we sa\ that (32) is the eiinaiinn ot tlic 
Normal Curve, In the Theoiy of l-e:ist S|iuires (hk e<|natuin is tisu 
ally* de\elo|)ed on the so-called Haftcnk hypothesis, that k "An error 
IS the algebraic sum of an indehnitely tjreat ntimbei of small eleinent.uy 
errors which are all eciual. and each of which is etpially likelr to la* 
positive or netjatue ” 

From the results that we h.ne obtained it appears that it k not 
necessary to impose the restrictions that the elenieiUai v errors are all 
equal and that po,siti\e and neftatiie \alues .iie equally likely. It is 
necessaiy only that 

(1) the luiniber of elementary errors be iiilimte, :illhon|<li of an 
order less than that of the number of errors in the parent [xipnlition 

(2) the errors be independent This restriction is really iiiioKed 
in our assumption that in eialiiatinn suniinatioiis, e.irh of the & \,iri 
ates of the parent population occurs exactly as iii.uiy times .is every 
other 1 ai iate, 


Otherwise, the liinitinn shape of the distrilnitmn of samples is in 
dependent of the sha|)e of the parent di.stnbiitioii. The fact that tables 
II and IV', arising from parent clistributunis (hat are so cxltemely 
abnormal, exhibit distributions of samiiles tliat are fairly normal, semis 
to bear out our point in spite of the fact that we employed in each 
instance a small value of r , i, c twemy-h\e, 


‘SeeMeuiman's Method of S(juaies. Jiilm Wiley and Son- 'Huw \i.ik tin 








SUCCESSIVE INTEGRATION AS A METHOD FOR 
FINDING LONG PERIOD CYCLES 


By 

Ralph W. Powf.ll, C.E.* 


Synopsis 

A method is developed for finding the period of cycles in statis¬ 
tical data of longer period than can be found by ordinary periodogram 
method.' It consists of computing the progressi\e summations of the 
deviations of the observed data from normal. (.\s a first approxima¬ 
tion normal is taken as the mean of the observed data Then the 
progressive summations of these accumulated discrepancies are found, 
and so on to the third or fourth integration. This process rapidly 
"irons out” all chance and short period variations and leaves a smooth 
cycle whose approximate period is obiious. The objection that this 
is but an extension 6'f the "quadrature” method, which makes cycles 
apiiear in data where none are present, is discussed and methods are 
presented for determining uhether the cycle found is real or fictitious. 

Successive Txtegr.atiox as a Method for Fixdixo 
Long Period Cycles 

The question of the search for hidden periodicities in statistical 
data is important for the civil engineer interested in stream flow, the 
meteorologist and agriculturist interested in rainfall or temiierature, 
the business statistician and probably many others The ordinary 
method of periodogram analysis as develojied by Schuster' and dis¬ 
cussed by Whittaker and Robinson’ requires a peritxl of record several 
times as long as the longest cycle considered. A century's record of 
annual rainfall at any given station or group of stations will enable 
us to test for the presence of cycle.s with periods of ,say from eight to 
twenty years, and possibly e\ en to 33 or ."iO year.s, but could not reveal 
a cycle of period of say between fifty and one hundred fifty years if 

* Assoc. Meniljcr of the .-Nin. Sne of Civil r.iiKiiieers nnd Vi-.'! I'vof. of .\teth- 
anics at Ohio State L'nivcrsitv. Coliimlius, (lino, 

1. Proc. Roy .Soc 77 (\‘J06) p j.%. 

2. The Calculus of Observations, Chap. -Kill. |)|i. 34.1-.162, 
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one were present. For the latter purpose the following method has 
been developed. 

Snpixjsc the given data is of the form y ■ a + ^ coa * d 

where 

y-any value of the deiiendent variable, as for example, the 
total inches of rainfall at a given station in any given year. 

<9 -a constant, the normal value about which y fluctuates, as 
the normal rainfall in inches per year for the given station. 
If the data contains a straight line trend this term would 
be replaced by ( a + mx ), where m measures the rate 
or slo[>e of the trend. 

A »a constant, the amplitude of the cycle. 

• J60, to give the angle in degrees, or 2 tt, to give the angle 
in radians. 

a:«the inde[)endent variable or serial number of the particular 
value y , as for e.xample the date A. D. of the year whose 
rainfall is y. 

c sa constant specifying the phase of the cycle, as for example 
the earliest date A. D. when the rainfall is known to have 
been a maximum. 

p«the period of the cycle fin years, in this example). 

c/»a variable—the deviation of each observed value from the 
value given by the rest of the erpration. This term takes 
care of all variations due to cycles of other periods, or to 
the form of this cycle not being that of the cosine curve, 
or the other variations which for want of further knowl* 
edge we must consider to be purely fortuitous. 

11 we subtract a , the normal value, from each of these values 
an il (iiko the iimgre^sive totals or first integral of the dilTerences, we 
get a series of tlie form ^ a/n CDS 

The term £d will in general be small, since the plus chance varia¬ 
tions tend to bitinnee the minus, as do the \ ariations due to short period 
c>cle.s which may be present. Thft second integration will give a serfei 
of the coa or if 

we neglect the sums of the £ d ternts, which will, of course, tend\lo 
cancel out. The third integral will be of the form 
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and the fourth integral of the form coj —(£2£z£) That 

is, each integration gives a cycle of the same period as existed in the 
original data, but advanced a quarter period in phase and with the 
amplitude multiplied by ^ . 

The way in which this method “irons out" chance variations and 
sliort period fluctuations is most amazing to one who has not tried it. 
Table I and Plate I illustrate the method as applied to the annual 
rainfall at Boston. Mass , for the years 1818-1928. Although this 
has been carried to the third integration to illustrate the method, it was 
unnecessary in this case, as the second integration gives a smooth curve. 
The first integration changed from minus to plus in 1865 (fractions 
of a year being neglected) and from plus to minus in 1912, giving a 
half period of 47 years But by producing the first integration curve 
backward we see that it would pass through zero in 1814, which gives 
a whole period fif 98 years. As a coinpromi.se, 96 years was taken as 
the value of p . 

The Weather flureau giies the rainfall to the hundredth of an 
inch, but it was found that the results were practically the same if the 
r.iinfall were taken to the neare.st inch, which was done in this table, 
The mean rainfall for the 111 years was 43.45 and there seems to be 
no trend (From o prion grounds, such as the relative constancy of 
flora, lake levels, etc,, we are quite sure that the rainfall of New Eng¬ 
land has changed very slightly in the last few centuries, so that for a 
lieriod of only 111 years we can assume the normal rainfall as constant. 
The matter could also be tested statistically by fitting a straight line to 
the data by least scpiares, hut this was not done.) But the normal 
rainfall is not necessarily equal to the mean for the j^eriod In fact, 
a preliminary trial indicated that the jieriod of the most important 
cycle was a little less than 100 years, and that of the 111 years the 
iHirtion m excess of a tull cvcle was below normal, therefore that the 
observed mean would be below normal. So 44 inches per year was 
taken as the first approximation to normal. 

A second ixjint in Table I which needs e.xplanatio.n is the initial 
x.ilue in each of the .summation columns. A preliminary computation 
w.is made starting from zero. This was found to give a series of num¬ 
bers averaging quite a little above zero But the average of these 
values cannot be taken as their normal any more than in the case of 
the observed rainfall themselves Averaging the maximum and min¬ 
imum values gave 4- 46, therefore it was assumed that all values should 
be reduced 46 (accumulated inches) and a .second trial was made 
using -46 a.s the value of the first integration for 1817. When the 
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Excess or Summations 

Inches of Deficiency -;--—- 

Year Sainlali From 44* First Second Third 
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second i^Uc^,''^atil)n was made from these fig'ures it was found that the 
curve had a g'eneral downward hloi)e, and from its slope a correction 
was estimated for the initial term of the first integration. The initial 
terms of the other columns were found in a similar manner. The 
values given are the re.sult of several successive approximations. It 
IS probable that by n.sing a different combination of values for these 
initial numbers an cfiually good cycle of a slightly different period 
might be develoiied. It i.s claimed only that this is a method of finding 
the approximate period of long cycles. If the exact period were im- 
jwrtant we could, hy least sqti.ire method.s, fit cycles of periods slightly 
le.ss and slightly greater th:in that found, and see which gave the best fit. 

The niininium value of the second summation was -2148 in 1864 
and the maximum was +1902 in 1911. Therefore the double amplitude 
was 4050 and the single amplitude was 202.5. Therefore b =-2025 
and - 8.67. A similar use of the values of the 

third integration gave an amplitude of A . ^661^ = 30606.5 and 

b = ^ g 60 ^ 

36 '^ 

As diown above the maxima of the second integration occur at 
about 1^15 and 1911, therefore maxima of the rainfall itself should 
have occ irred in 1767 and 1863 and c may be taken as 1767. Values 
of the term 8 60 cos computed for ejich year. The 

first 96 terms will, of course, add to zero, but the last 15 terms add to 
-98 35, so that this will shift the Ill-year average 0.89 inches below 
normal. As the average of the original data was 43.45, this indicates 
tliat the normal shovild be 43.45+0.89 =44.34 and our equation be¬ 
comes y — 44.34+8.52 cos 


* ft is 11 n vlainicd that this efiuatiun as it stantls can lie useil to forecast rainfalls 
at Hom 111, The 'lata when examined hy the |)eno<lograni method reveal several 
^ycle^ ot shorter |ieriod->, and even when corresiionding terms are added to the 
fornud.i the fortuitous variations average several inches |)er year. After this 
roiiipi liuioii was made I found that C, F. Marvin had discussed this particular 
case (Monthly Wtather Review, \ug„ 1923, \''ol. 51, pp, 383-390. "Concern¬ 
ing .\ iriual',, Secular 'trends and Climatic Changes) By using data for 
Uosto.i running hack to 1750 (some actual and some "manufactured") he finds 
that Miaight line tremls, rather than a cosine curve, liest fit the data. He finds 
a noniial annual rainfall sjf 40,06 from 1759 to 1849 and of 44.71 from 1849 
to 1901. at which date the nnrm.il suddenly dropixcl again. The average rain¬ 
fall from 1904 to 1928 inclusive was 37.80 Taking this as the normal for 
that ('eriocl and the normals for the other two periods as given hv Marvin, the 
average deviation from the normal for the 111 years was 5.46, The average 
deviaiiiin from the mean for the 111 years was 6.36. The average deviation 
from the formula derived almve was 4.65. Adding four shorter cycles, we 
get the formula: 



130 


SUCCH^SIl-'E INTFX,RATION 


It wil! probably be urged against this method that the process of 
progressive summation often gives very misleading results, as has been 
jiointed out by Bullock, Persons and Crum* and Simon Kuznets*. The 
latter gives, for example, SO digits drawn at random, and the progres¬ 
sive totals of the deviations from the average, from which he deduces 
a pseudo cycle. Plate II shows that an even more striking cycle can 
be derived from this same random data by getting the second and third 
integrations. By following the same method as outlined above, a curve 
was deduced and drawn. The original data fit this curve with a mean 
deviation of 2 40, while they fit the average line with a mean deviation 
of 2,48. It may be urged that the cycle derived from the rainfall data 
is no more real than that derived from the chance data. But actually 
the cases are quite different, as we will proceed to show. 

The test as to whether a time series contains cycles has been de¬ 
veloped by Goutereau*, Besson* and Woolard'. If the absolute values 
of the .successive first differences of the series are averaged, this aver¬ 
age is called the mean variability. The average of the absolue values 
of the differences of each value from the mean of all the values is 
called the mean deviation, Goutereau's Ratio, G, equals mean varia¬ 
tion divided by mean deviation. For a random series of numbers 
whose distribution is Gaussian, the expected value of G will be 
But if there is a cycle present, even if concealed by large chance varia- 


44.^2-^S 60 cos 2S8 cos 

4 2 70 cos CO* cos 

which gives an average deviation of 4.28, (Some of these figures were obtained 
by using the annual rainfall to the nearest inch and would be slightly different 
if the data to hundredths of an inch were used ) The reality of the four 
shorter cycles is very doubtful, but they produce a curve which fits the data 
much closer than the straight mean, or than Marvin’s proposed normals, and 
somewhat closer than the simple 96 year cycle. 

1 "A Reply to Karl Karsten’s ‘The Harvard Business Indexes—a New Inter¬ 
pretation',” Review of Economic Statistics, April, 1927, pp 74-92 

2. "Random Events and Cyclical Oscillations," Journ of the Amer. Statistical 
Assn,, Sept., 1919, pp 258-275. 

3. Sur la vanabilite de la temperature, Annuaire de la Soc Met. de France, 54, 
122-127, 1906, Summarized by Edgar W. Wooland in Minthly Weather Re¬ 
view. Voi; 49 (1921), pp 132-3 

4. “On the Comparison of Meteorological Data with Results of Chance," (Tran - 
lated by E. W Woolard) Monthly Weather Review, Vol 48 (1920), pp. 89-94. 

5. Edgar W Woolard, "On the Mean Variability in Random Senes,” Monthly 
Weather Review (1925), pp. 107-111. 
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TABLE II 


(«) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

1 

2 

0 

2 


- 2.3 

-24.5 

-26.8 

94.0 

69,5 

42,7 

- 65.0 
29.0 
98,5 
141.2 

2 

6 

1 

7 

5 

2,7 

-24,1 

18.6 

159.8 

3 

2 

2 

4 

- 3 

- 0.3 

-24,4 

- 5,8 

154.0 

4 

7 

3 

10 

6 

5.7 

-18.7 

-24.5 

129.5 

5 

5 

3 

8 

- 2 

3.7 

-ISO 

-39.5 

90.0 

6 

8 

4 

12 

4 

7.7 

- 7.3 

-46.8 

43.2 

7 

0 

4 

4 

- 8 

- 0.3 

- 7.6 

-54 4 

- 11.2 

S 

5 

4 

9 

5 

4.7 

- 2,9 

-57,3 

- 68.5 

9 

8 

3 

11 

2 

6.7 

3.8 

-53.5 

-122.0 

10 

6 

3 

9 

- 2 

47 

8.5 

-45.0 

-167.0 

n 

8 

2 

10 

1 

57 

14.2 

-30.8 

-197.8 

12 

3 

1 

4 

- 6 

- 03 

13,9 

-16.9 

-214.7 

13 

7 

0 

7 

3 

27 

16.6 

- 0.3 

-215.0 

14 

6 

- 1 

5 

- 2 

0.7 

17,3 

17.0 

-198.0 

IS 

1 

- 2 

- 1 

- 6 

- 5.3 

12.0 

29.0 

-169,0 

16 

3 

- 3 

0 

1 

- 4.3 

7,7 

36.7 

-132 3 

17 

9 

- 3 

6 

6 

1.7 

9.4 

46.1 

- 86.2 

18 

3 

- 4 

- 1 

- 7 

- 5.3 

4,1 

50.2 

- 36.0 

19 

0 

- 4 

- 4 

- 3 

- 8.3 

- 4,2 

46.0 

10.0 

20 

3 

- 4 

- 1 

3 

- S3 

- 9.5 

365 

46.5 

21 

7 

- 3 

4 

S 

- 0.3 

- 9.8 

26 7 

73.2 

22 

4 

- 3 

1 

- 3 

- 3.3 

-131 

13.6 

96.8 

23 

4 

- 2 

2 

1 

- 2.3 

-15,4 

- 1.8 

95.0 

24 

7 

- 1 

6 

4 

1.7 

-13,7 

-15 5 

79.5 

2S 

3 

0 

3 

- 3 

- 1 3 

-ISO 

-30.5 

49.0 

26 

7 

1 

8 

5 

37 

-11 3 

-41.8 

7.2 

27 

5 

2 

7 

- 1 

27 

- 86 

-50.4 

- 43.2 

28 

9 

3 

12 

5 

7.7 

- 0,9 

-51.3 

- 94.5 

29 

0 

3 

3 

■ - 9 

- 1 3 

- 22 

-53 5 

-1480 

30 

6 

4 

10 

7 

5.7 

3.5 

-50.0 

-1980 

31 

6 

4 

10 

0 

5.7 

92 

^.8 

-238 8 

32 

6 

4 

10 

0 

5.7 

14.9 

-25.9 

-264.7 

33 

4 

3 

7 

- 3 

27 

17.6 

- 83 

-273 0 

34 

0 

3 

3 

- 4 

- 1.3 

163 

8,0 

-265,0 

35 

0 

2 

2 

- I 

- 23 

14 0 

22.0 

-243.0 

36 

0 

1 

1 

- 1 

- 33 

10.7 

32.7 

-210,3 

37 

1 

0 

1 

0 

- 3.3 

7.4 

40.1 

-170,2 

38 

9 

- 1 

8 

7 

3,7 

11.1 

51,2 

-119.0 

39 

1 

- 2 

- 1 

- 9 

- 5.3 

58 

57.0 

- 620 

40 

2 

- 3 

- 1 

0 

- 5.3 

05 

57.5 

- 4.5 

41 

7 

- 3 

4 

5 

- 0.3 

0.2 

57.7 

53.2 

42 

7 

- 4 

3 

- 1 

- 1 3 

- 1.1 

56,6 

109.8 

43 

2 

- 4 

- 2 

- 3 

- 6.3 

- 7.4 

49.2 

1.59 0 

44 

3 

- 4 

- 1 

- 1 

- 5.3 

-12,7 

36.5 

195 5 

45 

4 

- 3 

1 

2 

- 3,3 

-16.0 

20.5 

216,0 

46 

0 

- 3 

- 3 

- 4 

- 7.3 

-23.3 

- 2.8 

2132 

47 

5 

- 2 

3 

6 

- 1.3 

-24,6 

-27 4 

185,8 

48 

0 

- 1 

- 1 

- 4 

- 5.3 

-29.0 

-57 3 

128,5 

49 

6 

0 

6 

7 

1.7 

-28,2 

85.5 

43,0 

50 

7 

1 

8 

2 

3.7 

-24.5 

-1100 

- 67.0 

Sumi 

214 

Siitnor aliHolute values 


92 

-86 

178 

91,4 
-91 4 

182.8 
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lions sui)eriniposed on the cycle, the mean variation will be smaller 
than othcrv/ise, and 0 will be less than 1.41. If the distribution is not 
Gaussian, the expected value of Q will no longer be VT, but it will 
still be true that the presence of cycles will make G less than the ex- 
l»cted value. Woodard, jn the reference cited, gives a method for com¬ 
puting the expected value of 0 for a random order with any sort of 
distribution. 

For the example of 50 random numbers used in Plate II, the mean 
deviation was 2 48 and the average variation was 3.45, making 
G ” 1.39. The exiiected average deviation of numbers drawn from 
a universe containing equal numbers of each of the digits from 0 to 9 
2..50 and the e.viiected deviation by Woolard's method is 3.30, making 
the exjiected \alue of G = 1.32’ In the data for tioston rainfall, given 
in Table T, the mean deviation was 6.356 and the mean variability 54, 
or G = 1.03, while Woolard's methixi would give an expected value 
of 1.38+011 for random .succession. The distribution of the "uni¬ 
verse" of w'hich this i.s a sample is not Gaussian, but it is not much 
different from Gaussian, so that the true value of G is not far from 
1.41 An investigation of a much larger sample of rainfall data, which 
the writer hojies to publish soon, gives C? = 1.386 ±.027 It is there¬ 
fore quite certain that the departure of the value of O from the ex- 
liected value for random numbers is not accidental but indicates that 
we have here a real cycle, while in the case of drawn numbers w'c had 
only an apparent one. 

To test the oiieration of the method in a case where it was known 
that there were both chance and cyclic elements present, Table II w.i.s 
prejiared. The first two columns give the same random numbers from 
vvhirli Plate 11 was plotted. Column (3) i.s an artificial cycle 
which aiqiroximates a sine curve of iveriod 24 and amplitude 4.00. Col¬ 
umn (4) gives the algebraic sum of (2) and (3), and column (5j the 
first differences of column (4) Column (6) give.s the deviations of 
the values in column (4) from the mean (4.30) Columns (7), (8) 

1. The sniupte (if 50 <lrawiii(;-> ijave liy Woolard's method an ex\MS:ted mean 
variation for random succession of 327 ± .39 or O * 1.32 S'. 16. Thus the 
observed laliie fell vsithni the range of the iirohable error. Hut the agreement 
IS often imuh closer, flic results of a little cxiienmcnt made hy the writer 
are as follows, .\ |«icl< of curds was thoroughly shuffled and the cards turn* 
up and their value recorded in order ( \ce- 1. Jack- 11, Queen* 12, 
King= 13), The mean deviation is forced iu this ease to lie 4^13 or 3.231. 
The observed mean variation was 1 314 nmking O = 1 335, while the ev|*cted 
value of <7 as given by Woolard's method for this case of rectangtilar distnbu- 
tion U 1.333 
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and (9) give the first, second and third integrals oi these values. These 
figures are plotted on Plate III The period of the cycle in the third 
integral curve is 21 5 and the amplitude is about 200. The original 
cycle w’hich would give this as a third integral would be 
4,30+5.00 cos This curve is plotted on the upper figure 

of Plate III as a solid line. The cyclic amounts .added to the random 
data are plotted (above or below the line of the mean, 4.30) as crosses 
and connected by a dotted line. The cycle that emerges from the 
process is not quite the one that went in—it has been combined with 
the pseudo-cycle which arises from the fortuitous variations—but it is 
still a fair approximation of the originil cycle. We can then assume 
that cycles derived by this process from statistical data that contain 
real cycles will be approximations of true cycles. 

Goutereau’s ratio gives a means of determining whether real cycles 
are present If there are none it is not necessary to search for them. 
If there are cycles present two courses are'open to us. We may first 
construct a periodograin and find whether there are short cycles present. 
If not. we can assume that a long-period cycle determined by the method 
of this paper will be real. If there arc short period cycles present, we 
can eliminate them and test the residue by Goutercau's ratio. If it 
still contains a cycle, we can assume that there is a real long-period 
cycle. The other procedure would be to first find the long-period cycle 
by the method of this paper If the amplitude of the cycle is large, it 
is quite certainly a real cycle. It it is very small, it may perhaps be 
negligible, even if real, and is probably unreal. In doubtful cases the 
cycle deduced may be subtracted from the given data and the residue 
tested again by Goutercau's ratio. If G is markedly larger than it 
was in the original data, we may assume that the cycle is real. 

'Criteria as to the reality of a given cycle have been proposed by 
C. F. Marvin', H W, Clough^ Dinsmore Alter’, and Sir Gilbert 
Walker’, but they are adapted only to cycles obtained by means of the 


1, Theory and Use of the Periodocite, Monthly Weather Review, Vol, 49 (1921), 
Pli. 115-124. 

2 A Statistical Coin]»rison of Meteorological Data with Data of Random Oc¬ 
currence, Monthly Weather Review, Vol. 49 (1921), pp, 124-132. 

3. The Criteria o( Reality in the Periodogram, Monthly Weather Review, Vol. 
54 (1926), pp, 57-58, 

4, On Periodicity Quart.' Jour, Royal Met’l Soc,, SI, No, 216, pp, 337-346. 
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Random Data u( Plate 11 Combined with a Cycle 
(the I'laahed Curve at the Top oC This Plate). 
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■ l)eriodoKran) and not ver}' well even to those' 

The question still remains as to how much less than the expected 
value for random succession Cr may be before we are to believe that 
a cycle is present The writer would hazard 10 per cent as a rouf^h 
guess It IS to be hoped that some master of mathematical statistics 
will give us before long a quantitative statement of, say, the relation¬ 
ship betw'een the ratio of the observed mean variation and the expected 
mean variation for the same numbers arranged in random succession, 
and thb probability of a cycle of given amplitude being present, 

It should be added that the germ idea of this paper is a product 
of the fertile mind of the writer's colleague. Professor P W. Ott. 


Conclusions 


(1) The method of successive integration of discrepancies will 
reveal the approximate period of long-period cycles if they are present. 

(2) Even if no long-period cycle is present, the method will 
give a fictitious cycle, but there are tests by which the reality or falsity 
of the cycle can be investigated. 


I. For example, Marvin's critermn deiiends only upon the standard deviations 
of the sums of the various columns of the tabulation as compared to the stand¬ 
ard deviation of atl the data, without reference to the order of the columns, 
tabulation given on page 353 of Whitaker-Robin- 
sons Calculus of Observations," It is very evident that there is a real cycle 
liut suppose that another problem had yielded exactly the same columns of 
data but in a random order, say the fifth cokimii, then the twentieth, then the 
third, etc, Are we to siipiwse that a cycle of period 24 days is equally probable 
in this case This objection seems to the writer to make the method of Whit¬ 
aker and Robinson miicli inferior to that of Schuster, 
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The object of this jjaper is the cleterniination of a set of frequency 
curves, each of which will gi\e a better fit to the modal neighborhood 
of the data to which it is applied than is often found in the existing 
method.s. Interest in this subject was aroused in the following way. 
Fi'st, it was discovered that a great number of distributions of data 
detived from a study of the financial ratios of public utility companies 
conforiiii'ii to the same general type of curve. Second, it developed 
that the t\pe of ciir\e designated hv the Pearsonian criterion quite 
often lidded a \ery poor lit to the data. The mode determined by the 
thcoietical cune was obviously unsuited to the actual data. Further¬ 
more, in some cases, on the left extremity of the distribution, the nje 
of the cur\e to the mode was too steep for a good fit. The accompany¬ 
ing chart (p. 140) presents a particular m.stance of these conditions, 
together witli the curve fitted bv the method develoiied in this paper. 

The ciiivc.s which were used in this study ■£ financial ratios were 
those developed by Pearson and Elderton froi'ri a consideration of the 
larious ca.ses which aro^e in the solution of the differential equation 

dx F{x) 

where F(i) was assumed to be expansible m ascending powers of x . 
The other assumptions made were that /^Cc) ~ha + i>,x 
and that the constants a , b., 6,, and 4 were determined by equating 
the moments of the raw data to the moments of the theoretical dis¬ 
tribution. Here w’e will modify these assumptions, and under the new 
conditions determine the principal iypes of curves which arise when 
the polynomial in the denominatoi is of the tliird or lower degree. 

The new assumption is that the value of the constant, a , the 
mode, is determined first from the ob,served data, and equated to the 
value of the mode in the theoretical distribution This method of 
procedure is larticularly adapted to economic data, as it assures a good 
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fit about the mode, notwithstanding the fact that in some raw data the 
mode is a rather vague concept The fit about the mode is of primary 
importance in much economic data. 

11. We begin with the case of the cubic in the denominator, that 
is with the differential equation 

, or 

dx ba-^ b,x-\ b^x^ibjX ■* 

( 4 + b,xt bjX^ + b^x^) ■^=y (x~a) 

where a is known. Multiplying ^th sides by x", integrating, and 
using the notation = /y x" dx , w'e have 


Putting n = 0,1, 2, 3, and changing the origin to the mean, we have 

044 4 4 04 4 = a 

4,4 Ob, -F 

04,4 bfu^b, -I- 4^ j 44 5^,4, = 

.Solving these equations for 4, b,, 4 , and 4, we have 


a 

/ 

0 

J/u. 


0 

dMz 





Sfj* 



6/u, 


0 

1 

0 


/ 

0 


4iu, 

0 

3/u^ 

4^. 

bfu* 



dju. 
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0 

d 

0 ipL, 

J 

~l~^z 

in, 4 ia, 

0 


-ha ^h4 

h = 


-/u, 6ju^ ^ 



A A 

0 

/ 

a 

1 

0 


0 


5 ha 



ajJrha ^hs „ 






A A 

0 

! 

0 d 

/ 

0 

^ht -hz 

0 



II 

< 


5jx, ^^rha ^ 

“J 


A “A 

The differential equation then becomes 

- , 

(j- 

a) dx 

^ A., 

Lx. 

, Cx^ ^ Lx* 

A 

A 

A A 


The solution of the differential equation depends on the nature of 
the zeros of the denominator of the right hand member, that is on the 
discriminant of the general cubic, 

/S 444 4- 4b^b, f bl b;- 4b,bf-Z7b’b* 

The cubic has three distinct real zeros, one real and two imaginary 
zeros, or at least two real and equal zeros, according as the discrim¬ 
inant is greater than zero, less than zero, or equal to zero. We will 
expect, therefore, three general types of curves when the integration 

is effected. 
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III. If we assume that d,= 0, we will have only three con¬ 
stants, b, , b, . and b^ to determine, and the equations (1) become 


(2) ' /b. - +34 yU, 

Solving these equations simultaneously, we find 

4ju, 


b,=d 




Thus, in the case of the quadratic in the denominator, we have 
determined the constants in terms of the mode, and the first, second, 
and third moments of the raw data. In other words, we are calculat¬ 
ing the theoretical curve under the a.ssumption that its mode, mean, 
standard deviation, and Skewness are equal respectively to the mode, 


Ratio of Revenue to Net Worth in 351 Traction Companies 
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mean, standard deviation, and skewness of the raw data. The differ¬ 
ential equation then becomes 

_/ oy _ __ 

y dx~ 

4/^, 4fu^ 

Now, the solution of this differential equation depends on the particu¬ 
lar values of the constants in the denominator, i. e., on the quadratic 
discriminant b^- 4 bo b^ Again, we will expect three general 
types of curves when the integration is effected. 


If we assume b^ = =0, equations (11 become 




b = 6 


and the differential equation is 

L = _ - c -*? 

y dx ^r^x 

If we keep only b „, we have and <5 = 0, and our 

equation is J_ _X 

y dx~ /u. 

We now turn to a discussion of the various types of curves which 
arise from the solution of the preceding differential equations. The 
following classification will be made—Class A will include all curves 
arising from the solution of differential equations in which 7^(x) has 
real and unequal zeros. Class B will include all curves arising frorti 
the solution of differential equations in which /'(r) has complex 
zeros. Class C will include all curves arising from the solution of 
differential equations in which F{x) has at least two equal zeros. 


Type A-1 

IV. When all the zeros are iwsitive, the differential equation may 
be written in the form 

^ _ _ {x-d)dx _ 
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where we assume A,^ A^> Aj. Separating into partial fractions 
and integrating, we have 

. ^ 

bMrA,){ArA.) A-A,) 

(ArAMr^) 

~ ^>s<^r^MrA,)iA-A,) 

b^(ArA,UrA,)<A-A^) 

+ lo^ J< 

Exponentiating 

l({x-A,) ^/ArAgXA,-Asi.A, -AA /j- \ C/1, - Aj)(Ag- A^KA-AJi 

V * ' ~ ^ 

(.A,~A,XAg-a) 


lo& (x-j4.) 
iog Cx-4^) 


(X-A^) i^~iArA,XA,-A,)(ArA;> 

Transferring the origin to the mode, i. e., putting for x-a 
we have £l£, c, #. 

k(x+s-A) ^(X-FB-A.) ^ 


( x^^a^■AJ) 


¥■ 






Where 

c, = A,-Ag c^=A,-Ag 

3 -/),(4,-4,X4-4,X4^-4J 
Then y, = tf, + e> <5, 


Cg~A^~Af 

<9 


Let , 


'^a . 




Then /n,» w, 
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The equation now becomes 


r/ / X/ \ 






1V 


(/-l) 


With the exception of y*, the values of nil the constants in the 
quation are known in terms of momenU. Two metluxls will be Riven 
for its determination. 


First—Calculate the area under the curve, nsiiiR the theoretical 
ordinates measured in terms of . I-^t this area ctiual N , the 
number of observations, and solve for % . 

Thus y “ • ■fJ, , where y. A represents the areas 

calculated from the theoretical ordinates. 

Second—Calculate the value of X*(Chi-square) with the theo¬ 
retical ordinates measured in terms of y, . Set the first derivative 
of this expression equal to zero, and determine the value of y, 
which makes minimum. From the goodness of fit point of view, 
this gives the best iwssible value of y^ . 

Thus > where the y^A' represent the 

theoretical areas as before, and the Oj represent the observed areas. 


Setting the first derivative of this expression equal to zero, we have 

EA-^.L^-0 


y.-- 


'£L 

A 




Type A-2 

V. When there are two pcjsitive zeros and one negative zero, the 
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equation may be written in the form 

dy _ dx _ 


where 


Proceeding as in Type A-I, we find 


y- 




c, a. 


'•2 “2 Cm Bm 


where 


^,> a>-a. 


c, = 4,+A 
c, = A,A A 
c, = A “A, 


a, = Ard 

dt = Apd 

- A ,4,3 


s=b^c, Cj c 


is calculated as in Type A-I. The origin is at the mode, 


Type A-3 

VI. When there are two negative zeros and one positive zero, 
the equation may be written in the form 




(x-d)djc 


y .where A>-4,>->1, 

Using the same method as before, we find 


, where 


II 

> 



r , 5X4 

3, = A-a 

c~ -A,-f A, 

®*- A^a 

A,^A, 3- 

3^= 6 

c,=A,-tA, 


y. IS calculated as in the previous cases. The origin is at the mode. 
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Type A4 

VTT. Wliere all three zeros arc negative, the equation may be 
written in the form 

JjL =__. where -A> -A,y-A, 

Proceeding as in the last three cases, we find 

.. _ _-P. 0 _ . ,„here 




ar-A,\a 


c,* -A,+4, 
c,« -A,+A, 
Cj= -A,-}-A* 


s = b,c.c,c, 


y, IS determined as in the previous cases. The origin is at the mode. 


Type A-S 


VIII. In Type A-3, suppose A,'" A^. Then 



where j = ^ (A,+AAl-AMji^A,) 


SiipDosc a , the nuKle, i.s at the mean, that is, is equal to zero, Then. 

A- a =A,yd a, 



146 


EQUIMODAL PREQUENCY DISTRIBUTIONS 


Then 

(-A±4»L* , 

y, is calculated as before. The origin is at the mode. 


Type A-6 


IX. In Type A-3, suppose one of the zeros is zero, say A,. The 
equation then becomes 

fix ^ *1 


(-r+^jr) 




The values of all the constants except are known, and it may be 
calculated by either of the formulas given in Type A-1. 

The origin is at the mean. 


Type A-7 

X. In case F (x) is quadratic, and its zeros are of like sign 
we have * 

A,+a AtfrS dx 

y i>» U ■>-A,)(x*A,) 4 (A,-a; (yt,~AJ 

Integrating, we have 
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Exponentiating, 

y=y'C^+-^y‘ 

Changing jr to jc ~A^, we have 

> 1 .4) •*• J. ~U.*aJ 

y =y X 

Let 

- 4 ^-^^= -/77 ; 

Then 

y-=y^ (-r 

The constants A, and Aj aie given by tlie zeros of the quad- 
talic in the denominator, and ni , p, , and are given in terms of 
these above. By integration of this equation between the limits m 
and CO , it has been found' that 

NP (p^) m 

r(p,.p-/) 

y„ may also be determined by finite integration by either of the 
methods given in Type A-1. 

Origin = Mean - A^ 


A^a 


~b, m 


b^rn 


---Pa 


- m) '^'jc 


P.^-Pa 


Type A-8 

XI. Thifl type occurs when ^(x)is a quadratic and the zeros 
are real and opposite in sign. The equation then becomes 

dy / x-a 


I. Elderton, “Frequency Curvea and Correlation," p. 85. 
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equimodal frequency distributions 


Integrating, we obtain 

Exponentiating, 

j. j~ 

y = yX:c^Ay^ (x-A,Y^^- 


Now, changing the origin to the mode, i. e., putting x for jc ~a , 


u. Aii^ -i- 

y =y '(x+A,+a) 




o, «= Af+ a ; 6^^ A i—i9 




_ a. 


' ^ A;^A, ’ T, yl,+A, 


3, a. 

The value of has been found' by integration to be 

Nmy'my* r {m,-¥m^-FZ) 

r{myi) r(/77^+/) 

Where + , A^= total frequency. y„ „,ay al.so be calcu 

the 1 nSe“‘^" « 

1. Elderton, "Frequency Curves and Correlation,” p. 59. 
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Type A-9 

XII. If the zeros of the quadratic are A,, and-A, , the equation 
may be written 

dy / A,-a dx I A,^a dx 

2A, x-A, ^ ~~ZA, ~x+A, 

Integr|^t'ing, we obtain 

Exponentiating, 

/ A,-a r> 

y^y'ix-A^y^-^ {xyA,) ^ ^ 

Changing the origin to the mode, i. e, putting x for a:-<y , we 

have 


-E L AtA4- 

y=y\x-^a-AA * ^ ' (x-^-a+Aj *"• *'*' 


where 


a,= A,-a 

^r'"' 

Then, as before, 

N 


a,-^2a = >l,+ «3 = c, 


c, _ 


= m. 


Zb, A, 

m, '"'- 77 ,"’* r {m,+mt+Z) 


a,->rC^ ^{ar},+ /) + 
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Type A-10 

XIII If F(jc) is assumed to be linear, the equation may be 
wntten 


dy _ X-d 


,/ - L i dx =(-r- 4-^-— c/x 
y b,^b,x ^b, bfX+b^J 


b. 


liave 


Integrating, 

Exponentiating, 

y = y' A ^ 

Changing the origin to the mode by putting x for x-a, , we 

A 

Now let 

y "e = m \ - j * X 

Then 

The constants may be determined as follows. 

When bg~ 0, it has been found that 

b>o=^-h>-z 1 A=<s 

y ! ^ 
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The valwof y, has been found’ to be 

Nq 

~tne ’r(<7+>') 


where 9 = Yw ■ 

y, may also be found by the methods of Type A-1. The origin 
is at the mode. 


1YPE A-11 ("The normal curve) 
XIV. Putting iv- bj - 0, \vc have 


y *. 


Integrating, 




2b. 

Exponentiating, 


y-yfe 

Gianging the origin to the mode, and substituting the value for 
A, when b,~ b^^ b^— 0 , that is b,* -/u^ , we obtain 


y-Yc e 




To find the value of y, , integrate between the limits - co and os 
and find the total frequency N. It has been found* that 

y- 


1. Elderton, "Frequency Curves and Correlation," p. 68. 

2. Elderton, "Frequency Curves and Correlation,” p, 91. 
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y„ may also be found by either of the other two methods, The 
origin is at the mode. 


Type B-1 


XV. When / {x) is a cubic, and two of the zeros are com¬ 
plex, the diflFerential equation may be written in the form 


dy _ [x~a) dx _ 


, where 


Separating into partial fractions and integrating, 
r -4,-a _ r dx 

J y ~ t>j \A,(A-ArA} +A^A2 J x-A, 

A,- <s r •x dx _ 

J x^-(Ai^A,)x+A,A' 

. 3(ArA^~A,]i-A,At r _o(jc_ 

[ 4 , xf-{At+A,) x+A^A, 

Now let X -J- ^ 1 } //■' — {Ai~Aj 

Z 2 

/(•‘B(A,-A,-A,}+A^A,- 
c/- lA,{A-A^~Af)+A,A^'lb^ 


Performing the integration, we have 

log (x\ 

Exponentiating, 

y„ (Ir+d e ^ 
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where 


/n- 


Ai.z± 

2d ' 


A 

2 


C 


y, may be determined as in Type A-1. 


Origin = Mean -t- 

itu 


Type B-2 

I 

XVI. When two of the icros arc pure imaginaries, the equation 
may be written: 

rdy A,-a /■ dx A-a r Zxdx 

J 7 ■ W^y ^-A," 2b, (A.^Ay 

. a AM A r dx 

Performing the integration, we have 


M+4i* , ^ 


Exponentiating, we have 


y- 


(x-A,) e ** f»<''' 


Let b, ; 


A.-a 


• 2m i aA,*A‘^ Jt Then 


y,ipc-Ale 




{x%A:y 


y, may be determined as in the previous case. The origin is at 
the mean. 
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Type B-3 

XVII If /'(x) is quadratic and the zeros are complex, the 
equation may be written 

r dy ^ f _ f _ (.x-^r) dx _ 

J y ' J b,^b,x*b,x‘ 


Let X-jc + A. ■ 


Then x-9‘J^--^~a - X+c .where + 

We have then 

*'7 b/x<-A1 JbJX'<-A‘y b, Jx%A' 

- -k, +*iy' 

Exponentiating, 

y-y' {X\A‘k- e *■""■'* 

A'' 

which may be written 

y-y.C^ffe -“--f-. 

.her, n..±.. A-.±b^ 


y„ may be calculated as in Type A-1. Origin » Mean- 

2 b, 
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Type C-1 

XVIII. When J^{x) is cubic, and two zeros of the denom¬ 
inator are equal, the equation may be written in the form 

r dy r [x-d\ dx _ A,-a r dx 


r dy f [x-3\ dx „ A,-G f dx 

J y " J b,[x-AX d^(ArAA J(x-Ay 

■ 4,-<9 r dx At-a f dx 

~ 4 (a,-A'^J x-A, 'At x-At 

Performing the integration, we have 

j „ -(A-a] _ At-s 

^°^y‘b, (A,-A^(X-A^ b,{ArAt)^ ^os(a:~A) 

Exponentiating, 

y 'Q J ^*• y 'g *^'(X-Aj^ 




where m,- ; —f'7*^ . i ; m-= r - >a 

bi lA,-^ * b,{A-AA 


Now, changing the origin to A, e., replacing x by x+A,, 
we have „ 

'"S* A.-^”* 
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X, niny be determined as in the previous case. 
Origin =Mean A^. 


Type C-2 

XIX. If all the zeros are equal, the equation may be written 


/t~A(t-Ay Vi 


dx 




Integrating, 


Jo^y =- 




Exponentiating, 


" I7?*=4.) 


*.-*■ »* 


'vhcre y, may be determined as before. Origin = Mean. 


Type C-3 


XX. When F {x) is quadratic, and the 
equal, the equation may be written 


zeros are 


real ai;d 
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Exponentiating, 


I 

, f b, 


Now Irfl 


^ * b, ' b, ^ 


Then y = Jr "'^e 


The constants in terms of moments arc 

. y 4iu,iajx,-2a*/u^) • 

M»+2aiJ^ ’ /u^~4af^^/u,+4a^M^ 

It has been found* that k = ij r- ^ •. Origin = Mean - -stt- 

rX/o-J) £b^ 

XXI. The following example, illustrated in the chart (p. 140' 
is given to illustrate the method. The data is fitted by Type K-7. 


Ratio of Revenue to Net Worth in Traction Companies 


Ratio 

Obiorvad 

PrequeMy 

Theoretical 

Frequency 

.04 

7 

7.3 

.12 

43 

31.9 

.20 

48 

55.6 

.28 

75 

63.6 

.36 

53 

57.6 

.44 

34 

45.1 

.52 

25 

32.2 

.60 

22 

^1.6 

.68 

12 

14.1 

.76 

14 

8.6 

.84 

5 

5.2 

.92 

6 

3.2 

1.00 

7 

1.9 


I. Eldertoii, “Fre(|uenry Curves and Correlation,” p. 82. 
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The constants calculated from the observed frqiiencies were 

« 6.4354 4 * -5.7908 ro = 24.97 

/i,= 18.0115 p,= 5,3312 

Mean = .376 b, = - .0334 ^ 35.2713 

Mode = .2793 A,^ 5.6587 70^^= 50.1479 

a « 1.2125 = 30.6287 

Origin at Mean - 30.6287 or 30.4287 to left pf 53 grouji. 

Curve starts at 30.4287 - 24.975:5.4587 before the center of this 
groiip. 


IiOU.\TION 

amz -is,ivs 
y»yo (J'24.97) 0? 





ON FITTING CURVES TO OBSERVATIONAL SERIES 
BY THE METHOD OF DIFFERENCES 


Ity 


Ha»*v S. Wii.1. 


I. Preliminary Statement 

Curve fitting may be technically described as the representation 
of a series of observations by a mathematical function. Given the 
observations and the function to be fitted, the problem is to determine 
the constants of the equation in such a way as to secure a valid repre¬ 
sentation. The method to be employed in the determination of these 
constants must take into account the object which the fitting proce-ss 
is intended to serve. If the object is to interpolate for undetermineil 
items between specified ordinates of the series, any method which will 
give the constants of the equation will suffice, .since the representation 
of the given ordinates is e.Nact. In this case, questions of method will 
hinge on considerations of convenience. If, however, the object is to 
secure the representation of all the items of the scries by means of a 
single function, questions of method will hinge on the validity of the 
representation, which, in this case, can only be approximate. 

Functions used as approximate representations of observational 
series fall into tw'o general classes: first, those which have *he force 
of a law dc.scriptive of a necessary sequence of events; and, second, 
those which depict a norm a.s a characteristic trend in growth. These 
two types of representation merit separate methodological considera¬ 
tion ; and, in h hat is to follow, we shall make an analysis of the prob¬ 
lems involved and develop a method, which, it is believed, will place in 
the hands of the statistician a new and serviceable instrument. 

II, Fundamental Tyees ok Observational Series 

For the purixise of fixing attention on certain Charactei istics of 
observational data, let us consider two distinctly different sorts of 
scries. Let u^ supixise that the first series consists of a set of observa- 
tion.s on a comet moving through space, and that the second consists 
of the record of gold production in tlie United States. 
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For the sake of simplicity, let us further suppose that the move¬ 
ment of both series is properly represented by the function y=/(x) . 
The two sets of observations may then be represented by an equation 
of the form 

(1) Y*:(i*c = / (x) = Y*v 

fn this etiuation, the term c represents an error of observation 
due to factors such as faulty judgment, clerical inaccuracies, and lack 
of precision in the use of instruments. The term d represents the 
deviation of the fitted function from the true magnitude of the phe¬ 
nomenon undergoing examination, after the series has been corrected 
for the errors t • Taken together, d and £ make up the residuals 

v=f(x)-Y 

Now it is quite evident that, in the case of the first series, owing to 
the regularity of the path of the moving body, the deviations d will 
be negligibly small in comparison with the errors e , and that, in the 
case of the second series, owing to the irregularity of production, the 
deviations d will be large in comparison with the errors « . In fitting 
a curve to the first series, we assume that a true value exists and that 
the observational errors may be defined by the fitting process; while 
in fitting to the second, we assume a normal value merely, and seek to 
define the deviations of the observations from this norm. 

These considerations suggest that the procedure which is appli- 
vable to the determination of constants in the one case may not be 
applicable in the other, Let us therefore inquire as to the solutions 
best suited to each case. 

Ill, The Classical Solution 

It was in 1806 that Legendre formulated his test of the validity 
attaching to the functional representation of an observational series. 
Thi.s formulation has become known as the principle of least sipiares 
and may be stated thus: Where the constants of a mathematical func¬ 
tion are to be determined from a set of empirical observations, that 
sohitioH is best which makes the sum of the squares of the residual 
errors a minimum. 

So far as its mere statement is concerned, this principle is a rule 
of thumb which may be adopted or discarded at the discretion of the 
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iiidi\ icitial. The principal has, however, been placed on a definite logical 
basis by (iau.ss and later writers, who have derivetl it from the normal 
law of error p (x)= m f Under the assumptions 
of this law, deviations from tlie most-probable value are fortuitous in 
character, the term fortuitous intplying that individual deviations are 
unanalytic in the sense tliat the forces o])erating to bring them about 
cannot be resolved into more elemental comiwncnts. All that we can 
clam to know a priori about the values of such deviations is that they 
are as likely to be jvositivc as negative and that they must remain 
within the bounds ± ao . The function pfx) gives the probability 
for the occurrence of a deviation of magnitude 2 « x/ff . 

Statisticians generally have accepted the principle of least squares 
as ijroviding a sufficient theoretical basis for the fitting of curves to all 
sorts of series. I'ecausc of this, it becomes all the more important 
that certain limitations of the jirinciple and its application to the analysis 
of statistical series should be carefully noted. 

Considering again the case where the observations are made on 
a body moving through space, wc see that thp errors of observation 
committed may projierly be regarded as fortuitous in character, for, on 
the basis of our assumption of precise motion in the path y- f (x) , 
the most probable value of the residuals is clearly defined as zero, so 
that the errors committed are as likely to be ixvsitive as negative; no 
finite bound can be set as to the possible magnitude of such random 
errors, and the foices determining their magnitudes cannot be resolved 
into their comixinents If our a,ssiiniption as to the path of the moving 
body is valid, these errors conform to the normal law in the frequency 
of their <x;currence, and their magnitudes may be accurately ascertained 
by a least squares determination of constants. 

Keturning now to the case where the observations consist of a 
record of gold pnxliiction, can wc claim to have the same basis for an 
application of least .squares to the determination of our line of best 
tit? Two inqiortant Considerations would lead us to think otherwise. 
The first of these is that the magnitude qf deviations from trend is 
definitely restricted; for prwUiction is limited both by the cafiacity of 
the extractive industries and by the consumers' demand. The second 
i.i found in the highly analytic character of these deviations; for it is 
significant that whenever it becomes iwssible to resolve the forces de¬ 
termining the values of given deviations of a set into their elemental 
components, the prediction of the sign and magnitude of specified devLa- 
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(ioiis become.', in .vitnc measure possible; and when Hil.s occurs, sucli 
fleviafioiis are renaned from the cateffory of the fortuitous and unpre¬ 
dictable and i»laced in that of the analytic and predictable. 

The artfuinents are Mipimrtcd by the use made of weif^hted devia¬ 
tions from trend in the foreca.stinp of economic events. A rise in 
price or fall in [inxliiction is not ex|)tained, in comimri.son with the 
nuriiKil trend, as a circumstance which is to be exitected a certain 
number of times in a thousand, but rather because analysis shows the 
ri.se or fall to be the neces.sary re.solt <»f known events. Obviously, a 
forcca.st based on unanalytic and inircly fortuitous deviations could 
have no real sipiilicance whatever. 

Granting that residuals may sometimes be obtained by least 
squares o|»erations which may be regarded as a random sample of an 
approximately normal distribution, it must be clearly borne in mind 
that these residuals are brought into being by the creative act of curve 
Httiiig; and the mere marking off of a deviation does not justify our 
regarding it as being due to the working of forces distinct and different 
from (hose effectiie in prixlucing the remaining part of the ordinate. 
In the case of the celestial ob.servati()n.s which we have assumed, the 
act of fitting defines, but does not create, the errors. 

The argument may he ad\ anced at this iwint that it is not neces¬ 
sary to regard the principle of leajt squares as resting on the law of 
error: for we may obtain the normal ef(uati<,ns from which our least 
.s<(uares determination is made by treating the solution as a simple 
problem in maxima and minima. But if we do, we cannot claim to 
have determined tlie mast probable values of our constants; for this 
claim must rest on the derivation of tlie normal equations from the 
law (if error. 

I'he justi&catian for tlie arbitrary use of the least squares tech¬ 
nique that is most likefy to be made is that it minimizes extreme devia¬ 
tions fn'iii the luted line. Thi.s is unquestionably true; but it ap|>ear.s 
at a weakneii of the method in the present connection rather than as 
,111 dement of strength; for, in a least squares deduction of normal 
e(|uations, we may regard each absolute deviation as being weighted 
with its own magnitude, deviations le.ss than the mean dei iation receiv¬ 
ing weights less than the mean weight, and vice versa] and why, the 
query oUtrudes, should we, in our determination of constants, over¬ 
weight the observations most remote from what we term the nonn 
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and underweight those which lie closest'* 

The argument tliat the least squares fit will avoid the commission 
of extreme errors in the projection of the curve beyond the limits of 
observation, or at least tend in that direction, is fallacious; for the 
fitting of a line to a given set of observations to secure the minimum 
sum of the squared residuals is unlikely to effect the same end when 
new observations are added. At least, we have no logical basis for the 
expectation of such a result unless we fall back on the position that 
the fitted curve describes a necessary sequence of events and that the 
residuals are fortuitous in character; and this is the very assumption 
we have found to be untenable for most economic and social series. 

We may, then, say that fortuitous deviations are properly to be 
regarded as functions of the observations; while analytic deviations 
are "to be regarded as functions of the hypothesis we set up with refer¬ 
ence to the type of curve which is most appropriate to the data. In 
brief, our reasoning supplies a definite basis for the contention that, 
for data in which the errors of observation are small in comparison 
with the analytic deviations from trend, the least squares definitions 
do not lead to results w'hicli are to be regarded as necessarily best for 
all puriwses. 


IV. The Method of Differences 

The method of curve fitting which is now to be presented was 
originated by the writer in the spring of 1925. Since that time, it has 
been put to a wide \ ariety of practical tests and has been found to yield 
highly satisfactory results. The designation method of differences has 
been given to it because of the extensive and essential use made of the 
calculus of finite differences. 

Before undertaking the task of deriving the formulas for the de¬ 
termination of constants, let us state the assumptions on which the 
method is based, as follows: 

(a) The function to be fitted is logically appropriate to the data. 

(b) The data are free of constant and systematic error-^, 

(c) Accidental errors of observation are relatively small and 
unimportant. 

(d) Where a set of secular values is irregular and without sig- 
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nificant trend, the arithmetic mean is the best representation 
of the set. 

The first of these assumptions is, in a general way, implied in any 
method of fitting. The effect of the second and third is to qualify the 
fitted deviations as analytic. The fourth is made use of constantly in 
the writing of formulas for the determination of parameters. 

In the derivation of formulas, the essential steps are as follows: 
n) equations defining each constant of the function fitted are devel- 
oiied by a process of differencing; (2) equations are formed from 
which approximations to the value of the given constant may be ob¬ 
tained; (3) the mean of the several approximations to the value of 
the given consUnt is taken as the most plausible value of the constant. 

V. Notation 

To avoid the possibility of misunderstanding, we shall explicitly 
define certain symbols made use of in this memoir. 

The original observations are denoted by the symbol , 
1 = 0, 1, 2, . . . n-l ; nd other capitals are used to designate em¬ 
pirical functions of the original observations; e. g,, Ui = Yj -Y, , 
The symbol Ui denotes values of mathematical functions correspond¬ 
ing to the observations Y^ The argument is denoted by the symbol 

Summations within tjie definite bounds o and b is indicated by 
the symbol / : e. g.. . 

Finite differences of order r and rank k are defined by the 
symbol A e. g , A A'), ' y^ , where the 

difference of zero order is taken as the quantity undifferehced. In 
particular, we hai'e y. = y. i A , y, = y,- y, ; 

A*/j—y,'^,* *yi ; ■*''3yi*«"yf 

In the.se relations, the i allies of k and r are integral. The value of 
Vj** if* precisely the l ahie of the function y=/ (j)when x^x^+kAse. 
In the difference oiierations of the following sections, the usage 
Ai=fAxj*5^ ks adhered to. Note that A,j Jo^ yj = 

y^ , and also that loftA^ =2c>S(yutt -Yi) • 



W. .9 H'ILL 


165 


Since, on taking logfarithms, ratios resolve themselves into differ¬ 
ences between logarithms, we have, analagous to the differences y,, 
the ratios pj =Pr'Vi 4 « -Pk'' . where the ratio of order 

2 *-0 denotes the siiecified quantity. In particular, we have p,J y, =yi: 

“yj-** • yj > pf y* -yj+tK ■ yi ’ y j +k • Pm yi — 

{yatu" yi-tn} • {yi-ttK ‘yi)• 

In forming the first difterences A„ y, , where A is the increment 
in the y subscript corresponding to the increment AAjc in ac,, it 
will be noted that the first A values of Vj are excluded as minuend; 
hence we can form but r> - k first differences of rank k , that is, 
when the increment in the y subscript is k. Similarly, in forming 
the second differences Aj y, = A„ y; , the first k 

values of -^^yi are excluded from appearance as minuend; hence 
we can form but h- k - k=. n~Zk second differences from n values 
of y when the rank of differences is A. In general, when the rank 
of differences is k, we may form r> - t'k differences of order >» 
from a set of values of y. Evidently, the number of ratios which 
may be formed from a given number of observations follows the same 
rule as that which applies to differences. 

VI. Line.\r Series 

I.etus write the equation of the linear series in the form 

(1) yi = a + bx. 

Giving to X the increment AAj: , we get 

(2) yi^* = a + P (x^ + fcAJt) 

.Subtracting (11 from (2), we get 

(3) A « Vi = b AAx 

Hy making^ the .substitution A^^V^ for y^ in equation (5), 
we may form n~k approximations to the value of b, as follows: 

b, = A„y„:/fAx 

(4) ^ 

b itAx 
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Similarly, when b is determined, by substituting for y. in 
equation fl), we are able to form n approximations to the value of 
j , as follows; 

<9,= Y.-bx, 

a,^Y,~ bx, 

( 5 ) . 


By taking mean values of the approximations specified in equa¬ 
tions (4) and (5), we arrive at the following formulas for determining 
the value of the parameters b and a : 




( 6 ) 


Zk^n±j j=0 or /, 

This arbitrary determination of k will be justified in a later 
section 


VII. Parabolic Series 
The equation of the quadratic parabola is 
fl) y, = +CX* , 

Giving to x the increment 4Ajc, we have 
f2) ' yiHf=A+b[xi+kbjc)-lrC[Xi+kJ^x)*. 

Subtracting (1) from (2), we have 
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Giving to jc a second increment kL,x , we ha^■e 

(4) = bkAx+ c kAJC (?x,-hJkAx) 

Subtracting (3) from (4), we obtain 

(5) A* y, =* 

From equations (S), (3), and fl), we deduce the following ap¬ 
proximations to parameters; 

c^-= A'Vj : (^Ar'Ax-*) i=C. /. • ■ ■ n-2k~L 

(6) (-?jr,4-ArAr4] -. [AtAxJ, i=0. l,--n-k-/. 
a^s! Yi-bx^-cx*, 

Taking mean values of the approximations indicated in equations 
(6), we have the following formulas for the determination of 
parameters. 

if) rJ.*'*'* . i»n“' 

Jk = ni:j, j=0,l,or2 

We shall next write the equation of the cubic i>arabola, which is 

(8) yi = a4-6xi-hcx/+dx/ 

Giving to X the increment /cAx, we have 

(9) y<+^ =«+/>(*<+AAa^+cfx^+*Ax)*+cy('x^+lcAx) *. 

Subtracting (8) from (9), we get 

(10) A^y^ »b/eAx+c/«4x (^Xj+/feAx)+£/AA,r(5x/+JXjAcA*+Acl4j!^. 
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TABLE I 


Production of Gold in the United States 
(in units of $100,(XX)) 


y -60S 75+53.89 1 -2.811» 



Af^ain (-iving to i the increment k^x , we have 

{2x^ + 5kjsx)^dkhx 
+ikAx AAxj+^*Aj?^]. 

Suhtractinn' (10) from (II), we obtain 

( 12 ) A!iy^=Zck*Ax^-{-adk^^x^ (Xi+k^x). 

Once more mereasin^t x by kAx , we have 

^\yi^^‘^ck‘Ax'-^6dk*£ix*(Xi~t-2kAx) . 

Suljti at tilin' (12) from (13), we obtain finally 
(14) A*^yj-6dfe>x», 

1-iom ciiuationi (14). (12), (10). and (8), we deduce the follow- 
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ing parametric approximations: 


d, ^ *), i-O^ n -3k-/ , 

(IS) Pxj+AcAa^"</4Ax( 3*j+3x^ /IcAx+lt^Ax^J 

: [kAx\ ^ i^O, /. • • • n-fc-/ . 


a, = Y, - bxi-dx*-dx\ , /, ••■n-l 


TaKng mean values of the approximations indicated in equations 
(IS), we have the following formulas for the determination of 
Iiarameters; 

<' - ’'J ' t« * ‘ (» . 

R i »!'*<-' i^n-k-t 

Alt Xj+Mjc) 

-dkAxL (3x‘ +3x,-/i:Ax+A*Ax*J] s [/c (n-fc) Ax]. 

r J*^*/ i«r»>/ 

‘*=W. x;] ;/>. 


(16) 


n±j , i = 0, 1, 2, or 3. 

VIII. K Y I'ERBOLi c Series 
l-et us write the hyiierbolic series 

(1) y,t a + hx^ +c : (xj+i) 

Giving the increment /cAx to x, we have 

(2) (xj-r IcAa^+c j (x^ + I+/cAx) 
lly .subtraction, we have 

(3) A*.y,i = 6 fcAx-cAAx \ |xi+/)(x,+/ + fcAx)^ 



ITO OAT FITTING CURVES TO OBSERVATIONAL SERIES 
Giving a second increment <:A x to i, we obtain 

(4) 1 ((xj+Z+XcAa) (*,+/+;?AAx)). 

By subtraction, we obtain 

(5) A*y,' =?cAc*Ax*i (ixfi-l) (Xj-t-l+2k/^x)). 

Making the substitutions xj=(x,+/) (xj+i+kAa:) , and 
*J«(*j+/+ 24 fAi) , we have, from equations (5), (3), and (1), 

the following parametric approximations: 

Cj« (xi A\Yt ): {2k'Ax’), f* O, /. • • • n~Zk~ /. 

(6) b]~(\Y^^^ckAx tx'^) :(kAx)j i*0,/,• • • h-k-l. 

Bio Yi-bx i~ci (x^+1), i»OJ • ‘ n-1 . 

By taking mean values of the approximations indicated in equa¬ 
tions (6), we have the following formulas for determining parameters; 

c=[i‘;‘<A:yi];pA*M/c)Ax*] . 

zCVj+cZAi(,rJ ‘//jf;)]; \_k (n-k) Ar]. 

( 7 ) 

B -wn-/ id#!-/ i*#*-' n 

3k= n±j , jsO, I, Of 2 . 

If the coefficient of x in CI j is zero, we have simply 

( 8 ) yitf a+b ’(Xi+I) . 

Formula:, (7) now reduce to 

( 9 ) . 

2fcB nij j=0 or / . 
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It is evident that a term in Jc*or x* could be added to equation 
(1) and a solution be obtained by a direct extension of the general 
method of analysis applied to equation (1). 

IX. Logarithmic Series 

Let us write the logarithmic equation 

( 1 ) n + bx^4-c-lo^ + . 

Giving X the increment kAx, we have 

(2) y,t^ = a + b (x^+kAx)+c ■ lo^ (Xj.-i-/-(-/cAx) . 
Subtracting (1) from (2), we get 

(3) AfcXi = hlcAjf+cA^ io^ (Xi+/). 

Giving to X a second increment A Ax , we get 

(4) A^y,fk’=bkAx+cAMlo^{xi+l+kAx) , 


TABLE II 


Deaths from Typhoid Fever in Greater City of New York 
(Numbrr oi deaths per 1,000,000 inhabitants) 


y ->143.899+8.695 X-206.652 r* 


Year 

mm 

y 

V 

Year 

mm 

y 

V 

IBtl 

111.7 

152.6 

-40.9 

1919 

21.8 

25.6 

- 3.8 


100.5 

99.3 

1.2 

1920 

24.2 

24.8 

- 0.6 

IBtl 

72.0 

71.7 

03 

1921 

21.3 

25.1 

- 3.8 

1914 

65.0 

54.7 

10.3 

1922 

22.1 

26.0 

- 3.9 

1915 

63.5 

43.4 

20.1 

1923 

23.6 

27.4 

- 3.8 

1916 

40.6 

35.8 

4.8 

1924 

30.0 

29.6 

0.4 

1917 

42.4 

30.7 

11.7 

1925 

31.9 

32.1 

- 0.2 

J918 

35.6 

27.4 

8.2 





£ 





706.2 

706.2 

0.0 


Mean error oi estimate 7.6 
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Subtracting (3) from (4), we obtain 

(5) Aiyi^cAlloS{xj+l). 

From equations (S), (3). and fl), we have the following 
approximations to parameters, 

(6) >n-k-l . 


ai^Yi-bx,^c • Jo^{x 2 -t-l), i~0,l, ’ • • n-I. 


Taking mean values of the approximations indicated in equations 
(6), we have the following formulas for the determination of para¬ 
meters ; 


loi (x^+/)]( [k(n-I^Ax]. 


( 7 ) 


l«n-' /•«-# -j 


ik=.n±j , y = 0, /, or -? 

If the coefficient of x in equation (1) is zero, we have 
(8) yi= d + f? • /og (Tj + /). 

Formulas (7) then reduce to 

>)}■'' • 

I 

Zk=riLj , }B.O or I 
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X. General Polynomial Series 

The solutions of polynomials presented in the preceding sections, 
•while best for the series considered, are too specialized in mode of 
analysis for application to polynomials generally. We shall now de¬ 
velop a solution which is applicable to any polynomial in zs/(x) , 
f(x) being a function of x whose value is known, as for example, 
X log X, tan X , etc. 

We write 

(1) yj ao'-+czj+bZi*+az/. 

Giving to 2 | the increment Xi , we have 

(2) + <4IC * 

Subtracting (1) from (2), we get 

(3) A,yt=cA,,7^+bAjtfwiA*3i . 

This is the 1'^equationA* y • We write the equation as 

(4) + hA,E;»„+<»A.z,%« • 

Multiplying (3) by At and (4) byA.Zi and then sub¬ 
tracting (4) from (3), we obtain 

(5) A;yj» bA;z;+aA*Zi* • 

where Aiy,»A,,yj'A.Z 4 «-Ai,yi«-A.^i» 

and A,* zf*' A||7y. 

In (S), we have the i equation AJy,. We write the i+k**' 
equation as 

(6) A« zf*fc • 

Multiplying (5) by A«Z,* k and (6) byAi^z ! and subtract- 
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ing the latter result from the former, we obtain 

(7) A'iyj = aAlz*, 

where A* yi= ALvi ' K^ +» ' Al ^ * i 

and Am ^i ^ i ^ i4M~ Av ^ a n " ^i * 


From equations (7), (S), O), and (1). we arc now able to write 
the following parametric approximations; 

Si=\^Y^] i=0, I, n-Sk-t. 

. n-Zk-L 

( 8 ) 

Ci=[A,i;-^A,,z;-eAMi(I :[A*zJ , i=<?, U‘-n-k~l . 


</j= Y^-c2.-bzl-»zl, izO, I, •• . n-l 

When ?,= ±a) , i takes the values 1, 2, . . .n-rk-l^ r 

being the number of reductions essential to the approximation. 

The mean values of equations (8) give the following determina¬ 
tions ; 

o-k [j, + cjj+ • ■ .,] t [n-3kj. 

[b,-Fbi+- ■ ■ :[o-P*]. 


( 9 ) 


-[co+Cj-f- • i[n-fcj. 


j rJ.’"'', i‘"" i*"'* 

[f.. -‘■i. ■" • 

If efiuatidn (1) is simplified to 


(10) y^a c■^bz^■Fox‘ , 
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the parametric apprcpcimations become the following: 

:[</;]. i=0. I,...n-2k-l. 

(11) i-0, n-k-l. 

Cj(= Y^-bz^-a^l , i=£?, n-1 . 

The mean values of these approximations give the parameters 
sought. 

XL Exponenti.al Series 

We shall now write the equation of the exponential series 

(1) cf+cxj + fjc'*'. 

Giving to x the increment kAx , we have 

/ la \ t 

(2) y.^^-^</+c{x^^kAx)+h« 

Subtracting (1) from (2), we get 

( 3 ) A^yi = ckAx + bhe“\ 

skAx 

where /i=e -/ , 

Giving to jc a second increment kAx , we obtain 

A IA i-kA •<*!♦“**) 

(4) A^y^^^^ckAx-^bhe 

Subtracting (3) from (4), we obtain 

(5) A\y,‘bh^a‘‘' 

Taking logarithms, we have 

( 6 ) HKyi =^og (bh*haXi 

Again giving x the increment kAx , we have 

( 7 ) (th1*alXi+kAx). 
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Subtracting (6) from (7), we obtain 

( 8 ) - akAx. 

From equations (8), (5), (3), and (1), we form the following 
parametric approximations: 

) 1 ( kAx), i-0, I. - ■ ■ n-3k-l. 

i = 0 . . n- 2 k-i. 

( 9 ) 

^I=(^j,Y^-bhe*''*): (kAx), i = 0,l,- ■ • n-k-J. 


di^Yi~cXi-be i = 0. • n~/ 


( 10 ) 


Taking mean values of the approximations indicated in equations 
(9), we have the following formulas for determining parameters: 

‘■rfT’U:!', ^."1 . 

If, in erjuation (I), the coefficient of x is zero, we have 

(11) >j-c+he **' , 

and the formulas for determining parameters become 
^°i\Y^] • [* a:] . 

( 12 ) , [Hin.kl 
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XII. Logistic Series 


Let tis write the equation of the logistic series 

( 1 ) 

Multiplying by the denominator on the right and transposing, we 
get 

(2) yj=. c?+ca:,-6yj <f 

Giving to JL the increment kAx , we have 

Subtracting (2) from fS), we get 

(4) -6yj^,, e e . 

Again giving to x the increment kAx , we obtain 

(5) A^y.,,-c^Ax-6y, + „ 


( 6 ) 


(71 


Subtr.Tcting (4) from (5), we have 

If, in (6), we give to x the increment kAx , we get 


On (ilvidmg ( 7) by (6) and nniltipl>ing the quotient on the right 
by the parenthetical expression of (3), wc have 

» / ttkAx „ jkA* \ 

(yi.,fc« yi> 

(B) »3kAx _ aliefijr 

=yj.a.e -2yi*,A.e +yi.*.e 
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TABLE III 


Population of Ohio 

L. S Genius Count Interpolated to January 1; Unit, 1 000 persons 
y= 91. a (l*e ‘^‘**‘^* ■*") 


Ytar 

Y 

y 

V 

Year 

warn 

y 

V 

1800 

41.2 

91.8 

+ 50.6 


2651.8 

2751.3 

+-99.S 

laQ 

2197 

319.8 


1880 

3175.9 

3237.2 

+ 61.3 


S60.3 

639 3 

+ 79,0 

1890 

3652.7 

3738.1 

+ 85.4 


922.9 

1005.6 

+ 82.7 • 

1900 

4137.4 

4252.5 

+115.1 

1840 

1495 3 

1405 6 

- 89.7 

1910 

4749.3 

4778.9 

+ 29.6 

1850 

1860 

19613 

2324.5 

1832.8 

2282.3 

-128.5 
- 42.2 

1920 

5759.4 

5316.0 

-443.4 

E 


- --J 



31651.7 

31651.2 

- 0.5 


Mean enor o( estimate 108 2 


Predicted Population 


Year 

1930 

1 

1940 

1950 

1090 

mo 

1980 

Population 

6306 

6862 

7425 

7996 

8573 

9156 


Simplifying (8), we have 

yua* -yj(-?■*■ ('*^-?PA*y>'**'' 

, “Vi/^Ayy-O 

Equation (9) is evidently cubic in e'"** , and its roots are to 
be found by conventional methods, care being taken to select the root 
which will give the parametric approximation most consistent with the 
hyijotheaes under v.hich tlie function is being fitted, 

From equations (9), (6), (4), and (1), we are able to form the 
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following approximations to parameters; 


: [k^] . J~0, /. ■■■ n-3k-l. 


( 10 ) 




e"'], 1.0.1,-n-Zk-L 
1 - 0 , /.■■■n-k-l. 


di’’Yj-*-by^e**^-cXj, i=0, I. ■ ■ ‘ n-l. 


The mean values of the indicated approximations give the best 
values of the parameters sought. 

If, in equation (1), the coefficient of x is zero, we have the Ver- 
hulst logistic, 

( 11 ) 

The solution of this equation by the method of analysis applied 
to equation (1) leads eventually to the following: 

(12) yi,,MYi )Vi pAk /j-o- 

which is evidently quadratic in e 

The parametric approximations take the form 

*i“ e'**'] ![*^J . ‘-0, /, • • • n-2k-l. 


. 2-0, I. ■ n-l . 

The mean values of these approximations give the values of 
parameters. 

The Verhulst logistic may also be solved by applying formula.^ 
(12), section XI, to the ordinates , the solution being for , 



180 ON FITTING CURVES TO OBSERVATIONAL SERIES 
^/c, and ^ Similarly, a bolution for the serial equation 
(U'f _y^= d ■.[/+ca:i + b« 

may be had by apjilying formulas (10), section XI, to the ordinates 
Vy) ’ solution gi\ing the values of , /d > a . 

To solve for certain other senes which are of interest, we write 
115) yi = mc“*' 

The solution is obtained by applying formulas (12), section XI, 
to the ordinates log Y^. 

We have also 

(16) y,=yc0-^^ )=y.+s<» ' 

where J»y, e** , and the argument zw*/ (x) is chosen so that, 
sz,=-<o This condition is met when fix) takes the form 
, log X, cot X , log' sill T , etc., the sign of s being sometimes 
lilits and sometimes minus 

From (16), by foiming the function U|=y^ -y, , we get 

(17) lo^ Uj~3+dZ' s 

On taking a first difference of rank k , this becomes 

(18) 

From equations (18), (17), and (16), we deduce the following 
parametric a|)pro.Mmations ■ 

Uj '-^Z^ , !»/, 7, « • • n-k-l . 

(19) ^ i=l, 2, . . - n-l . 

•• ' n-t. 



If. .9 H ILL 


ISl 


The mean values of a., , and y, give the values of the para¬ 

meters sought 

If a term in x is added to the exponent of equation (16), wp have 

(20) y.= y. (/+ff ). 


The solution for these is obtained bj' carrying the analysis applied 
to equation (16) to second order differences and applying formulas (7), 
section IX, to the ordinates log . 


If equation (20) is rewritten as 


( 21 ) 


y- y. ), 


The solution is obtained by applying formulas (11), section X, to 
the ordinates log . This solution holds, it will be noted, only when 
the signs of b and 4 are such that bz^^atl^-oa 


XIII. Determination of the Rank of Differences 


In the writing of formulas for the determination of parameters, 
the rank of differences has been fixed in a purely arbitrary manner. 
We shall now give a rational justification for the rank assigned. 

In what follows, W'e shall speak of”the process by which one of 
the parameters is eliminated from the equation of the function y«/tjc) 
as a redid tion; and the definition shall be understood to hold whether 
the reduction takes place through a simple difference Ay , a logar¬ 
ithmic difference A log y , a product difference A*y , or a ratio 
the rank of the reduction being the same as the rank of the difference 
or ratio involved, In this, we interpret A \ log y and A* p^y 
as determining reductions of order a+r . 

The process by which a first parameter is eliminated we shall 
call a fir.st reduction: that by which a second is eliminated, a second 
reduction; and so on to the r Ih reduction. The process by which 
the last but one of the parameters of tlw original function is elimin¬ 
ated we shall term the ultimait rtcUtcUott', and the parameter definied 
by the ultimate recUiCtion we shall term the nltimate parameter. 

Now, a little thought or experimentation will quickly reveal that, 
for any ultimate parametric approximation, the value of the approx- 
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imation will vary with the rank of the reduction from which it results; 
for, regarding: a parameter as a statistical characteristic of a series 
of observations, when the rank of a parametric aiiproximation is at a 
minitpuni, or when yt = 1, the given approximation, viewed as a single 
instance of a number of [xissible approximations, is least character¬ 
istic of the complete series; and when thejanlc of the given approx¬ 
imation is at a maximum, or when k’^n-r , the approximation, again 
viewed as a single instance of a number of possible approximations, 
is most characteristic of the complete series 

All this, of course, assumes, as we have always done in writing 
the equations of parametric approximations, that approximations are 
written in terms of the observational ordinates Yi ; for, if approx¬ 
imations are written in terms of the functional ordinates , the value 
of the parameter is independent of the rank of the reduction, a fact 
which follows from the manner of deriving the equation defining the 
ultimate parameter. 

Since, then, the value and representative character of an ultimate 
larameter varies with the rank of the reduction by which it is defined, 
we may, when the ultimate reduction is of the first order, express the 
weight of an approximation by the relation 

U) V* (p^-k- 

Here pi is used as the arbitrary symbol for the weight of a 
parametric approximation defined of first order and rank k . 

SupixD^e, now, that the given ultmiate parameter is arrived at by 
two reductions, the first of rank k and the second of r,nik h . Clearly, 
the value of the approximatic'n will, in this case, vary with h as well 
as k • Under these conditions, the weight of the approximation is 
e\i>res5ed by the relation 

Here, the symbol denotes the weight of a parametric 

approximation involving a second reduction and the ranks k and h . 
Similarly, we have 

<2) h f. 
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Evidently, by a direct extension of our method of induction, we arri\e 
at the general relation 

V.*', k' {Pih '‘<^1 ' ' ■ • l(r‘ 

In the derivation of all formulah, it has been assumed that k is 
constant for all reductions; hence, equations (2), (3), and (4) become 

(5) k-k = k* 

( 7 ) <{p,)-k^ 

Giving verbal expression to the relation (7), we say that the 
weight of a parametric approximation involving a reduction of the 
r th order and k th rank is eipial to the r th power of k . 

We have already shown, section V, that the number of differences 
of order r and rank k which can be formed from n observations 
is n - rk ; likewise, the number of [larametric aiiproximations which 
can be formed when reductions are of the r th order, is n- rk ; 
and, since the reliability of a parameter as determined from a formula 
must vary with the number as well as the weight of the several ap¬ 
proximations, we may write the follow'ing eciuation, conditioning the 
reliability of the ultimate parameter p : 

(8J k''( n-rk). 

Regarding /k as a continuous variable, we may obtain the con¬ 
dition for maximum by differentiating / with rcsjiect 

to k , thus, 

( 9 ) J)^^(p)=nrk'-'-r(r,-l)k'. 

Setting (9) equal to zero and solving, we have 

(10) k" f>i [r-t) , 

That tj) (p) is a maximum and not a niinimura when k is deter¬ 
mined from equation (10) is shown by taking the .second derivative 
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of Ip tincl Mibstitiitiii};^ for k . 

nk''~'^-r^[r\})k'"‘ - 

^ (r+/)ofr+/>j=-rn<c 

which is negative, since >’,/?, anti k are positive. 

Equation (10} may give fractional values of k ; but, in practice, 
k. is always integral; hence, we write (10) in the form 

(12) k={n±j)'.(r+l) . 

This is the relation from uliieli nc have cletciininetl the value of 
k in the writing of f<irmula< 


We ni.T.\ non formulate (he following rule tor the (leterniination 
of the rank of tiitlercnces H'ficii llir cijiiniiiiii iirjriiiii(/ ait iilfiniatr 
parameter itivolfcs a rcdintuni of order' r and rank k, the faliic of 
k is tn he obtained from the reltilioii k-{iitj) \{r+l) . j 

being assigned the smallest integral svlne llial xeill make n an 
exact multiple of k. In caw n+y ■=. n~j . that value of 4c is taken 
which gives the highest value for p (p) when k is .sub.stiUilul hi 
equation (8). 


XI \' Xl JIKKICAL ('o.VIJM'l.VT10.\’S 


In can ring tlimugh the nimierical cominitation.s (irescribed by 
formulas <Ieve|oix?(l in this memoir, the follovving abridgments are use¬ 
ful in the siinmiation of differcnce.s: 


i • ff- li • / 


Ob) r, 

v;-i y, 

* T-o * 

fid) =£ Yrf Yi . 

i,n-k !-• * 

Ob. 

I’lf-i itn-k-l 

Y^-ZL^ Y*£ y. 

I'Z* ‘ i»fc * i>« * 


(2e) 
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( 2 d) =Z Y^-21 y. . 

' i-n-M I'k-tk Jme ' 

(3a) 


(3b) 

i > n ■ 

< * • 

'Jfc- 

1 i.H-ik-J 

J mtt~3k-f 


i* «■ 

‘/ 

Iwn-tt-i i’n-tk-i 


(3c) 

i «3fc 



-i. ^ 


J"* 

-/ 

i’Jk-f ittk-i 


(3d) 


7^ 

-3£ Y+3Z 

tin-Ik * n-Ik 



These relations e\idently apply quite (fenerally to the sunmuition 
of differences. They may also be used to check the accuracy of dif¬ 
ferences formed. When j i.s pcjsitive in the relation (r+ /)k^nij , 
equations (c) are most convenient; when J is negative, equations (d) 
arc most convenient. 

A u.scful check on the product difference A' employed in section 
X is obtained as follows; 

(4) A.^}>2i„Zj + A,.jr;+AsZ'-5, . 

Multiphing (4) by and (5) by . we have 

(•6) A.y/A-^z^.+A, 

( 7 ) \Yt ,, A,Zi^A^z, ,;A, Zi+Ac,*• A,z,4At«<'„■ A.• 

Subtracting (d) froin (7). ne get 

(b) a'>o^a;z/+a:z/=a;s, . 

I'n idcntly, similar relations hold for the product differences A“. 
etc. 


.\nother check th.it is const.-intly useful in the cnni|Mitations is the 
well known relation £sfi - a£t, . 
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TABLE IV 


Auxiliary Functions Computed in Fitting to the 
Ohio Population 


u 

Jo^ U 

X 

Sin X 

■. • " ' 1 

a 1<4 3in X 

A 


0.0 

^ QO 

0 

- 05 

-00 



178.5 

2.25164 

1 

Bn 

- 2.22212 

29769 

228.0 

519.1 

2.71525 

2 


- 1.84173 

36056 

.547..5 

881.7 

2.94532 

3 

BH 

- 1.61931 

36697 

913.8 

1454.1 

3.16259 

4 

- 1.15642 

- 1.46160 

42091 

1313.8 

19201 

3.28332 

5 

- 1.05970 

- 1.33935 

41944 

1741.0 

2283.3 

3,35856 

6 

- 0.98077 

- 1.23960 

39642 

2190.5 

2610.6 

3.41674 

7 

- 0.91411 

- 1.155.34 

37332 

2659.5 

3134.7 

3.49620 

8 

- 0.85644 

- 1.08246 

37902 

3145.4 

3611.5 

3.55769 

9 

- 0.80567 

- 1.01829 

37669 

3646.3 

4096.2 

3.61238 

10 

- 0.76033 

- 0.96097 

37-Ftl 

4160.7 

4708.1 

3.6728.5 

11 

- 0.71940 

- 0.90924 

38202 

4687.1 

5718,2 

3 75726 

12 

- 0.68212 

- 0.86212 

41627 

5224.2 

31116.1 

39.22980 


-12,43148 

-1.5.71213 

4.56372 

30457.8 



\jQisinx 


1.16510 

0.84403 

1.3805 

0.78095 

0.60074 

1.3000 

0.61237 

0.47553 

1.2877 

0.44979 

0 39609 

1.13.56 

0.38953 

0 34030 

1 1447 

0.39870 

029865 

1.33.50 

3.79644 

2.95534 

7.5835 


a -■ » 1.2639 ; 


& » '/,z££i » A'<03l; 

• 2.fA7Mt. 
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In c<)iii|)«tin({' the ordinates 


( 9 ) yi^a-t-bx^+cxf 
the following formulas are useful; 

(101 Ay,= (b+cAx)Ax . 

(11) Ayj,,=Ay;+^cAar. 

( 12 ) 

(13) yi^,= yi+Ayi . 

The formulas for £ x , I x* and £ j’are to be found in any 
standard reference work on statistical computations. 

As illustrations of the quantities to be obtained in actual computa¬ 
tions, we give, in Table IV, the auxiliaries computed in fitting the 
curve /=> y, (/+<?*"' *) to the iwpulation of Ohio. 


XV. CRiTicAt, Review 

We have now presented, at some length, the technique of fitting 
curves by the method of differences. The term, •‘metluxl of differences” 
is doubtless sufficiently descriptiie for general purpo.ses; but the de.s- 
ignation method of mcait diffcrciirc finictiovs would better convey an 
idea of the chief features of the technique elaborated, namely, the 
dependence on functions of finite differences in the derivation of ef|uii- 
tions defining |)arameter.s and the determination of the best value of a 
given parameter by taking the mean of the several approximations. 

The fundamental requirement of this metluxl is that, under tlic 
procedure followed, the reliability of the ixirameters determined .shall 
be a maximum. This reiiuirement results in a sum of absolute resid¬ 
uals which is less than that to he obtained by the (iau.ssian method of 
least .squ.ires or the Pearsonian method of moments. Rigorous ad¬ 
herence to the lidgeworthian requirement that the sum of the absolute 
residuals shall be a minimum is, it will be observed, not a demand of 
the pre.scnt method. It can be .shown that Lipka’.s methorl of ai crngci 
will give the same residuals for a linear serie.s as the metlvxl of differ- 
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dices: but it does not, however, f{i\e the same results in fjencral. 

The Inllowing claims to merit may be advanced for the metiusi 
of (lilTerenccs: 

(1) The computations invol\ed in the determination of parameters 
are simple and easily checked. 

(2) The method ixmiits of fitting to a wide variety of functions by 
the direct application of its fundamental principles. 

(3) The general techni(|uc dcvelojied may be adapted to s|)ecial solu¬ 
tions in particular cases; e. g., the solution.s of [larabolic series 
given in section VII are special cases of the .solution for the 
general ixilynomial series gi\en in section X. 

(4) The iwirametric appro.ximations or some function involved in 
their determination give a con\eiiiciit test of fit. If these approx¬ 
imations are nearly constant or fluctuate irregularly about a 
central value, the implication is that the test function is appro|>- 
riate to the data; if the appro.xiniations show a .systematic change 
or trend in their values, the implication is that the test function 
is inappropriate. 

(.s) The method viclds satisfactory results in practice. 

That the residuals do register our failure to predict the values of 
the observations is undeniable: but it does not follow that the least 
square.s definition of residuals leads to the equation of greatest value 
for predictive piirposc,s; for we can scarcely hoiie to establish that a 
set of residuals determined from a small number of observations con¬ 
stitutes a .system of normally distributed variates. 

l.et us now consider the logistic series 

(2a) ys/ne'** ** 

f.3a) y=yo (/+«*"") , 

and 

f4a) 


y= mi [/-(-Atf ■"], 
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This last is the \'erhulst logistic. 

The origin, ma.viinum, and point of inflection of these three func¬ 
tions are determined by the following relations: 


y.= me 

(2b) dy=a/>/we‘‘**tf 

d V=<* *t}me "* (be -■•*)dx\ 

y =yo 

(3b) dy=a3e**dz, 

d^y^a*3e**di\aDe** d*z. 

(4b) c(y= abm (/+/>e '**) *j dx, 

d*y^?a^b*me-*‘’ {hbe-‘)dx* 

-2a^bme'^‘^iJ*be-ydx*-(hbe-ydx*. 

With the origin at / (j:,)and the maximum at /(*«), these 
curves show essentially the same properties and, therefore, negate the 
claim of Professors Pearl and Reed to have discovered in the Verhulst 
type logistic the unique mathematical expression for the growth of 
l»pulations. This assertion, of course, makes no statement as to the 
type of population which is best represented by each curve. 

In fitting tyiw (2) to the jjopulation of Ohio, we have obtained, 
while not an ideal fit, certainly one much better than can be obtained 
by fitting type (3). These re.sults, however, serve to enhance rather 
than diminish the general usefulness of the higi.stic hyiwthesis as an 
empirical generalization of the growth of populations. 

.^s the w riter conceives it, this hy|X)thesis may be sfcited as follows: 
It'hen ihe yrotvtii of a population is not kimvii to be correlated xvitk 
aviits whose sequence is definitely known, it is best represented by a 
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curve which pioccrds from one horizontal rlrnii/hf line as atyinftotic 
origin, passes through a pomt of inflection, and approaches a second 
horizontal straight line as asymptotic terminus. The rate of (frowth 
of such a curve may be characterized as proceeding from a iiiinimuni 
to a maximum and then decreasing toward zero as limit, a character¬ 
ization which is in full accord with our decrease in knowledge concern¬ 
ing the rate of growth as time goes on. It will be noted, in our state¬ 
ment of the logistic hypothesis, that it is not necessary to place any 
restriction on the chronological direction of growth, interpretation of 
growth as proceeding forward or backward being equally [lermissible. 

It is, of course, true that tlie particular function fitted to the Ohio 
population does not conform rigorously to the logistic type; for at 
X = 90, the ordinates begin to decline in value Hut this is no detri¬ 
ment in the application of the function in the particular case, since no 
one would place any reliance on a forecast of such date when projected 
several centuries into the future. The use of such a function as we 
have employed seems far preferable to fitting the Verhulst function 
to subpopulations on the ground that the sum of logistics cannot be 
executed itself to be a logistic, a procedure which is strictly valid only 
when the growth changes of the subpopulations are mutually 
independent.' 

When the growth of a population is known to be definitely cor¬ 
related with an observed sequence of events, the logistic hyixithesis must 
be mrxlified accordingly, In a region where the population could not 
be recruited from without, an abrupt increase in the death rate, a de- 
crca.se in the birth rate, or an emigration to regions outside would 
necessitate a modification of the growth formula. 


Note,— In preseiiliiig ihis memoir to the public, the writer (leMre.s to make grateful 
acknowledgement of the iin aUialile .wstanre given liy hi.s wife. Haacl J Will, 
in the preparation of the nianiiseript, 

1 cf Pearl and Reed "The Population of an Area \round Chicago and the 
I ogistic Curve " J \ \ S . March, 1929 






TABLES OF PEARSON'S TYPE III FUNCTION 


By 

Lins R. SAbVosA 


Section I .—Devclopmetii of Pearson's Type III Function 
Section II ,—Areas 
Section III .—Ordinates 
Section IV.— Derivatives* 


It ii well recognized that the normal curve of error has played a 
prominent role in the development of the theory of Mathematical 
Statistics, Although it can describe more or less accurately many fre¬ 
quency distributions possessing n limited degree of skewness, there are 
many others in which it fails. To meet this situation two important 
methods of representing frequency functions have been devised. 

One of then methods is due to die English biometrician Karl 
Pearson, who developed a system of goieralizcd "probability" curves. 
Among the simplest of tlyite curves is Type III, whose equation is 

.where y, and of, are con- 

(tantt, It will be shown later that this curve approaches the normal 
curve of error as a limit when dr, approaches zero, Pearson, realiz¬ 
ing the importance of this generalized curve, published in 1922 hii 
"Tables of the Incomplete P Function," from which the areas under 
the curve can be obtained. Unfprtunately, these tables, unlike those of 
the normal curve of error, are not tabulated with the standard unit as 
the ordinate. Moreover, they do not contain the ordinates, which are 
useful in plotting frequency curves and essential to the solution of many 
problems in the theory of probability. 

My object, therefore, is to provide tables of areas and ordinates 
of Pearson's Type III curve that will enable one to obtain readily an 
isolated frequency or the sum of the frequencies between any two 

*Scction IV wilt appear in the August issue of the Annals, 
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liniits of a theoretical distribution that can be represented by the Type 
III curve. Furthermore, there will be furnished tables of derivatives 
of this more effective type of frequency function which will permit its 
utilization as a generating function in an expansion corresponding to 
the Gram-Charlier series. In general, the more closely the generating 
function approximates the function to be graduated, the more rapid 
the convergence of the derivative series. In the following section 
there are given two separate developments of the Pearson Type III 
Function. It is believed that these developments will be of value to 
those desiring to use this function. 


Section I .—Development of Pearson's Type III Function 
(a) By Means of Bernoulli's Series 


One may consider first the Bernoulli series 

( 1 ) 

where p denotes the probability that an event will happen in a single 
trial and , the probability that it will fail. Representing by 

y*= (j^) y * the ordinate corresponding to x successes 

C -x assuming the values of 0, I, 2 . . . . ), one may plot the ( r-l- / ) 
points (x, y,). Through these { r+t ) points one may imagine 
a curve that pan be represented by an analytic function. 


Since 


and hence 


one has 


(2) 



This is the difference equation of the continuous cun'cl 
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From equation (2) it follows that 


(3) 




The mean of any two ordinates ( and y,'*/ ) ^vill be con¬ 
sidered as approximately equal to the ordinate ( y««^ ) midway 

between them. The slope of the line joininsr any two points ( a:, y*. ) 
and ( jr4- /, -y ) is also approximately equal to the tangent a', 
the pdnt midway between these two on the continuous curve and tbt 
error resulting from this approximation would be zero if the curve 
were a parabola. Under these two assumptions, equation (3) may b« 
written as 


f4) 




The right hand member of this equation is, therefore, the derivS' 
tive of log y at the point ( , y ). At any pold 

C JT, yj,) this derivative is 

i. e. 


... d,. i^ + (x-rp) _ 

I / ,(J?- rpKq-z>l • 

If one seta 

the above equation reduces to 



«S) ^ log y 
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If rpq is so large that ^ is relatively insignificant and 

may consequently be neglected, equation (6) becomes 


(7) 

' 2 ^ 

which upon integration yields Pearson's Type III frequency curve, 

C8) y =yo (''+ 


Thus, equation (8) has been obtained without resorting to ttie 
method of moments 


(b) By Means of Differential Equation 


Another method* of developing Pearson's Type III cur^ e is by 
means of the differential equation 

which is suggested by certain char ac tens tics of unimodal fieqMC/icy 
distributions. Equation (9) is capable of representing a frequency 
function of this type, since 

(a) As y approaches zero, the first derivative must also ap¬ 
proach zero, and 

(b) If the frequency distribution be unimodal between the limits 
of the distribution, there must be only one value, say t ^ a , for 
which the derivative is zero. 

In equation (9) ^ denotes the abscissae in units of the standard 

♦Urver's "Frequency Curves," p. 92 Handbook of Mathemaiical Statistics, by 
Rietr and Others. 
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deviation, and / (-^) is a function that does not vanish at any point 
within the range of the curve. If it be assumed that / ( i ) is ex¬ 
pressible as a power series, b,-\- b,i +6, . . then 

equation (9) may take the following form; 


( 10 ) 


d)/ _ (a~t)y ■ 

77“’ 


On clearing equation (10) of fractions, multiplying both sides by 
t ^ , and integrating both members with respect to t between the 
limits (-f, , V, ), one obtains 


( 11 ) 


[y. t ^* + • • •3 '* -yV [nb, t 


which can be written in the form 

(12) oa;, + r7/&.oi„., + (/7f/)^,(jr„+(A? + ^)^, - 


since the expression in the first bracket vanishes at the limits, and 
t "ydt^ It will be noted here that 

1, at, “ 0, and oti-1. 

If the series / ( f ) be so rapidly convergent that it would be 
sufficient to retain the first term only, then from equation (12), 6n 
placing successively n = 0, 1, 2 .... one has 

a = 0 
b,=-l 

On substituting these values in equation (10) and then integrat¬ 
ing, one obtains 


{ 


A 


(13) 


y^yc^ 


f 
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which is the normal curve of error, t being expressed in standard units. 

If in the series / ( i ) the first two terms be retained instead of 
bt only, then equation (12) gives 

(14) a^-br-^ 

If the values given in cquation.s (14) be substituted in equation 
(10), then iqion integration one oht^iins 

(15) = ^ 

This equation is the same as eriuation (8) and satisfies the con¬ 
ditions inqxisod, provided • 

The substitution of the constants (14) in equation (12) yields 
the following recurrence relation of the functional Type IJT moments; 

<,*6) («</!-/•+^^2^) ’ 

To find the recurrence relation of the functional moments for the 
normal curve of error, of, is set etjual to zero and hence relation f 10) 
i-educes to the simple relation 

(17) o(„y,= nQf„., 

since O, * 0 

it follows from relation (17) that 

( 18) ® l/r y / ~ 0 

For the moments of even order one writes from reinticin (17) 

» 1 
* 3 
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The normal curve of error has been derived by retaining the 
term 6nly in the series / ( ^ ). However, it can be shown that this 
curve is the limit of Type III curve as the skewness approaches zero. 
For, taking the logarithms of both sides of equation (15), one has 


or 






J t 



Therefore, 


or 


-it 


y=y,e 


» 

t 


which agrees with equation (13). 

The constant y, in equations (13) and (15) is determined 
imposing the condition that 

(20) y, f di‘l. 


On introducing z by the relation equation 

(20) becomes ' * 


/ 
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where 



With the aifi of Sterling’s formula, equation (21) can be written as 


( 22 ) 




e 


~ im\i* + • ■ • > 


For the normal cun'c of error, that is, when ■ 0, equation 
(22) reduces to 


(23) 


y.= 




and hence for the foregoing specialization witli respect to equation 
(IS) becomes: 


- 1 ‘ 




The intention was to have the Tables correct to six decimal places. 
To this end all computations of areas, ordinates and derivatives were 
carried through to eight significant digits of accuracy, which frequently 
meant ten or twelve decimal places, The results wxre then cut down 
to the nearest sixth decimal place, and I believe they possess this degreg 
of accuracy, 
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TABLE I 


AREAS OF THE STANDARDIZED 
TYPE III FUNCTION 







PPAKSON'S TVPh HI PUNCTION—AREAS 



SKEWNESS 


t 

0 

.1 

.2 

3 

.4 

.5 

t 

-4<)9 
-4,98 
4.97 
-4 96 
-4.95 
-4.94 
-A.9i 
-4.92 
-4 91 
^90 

^89 , 

-4.88 

-4.87 

-4 86 

-4 85 

-484 

-4,83 

•4.82 

4 81 

480 

4 79 
4 78 
4 77 
4.76 

4 75 

4 74 
4.73 
4 72 
4 71 

4 70 

4 69 
468 
4 67 
4,66 
4 65 
464 
4.63 

4 62 

4 61 
460 

4 59 

4 58 

4 57 
4.56 
4.55 
4,54 
'4.53 

4 52 
451 
4.50 

000001 

,000001 

OOOOOl 

000001 

000001 

000001 

000001 

.000001 

000001 

000001 

.000001 

000001 

000001 

000001 

000001 

000001 

.000001 

.000001 

,000001 

000001 

000001 

000001 

.000002 

000002 

000002 

000002 

000002 

.000002 

000002 

000002 

000002 

000002 

.000002 

000003 

.000003 

000003 

.000003 

000003 

.000003 

000003 

000001 

000001 

' i 

! j 




4.99 
4 98 
4.97 
496 
4.95 
4.94 
4.93 
491 
4 91 
4.90 

4.89 

4.88 

4.87 

486 

4.85 

4.84 

4.83 

4.82 

4.81 

480 

4 79 

4 78 
4.77 
4.76 

4 75 
4.74 
!473 
4.72 
4.71 
4.70 

469 

4.68 

4.67 

4.66 

4.65 

4.64 

4.63 

462 

461 

460 

4.59 

4 58 
4.57 
4.56 
4.55 
4.54 
4.S3 
452 
4.51 

4 SO 
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PEARSON'S TYPE in FUNCTION—AREAS 



SKEWNESS 


t 

t 

0 

.1 

.2 

.3 

.4 

5 

-A 49 

000004 

,000001 





-t.49 

-4,48 

.000004 

000001 





-448 

-447 

000004 

OOOOOl 





-4.47 

-4.46 

,000004 

000001 





-4.46 

-4 45 

,000004 

000001 





-4.45 

-444 

,000004 

,000001 





-4.44 

-443 

000005 

000001 





-443 

-4.42 

000005 

000001 





-4.42 

-4.41 

000005 

.000001 





-4.41 

^.40 

000005 

.000001 





-4.40 

-4 39 

,000006 

.000001 





-4.39 

-4 38 

000006 

000001 





-4.38 

-4 37 

000006 

.000001 





-4 37 

-4 36 

000007 

000001 





-4 36 

-4 35 

000007 

.000001 





-4.35 

-434 

000007 

.000001 





-4 34 

-4 33 

000007 

000001 





-4.33 

-4 32 

,000008 

.000002 





-4 32 

-4,31 

.000008 

.000002 





-4.31 

-1,30 

000009 

.000002 





-430 

-429 

000009 

.000002 





-4 29 

-1,28 

.000009 

000002 





-4.28 

-1,27 

.000010 

.000002 





•4.27 

-4.26 

000010 

000002 





■4 26 

-4 25 

;000011 

000002 





-4 25 

-4 24 

000011 

000003 





-4.24 

-423 

000012 

.000003 

1 




-4 23 

-4 22 

000012 

.000003 





-4.22 

-121 

000013 

.000003 





-4.21 

-120 

000013 

000003 





-4.20 

-4,19 

000014 

000003 





-4.19 

-1,18 

000015 

.000003 





-418 

-117 

000015 

.000004 





-4,17 

-4,16 

000016 

000004 





-4.16 

-4,15 

000017 

000004 

.000001 




-4.15 

-114 

000017 

000004 

,000001 




-4,14 

-4.13 

000018 

000005 

.000001 




-413 

-412 

000019 

.000005 

OOOOOl 




-4.12 

-111 

000020 

.000005 

.000001 




-4 11 

-4.10 

000021 

.000005 

.000001 




4.10 

-109 

000022 

000006 

,000001 




409 

-108 

000023 

.000006 

,000001 




4.08 

-107 

.000023 

000006 

.000001 




407 

-1.06 

000025 

.000007 

.000001 




4.06 

,-1.05 

.000026 

000007 

.000001 




405 

-104 

.000027 

,000007 

,000001 




4,04 

-403 

000028 

.000008 

.000001 


1 


4.03 

-1.02 

000029 

000008 

000001 




4.02 

-101 

.000030 

000009 

.000001 




4.01 

-l.O0 

000032 

,000009 

.000001 




4.00 
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SKEWNESS 


000033 

.000034 

000036 

000037 

.000039 

000041 

000042 

000044 

000046 

00004S 

OOOOSO 

000052 

000054 

000057 

.000059 

.000062 

000064 

000067 

000069 

.000072 

000075 

000078 

000082 

.000085 

000088 

000092 

.000096 

.000100 

000104 

.000108 

000112 

.000117 

000121 

.000126 

000131 

.000136 

000142 

.000147 

.000153 

.000159 

.000165 

.000172 

;000178 

.000185 

000193 

000200 

.000208 



.000010 

.000010 

.000011 

000011 

000012 

.000012 

.000013 

000014 

000014 

.000015 

.000016 

.000017 

.000018 

.000019 

.000020 

.000021 

.000022 

.000023 

.000024 

.000025 

000026 

000028 

.000029 

.000031 

.000032 

000034 

000035 

.000037 

.000039 

.000041 

.000043 

000045 

.000047 

.000049 

.000052 

.000054 

.000057 

000060 

.000062 

.000065 

000068 

.000072 

000075 

000079 

.000082 

000086 

000090 

.000094 

.000099 

.000103 


.000002 

.000002 

.000002 

.000002 

.000002 

.000002 

.000002 

.000003 

.000003 

.000003 

.000003 

.000003 

.000004 

.000004 

.000004 

.000004 

.000005 

.000005 

.000005 

.000006 

.000006 

000006 

000007 

.000007 

.000008 

.000008 

.000009 

.000009 

.000010 

.000010 

.000011 

.oax)i2 

.000012 

.000013 

.000014 

.000015 

.000016 

000017 

.000018 

.000019 

.000020 

.000021 

.000023 

.000024 

.000025 

.000027 

.000028 

.000030 

000032 

.000034 


.000001 

.000001 
.000001 
.000001 
.000001 
000001 
.000001 
.000001 
, .000001 
.000001 
.000001 

.000001 

.000002 

000002 

.000002 

.000002 

.000002 

000002 

.000002 

.000003 

.000003 

.000003 

.000003 

.000004 

.000004 

000004 

.000005 

.000005 

.000005 

.000006 

.000006 







PEARSON'S TYPE III FUNCTION—AREAS 
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Pn.IRSO^'S TYPE in PVNCriON-ARFAS 



SKEWNESS 


t 

t 

0 

1 

.2 

.3 

WM 

5 

-2 99 

001395 

000854 

.000450 

000187 


000006 

-2.99 

-2 98 

001441 

,000888 

000471 

000198 


000006 

-2.98 

2 97 

001489 

000922 

000493 

000209 

.000059 

.000007 

-2.97 

-2.96 

001538 

000957 

000516 


.000064 

000008 

-2 96 

-2 95 

001589 

000994 

000540 


000069 

000009 

-2.95 

-2 94 

001641 

,001032 

000564 


.000074 

000010 

-2 94 

-2 93 

001695 

001071 

000590 

000262 

000080 

000011 

-2.93 

-2,92 

001750 

001111 

000617 

.000277 

,000086 

.000012 

-2 92 

-2 91 

001807 

001153 

000644 

000292 

.000092 

.000014 

-2,91 

-2,90 

001866 

001197 

000673 

,000309 

000099 

000016 

-2.90 

-2,89 

,001926 

001242 

000703 

,000326 

.000107 

.000017 

-2 89 

-2 88 

001988 

,001288 

.000735 

,000344 

000115 

000019 

-2,88 

-2,87 

,002052 

,001336 

.000767 

000363 

000123 

000021 

-2 87 

-2 86 

,002118 

001385 

000801 

000383 

.000132 

000024 

-2.86 

-2 85 

002186 

001437 

000836 

,000403 

,000141 

.000026 

-2.85 

-2 84 

002256 

001489 

000873 

000425 

000152 

.000029 

-2 84 

-2,83 

002327 

,001544 

.000911 

000448 

000162 

.00003-: 

-2 83 

-2 82 

,002401 

001600 

.000950 

,000472 

.000174 

000036 

-2 82 

-2,81 

,002477 

001659 

000991 

.000497 

.000186 

.000039 

-2 81 

-280 

,002555 

,001719 

.001034 

000523 

000199 

000043 

-2.80 

-2 79 

,002635 

001781 

,001078 

OOOSSl 

.000212 

000048 

-2 79 

-2 78 

,002718 

001845 

001124 

000580 

000227 

000052 

-2 78 

-277 

002803 

001911 

.001171 

000610 

.000242 

.000057 

-2.77 

-2,76 

,002890 

.001980 

001220 

000641 

000258 

000063 

-2 76 

-2,75 

,002980 

002050 

001272 

000674 

000276 

.000069 

-2 75 

-274 

,003072 

,002123 

.001325 

.000709 

000294 

,000076 

-2.74 

-2 73 

003167 

002198 

001380 

000744 

.000313 

000083 

-2,73 

-2,72 

,003264 

002275 

001437 

000782 ■ 

.000334 

000090 

-2 72 

-2,71 

003364 

002355 

.001496 

000821 

000355 

.000099 

-2,71 

-2 70 

003467 

002437 

001557 

000862 

000378 

,000108 

-2.70 

-2 69 

,003573 

.002522 

.001621 

,000905 

.000402 

000117 

-2 69 

-2,68 

003681 

002610 

,001687 

000949 

000427 

000128 

-2 68 

-267 

,003793 

002700 

.001755 

.000996 

000454 

000139 

-2.67 

-2,66 

003907 

002793 

001826* 

.001044 

000482 

000151 

-2.66 

-,>6S 

00^025 

002889 

001899 

001095 

.000512 

.000164 

-2.65 

-2,64 

,004145 

.00y)87 

.001975 ! 

001148 

000543 

000177 

-2.64 

-263 

004269 

003089 

002053 

.001203 

000576 

000192 

-2 63 

-2 62 

001396 

,003194 

002134 

001260 

000611 

.000208 

-2 62 

-2,61 

001527 

003302 

,002218 

.001320 

000647 

000225 

-2.61 

-2 60 

,004661 

003413 

002305 

.001382 

000686 

.000244 

-2.60 

-2 59 

004799 

003528 

002395 

001446 

.000726 

000263 

-2,59 

-2,53 

004940 

003645 

002488 

001514 

000768 

000284 

-2,58 

-2 57 

005085 

.003767 

.002584 

001584 

000813 

.000306 

-2.57 

-2 56 

,005234 

.003892 

,002683 

001656 

000860 

000330 

-2.56 

-2,55 

,005386 

004020 

,002786 

001732 

000909 

.000356 

-2.SS 

-2 54 

,005543 

,004152 

.002892 

.001811 

.000960 

000383 

-2 54 

-2 53 

,005703 

,004289 

003001 

001892 

001014 

.000411 

-2,53 

-2 52 

005868 

004429 

,003115 

001977 

001071 

000442 

-2 52 

-2,51 

006037 

004573 

,003232 

.002066 

.001130 

.000475 

-2.51 

-2,50 

,006210 

.004721 

.003352 

002157 

.001192 

000509 

-2.50 
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t 

SKEWNESS 

t 


.7 

.8 

.9 

1.0 

1.1 

-299 







-2.99 

-2.98 







-2.98 

-2.97 







-2.97 

-2.96 







-2.96 

-2.9S 







-2.95 

-2.94 







-2.94 

-2.93 







-2.93 

-2.92 







-2.92 

-2.91 


' 

- 




-2.91 

-2.90 







-2.90 

-2.89 

1 






-2.89 

-288 







-2.88 

-2.87 

.000001 






-287 

-2.86 

.000001 






-2.86 

-2.8S 

.000001 






-2.85 

-2.84 

000001 






-2.84 

-2.83 

.000001 






-2.83 

-2.82 

.000002 






-282 

-2.81 

000002 






-2.81 

-2.80 

.000002 






-2.80 

-2.79 

.000003 






-279 

-2.78 

.000003 






-2.78 

-2.77 

.000004 






-277 

-2 76 

000004 






-2.76 

-2.7S 

.000005 






-2.75 

-274 

.000006 






-274 

-2.73 

.000007 






-2.73 

-2 72 

.000008 






-2.72 

-2.71 

000010 






-2.71 

-2 70 

.000011 






-2.70 

-2.69 

.000013 






-269 

-2.68 

.000015 






-2.68 

-2.67 

.000017 






-2.67 

-2.66 

.000020 






-2.66 

-265 

.000023 






-2.65 

-2.64 

.000026 






-2.64 

-2.63 

.000029 






-2.63 

-262 

.000033 






-2.62 

-261 

.000038 

.000001 





-2.61 

-2.60 

000042 

.000001 





-2.60 

-2 59 

.000048 

.000001 





-2.59 

-2.58 

000054 

.000001 





-2.58 

-2.57 

.000061 

.000002 





-2.57 

-2 56 

.000068 

000002 





-2.56 

-2.55 

000076 

.000003 





-2.55 

-2.54 

.000085 

.000003 





-2.54 

-2 53 

.000095 

.000004 





-2.53 

-2 52 

.000106 

.000005 





-2 52 

-2.51 

000117 

.000007 





-2 51 

-2.50 

.000130 

.000008 





-2 50 
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PEARSON’S TYPE III FUNCTION—AREAS 



.006387 

.006569 

006756 

.006947 



.008424 

.008656 

.008894 

009137 

009387 

009642 

009903 

.010170 

.010444 

.010724 

011011 

,011304 

,011604 

.011911 

.012224 

,012545 

.012874 

.013209 

.013553 

.013903 

.014262 

.014629 

.015003 

.015386 

015778 

.016177 

.016586 

.017003 

.017429 

.017864 

.018309 

.018763 

.019226 

i)19699 

^>20182 

4)20675 

.021178 

.021692 

.022216 


.004873 

.005030 

.005191 

.005356 

.005527 

.005701 

.005881 

.006066 

.006256 

.006450 

.006651 

.006856 

007067 

.007284 

007506 

007735 

.007969 

.008209 

008456 

008709 

.008969 

009235 

009508 

.009788 

.010075 

.010369 

,010670 

,010979 

.011296 

.011621 

.011953 

.012293 

.012642 

.012999 

.013365 

.013739 

.014122 

.014515 

.014916 

.015327 

.015747 

.016177 

.016617 

.017067 

.017527 

.017997 

.018478 

.018970 

.019472 

.019986 


.003477 

.003606 

.003739 

.003876 

.004017 

.004163 

.004314 

.004469 

.004629 

.004794 

.004964 

.005140 

.005320 

,005507 

.005698 

.005896 

.006099 

.006308 

.006523 

,006745 

.,006973 

.007208 

.007449 

.007698 

.007953 

.008215 

.008485 

.008762 

.009047 

.009340 

.009641 

.009950 

.010267 

.010593 

.010927 

.011271 

.011623 

.011984 

.012355 

.012736 

.013126 

013526 

013936 

014357 

.014788 

015230 

015683 

016147 

016622 

.017108 


.002253 

002351 

,002454 

002560 

002671 

.002785 

.002904 

,003027 

.003154 

.003286 

.003423 

.003565 

.003711 

.003863 

.004020 

.004183 

.004351 

.004525 

004704 

.004890 

.005082 

.005280 

.005485 

.005697 

.005915 

.006140 

.006373 

.006613 

.006860 

.007116 

.007379 

.007650 

.007930 

.008218 

.008515 

.008821 

009135 

.009460 

.009793 

.010136 

.010490 

.010853 

.011227 

.011611 

.012006 

.012412 

.012829 

.013258 

.013698 

.014150 


001258 

.001326 

.001397 

.001471 

.001549 

.001631 

.001716 

.001805 

.001898 

.001994 

.002095 

.002201 

.002310 

.002425 

.002544 

.002668 

.002797 

.002932 

.003072 

.003217 

.003368 

.003526 

.003689 

.003859 

.004035 

.004218 

004407 

.004604 

.004808 

.005020 

.005239 

.005466 

.005702 

.005945 

.006197 

.006458 

.006728 

.007007 

.007296 

.007594 


.006221 

.008550 

.008890 

.009240 

.009602 

.009975 

.010359 

.010756 

.011165 


.000546 

.000585 

.000626 

.000670 

.000716 

.000765 

.000817 

.000872 

.000930 

.000992 

.001056 

001124 

.001196 

.001272 

.001352 

.001435 

.001524 

.001616 

.001714 

.001816 

001923 

.002036 

.002154 

.002277 

.002407 

.002542 

.002684 

.002832 

.002987 

.003149 

003318 

.003494 

.003679 

.003871 

.004071 

.004279 

.004496 

.004722 

.004958 

.005202 

.005457 

.005721 

.005996 

.006281 

.006577 

.006885 

.007203 

.007534 

.007^6 

. 00^1 
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SKEWNESS 

t 

t 

6 

7 

.8 

.9 

1 0 

1.1 

-249 

000144 






-249 

-2,48 

.000160 

.000012 





-2,48 

-2 47 

000176 

000015 





-2 47 

-2.46 

.000195 

,000018 





-2,46 

-2 45 

000214 

.000021 





-2 45 

-2.44 

.000236 

.000025 





-2,44 

-2,43 

,000259 

.000030 





-2 43 

-2 42 

.000284 

.000036 





-2.42 

-2.41 

.000311 

.000042 




1 

-2,41 

-2.40 

.000340 

.000049 





-2.40 

-2 39 

.000372 

.000057 





-2 39 

-2.38 

.000406 

000066 





-2.38 

-2,37 

.000442 

.000076 

.000001 




-2 37 

-2.36 

.000481 

.000087 

000001 




-2.36 

-2 35 

,000523 

000100 

.000001 




-2.35 

-2 34 

.000569 

000115 

.000002 




-2 34 

-2,33 

.000617 

.000131 

.000003 




-2 33 

-2.32 

.000668 

.000149 

000004 




-2 32 

-2 31 

.000724 

.000169 

.000005 




-2 31 

-2 30 

.000783 

.000191 

.000007 




-2.30 

-2.29 

.000845 

000215 

000010 




-2,29 

-228 

000912 

.000242 

.000013 




-2 28 

-2.27 

.000984 

000271 

000017 




-2.27 

-2.26 

.001060 

.000304 

■Tixin 

[ 



-2.26 

-2.25 

.001140 

.000339 

ESS 3 




-225 

-224 

,001226 

000378 

.000034 




-2.24 

-2 23 

.001317 

.000421 

000042 




-2.23 

-222 

.001413 

000467 

,000051 




-2 22 

-221 

001515 


.000062 




-2.21 

-2.20 

001623 


.000075 




-2.20 

-2.19 

,001’37 

000631 

000091 




-219 

-2.18 

001857 

000695 

.000108 




-2.18 

-2.17 

.001985 

000764 

.000128 




-2.17 

-2.16 

002119 

.000838 

.000151 




-2 16 

-215 

.002261 

000918 

.000178 

000001 



.-215 

-2.14 

002410 

001005 

000207 

000002 



-2.14 

-2,13 

.002567 

001097 

.000241 

000003 



-213 

-212 

002732 

.001197 


.000005 



-2 12 

-2,11 

002906 

001303 

HujmV 

.000008 

1 


-211 

-2.10 

.003088 

001417 


.000012 



-2 10 

-209 

.003280 

.001539 

.000421 

000017 



-209 

-208 

,003481 

.001669 

000479 

1 000024 



-2,08 

-2.07 

.003692 

.001807 

.000543 

.000033 



-2,07 

-206 

003912 

001954 

.000614 

000045 



-206 

-205 

.004144 

002111 

.000692 

.000059 



-2 05 

-2,04 

.0W386 

.0Q2277 

.000777 

.000076 



-2.04 

-2.03 

.004639 

.002453 

.000870 

.000097 



-2.03 

-202 

004903 

.002640 

.000972 

.000123 



-202 

-2.01 

.005179 

002838 

001083 

.000153 



-201 

-200 

.005468 

.003047 

.001203 

000189 ' 



-200 
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PEARSON'S TYPE III FUNCTION—AREAS 



SKEWNESS 


014615 

.015091 

015581 

.016083 

.016598 

017126 

017668 

018223 

.018793 

.019377 

.019975 

020588 

.021216 

.021859 

022517 

.023192 

023882 

024588 

.025311 

026050 

.026806 

.027580 

028371 

029179 

.030005 

030850 

031713 

032594 

.033494 

034414 



.026625 

027339 

028068 

.028812 

029572 

030349 

.031141 

.031949 

.032775 

.033617 

.034476 

.035352 

036245 

.037157 

.038086 

039033 

.039999 

.040983 

041985 

.043007 

.044048 

.045108 

.046188 

.047288 

048407 

.049547 

050707 

.051887 

.053089 

.054311 

.055555 

056820 

.058106 

.059414 

.060744 



.011586 

.012020 

012467 

012927 

.013401 

.013888 

.014390 

014906 

.015436 

.015982 

.016542 

017118 

.017710 

.018318 

.018942 

.019582 

020240 

.020914 

.021606 

.022315 

.023043 

.023789 

.024553 

.025336 

026138 

026960 

027801 

.028662 

029543 

.030445 

.031368 

.032311 

.033276 

.034262 

.035270 

.036300 

.037353 

.038428 

039525 

.040646 


.008598 

.008979 

009372 

.009780 

.010201 

.010636 

.011086 

.011550 

.012030 

.012525 

.013036 

.013564 

.014107 

.014668 

.015245 

.015840 

.016453 

017084 

.017734 

.018402 

019089 

.019796 

020522 

.021269 

022036 

.022823 

.023632 

.024462 

.025314 

.026188 

.027084 

.028002 

.028944 

.029909 

.030897 

.031909 

.032946 

.034006 

.035092 

.036202 

.037338 

038499 

.039687 

.040900 

.042139 

.043405 

.044698 

.046018 

.047366 

.048740 
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SKEWNESS 

t 

t 

.6 

7 

.8 

.9 



-1.99 

.005769 

.003269 

.001333 

000230 



-1.99 

-1.98 

.006083 


.001474 

.000279 



-1.98 

-1.97 

,006410 

003748 

.001625 

000334 

ooOool 


-1.97 

-1.96 

.006751 

.004007 

.001789 

.000397 

000002 


-196 

-1.95 

.007105 

.004280 

,001965 

000469 

.000004 


-1.95 

-1.94 

.007475 

,004567 

.002153 

.000551 

.000008 


-1.94 

-193 

.007859 

.004869 

.002355 

.000642 

000014 


-1.93 

-1.92 

.008258 


,002571 

.000745 

,000024 


-1.92 

-1.91 

.008672 


.002801 

.000859 

.000038 


-1,91 

-190 

009103 


.003047 

.000986 

000057 


-1.90 

-189 

009550 

006230 

.003309 

.001126 

.000082 


-189 

-1.88 

.010013 

.006612 

..003587 

.001280 

.000114 


-1,88 

-1.87 

010494 

.007011 

.003882 

.001449 

.000155 


-187 

-1.86 

.010992 

.007428 

004195 

.001634 

.000205 


-1,86 

-185 

,011509 

,007864 

004526 

.001836 

.000266 


-1 85 

-1.84 

012043 

.008318 

.004876 

.002055 

.000339 


Bim 

-1.83 

012596 

.008792 

.005246 

002293 

.000425 



-1.82 

.013168 

.009286 

.005637 

.002550 

.000526 



-1.81 

.013760 

,009800 

.006048 

.002827 

.000642 


BHiw 

-1.80 

014372 

.010334 

.006480 

003126 

.000776 

000001 


-1.79 

,015003 

,010891 

,00^35 

.003446 

.000929 

.000006 

-1.79 

-1.78 

015656 

.011469 

.007413 

.003789 

.001101 

.000016 


-1.77 

.016329 

.012070 

.007914 

.004156 

.001295 

.000033 

BIr/B 

-176 

.017024 

.012693 

.008439 

.004548 

.001511 

.000062 

B«9 

-1.7S 

.017741 

013340 

.008989 

.004965 

.001752 

i'rVn'/l 

BIfXfl 

-1.74 

018480 

.014011 

009564 

.005408 

.002017 


Brifl 

-1.73 

019242 

.014706 

.010165 

.005879 

.002309 

.000233 

Bliil 

-1.72 

.020026 

.015425 

.010793 

.006377 

.002629 

.000328 

BifiB 

-171 

.020834 

016170 

.011448 

.006904 

.002979 

.000446 

-1 71 

-1.70 

,021666 

,016941 

.012130 

.007461 

.003358 

.000590 

-1.70 

-1.69 

022522 

.017737 

.012841 

.008048 

.003769 

000761 


-168 

.023402 

,018560 

.013580 

.008667 

.004213 

.000962 


-167 

.024307 

.019410 

.014349 

.009317 

004691 

001195 

H|riiV 

-1.66 

.025238 

.020288 


.010001 

.005204 

.001462 

^9 nt • 

-1.65 


021193 


010717 

:005753 

.001766 

HrA- 

-1.64 


.022127 

.016838 

.011468 

.006340 

.002109 


-163 

B ii 

023090 

.017731 

.012254 

.006965 

.002491 

HIta 

-162 

.029218 

.024081 

.018655 

.013075 

.007629 

.002916 

Bik^^ 

-161 

.030280 

.025102 

019612 

.013933 

.008334 

.003385 

-1.61 

-1.60 

.031368 

,,026153 

020602 

.014827 

.009080 

.003899 

-160 

-159 

R7 7FFI 

027235 

.021625 

.015759 

.009868 

.004460 

-1.59 

-1.58 


.028346 

.022683 

.016729 

.010699 

.005069 

-1,58 

-1 57 

Wix 11: 111 

.029489 

.023775 

.017738 

.011574 

.005729 

-1.57 

-1,56 

.036002 

.030664 

,024902 

.018786 

.012494 

.006439 

-1.56 

-1.55 

037232 

,031870 

.026064 

.019873 

.013459 

.007202 

-1.55 

-1 54 

038490 

033108 

,027262 

.021001 

.014470 

.008018 

-1.54 

-1 53 

039778 

.034378 

.028496 

.022170 

.015528 

.008889 

-1.53 

-1.52 

.041096 

.035681 

.029766 

.023380 

.016633 

.009816 

-1.52 

-1.51 

042444 

.037018 

,031074 

024632 

.017786 

.010799 

-1.51 

-1.50 

.043821 

038387 

.032418 

.025926 

.018988 

.011839 

-1.50 
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PEARSON'S TYPE III FUNCTION—AREAS 




















PEARSON'S TYPE III FUNCTION-AREAS 


IT 





SKEWNESS 




t 

.6 

.7 

.8 

.9 

1.0 

1.1 

t 

-1.49 

045229 

.039790 


.027262 

.020239 

.012937 

-1.49 

-1.48 

.046668 

.041227 


.028641 

.021539 

.014094 

B ’?!■ 

-1.47 

.048138 

.042698 

.036678 

,030063 

.022890 

.015311 

B Iw 

-146 

.049638 

.044203 

038174 

,031529 

.024290 

.016587 

B 

-1 45 

.051170 

.045743 

.039709 

.033039 

.025742 

.017923 

B 

-1.44 

.052734 

.047317 

.041282 

.034592 

.027244 


B !lI 

-1.43 

.054329 

.048927 

.042895 

.036190 

.028798 


-1.43 

-1,42 

.055956 

,050571 

.044547 

.037833 

.030403 

.022299 

-1.42 

-1.41 

.057615 

.052252 

.046239 

.039520 

.032060 

.023880 

-1.41 

-1.40 

.059306 

.053967 

.047970 

041252 

033769 

.025523 

-1.40 

-1.39 

.061030 

.055718 

.049741 

043029 

.035530 

.027228 

-139 

-1.38 

.062786 

.057506 

.051551 

.044852 

.037343 

.028995 

-1.38 

-1 37 

.064575 

.059329 

.053402 

,046719 

.039206 


-1.37 

-136 

.066397 

.061188 

1 

.048632 

.041126 

.032714 

-1.36 

-1 35 

.068251 

.063083 


.050591 

.043095 

.034667 

-1.35 

-1 34 

.070139 

.065015 

.059196 

.052595 

.045117 

.036681 

-134 

■1 33 

.072060 

.066983 

.061208 

.054644 

.047191 

.038756 

-1.33 

-1.32 

074014 

.068987 

.063260 

.056738 

.049318 

.040893 

-1.32 

-1.31 

076001 

.071028 

.065353 

.058878 

.051496 

.043b90 

-1.31 

-1.30 

.078021 

.073105 

.067486 

.061064 

.053725 

.045348 

-1.30 

-1.29 

.080075 

.075219 

.069659 

.063294 

.056007 

.047667 

^129 

-1.28 

.082163 

.077370 

.071873 

.065570 

.058339 

.050045 

-1J8 

-1.27 

.084284 

.079557 

.074127 

.067891 

.060723 

.052482 

-1.27 

-1.26 

.086438 

.081780 

.076422 

.070256 

.063157 

.054978 

-126 

-1.25 

.088626 

.084040 

.078756 

.0726« 

.065642 

.057533 

-1.25 

-124 

.090847 

.086336 

.081130 

.075121 

.068178 

.060146 

-1.24 

-1.23 

.093102 

.088669 

.083545 

.077620 

.070763 

.062816 

-1.23 

-1.22 

.095391 

.091038 

.085999 

.080163 

.073397 

.065543 

-1.22 

-1.21 

.097712 

.093444 

.088493 

.082749 

.076081 

.068325 

-121 

-1.20 

.100068 

.095885 

.091026 

.085380 

.078813 

.071164 

-120 

-1.19 

.102456 


.093598 

.088053 

.081594 

.074057 

-1.19 

-1.18 

.104878 

.100876 

.096210 

.090770 

.064422 

.077004 

-1.18 

-1.17 

.107333 

.103426 


.093529 

.087298 


-1.17 

-116 

.109821 

.106011 

.101549 

.096330 

.090221 

.063057 

-1,16 

-1.15 

.112342 

.108631 

.104277 

.099173 

.093189 

.086162 

-1.15 

-1.14 

.114897 

.111287 

.107042 

.102058 

.096204 

.089318 

-1.14 

-1 13 

.117484 

.113978 

.109846 

.104984 

.099264 

.092525 

-1.13 

-1.12 

.120103 

.116704 

.112687 

.107951 

.102368 

.095781 

-1.12 

-1.11 

.122756 

.119464 

.115565 

11221 

.105517 


-1.11 

-1.10 

.125440 

.122259 

.118480 


.108708 

.102438 

-1.10 

-1.09 

.128157 

.125089 

.121433 

.117091 

.111943 

.105838 

-1.09 

-1.08 

.130906 

.127952 

.124421 

.120216 

.115220 

.109283 

-1.08 

-107 

.133687 

.130849 

.127445 

.123380 

.118539 

.112774 

-1/17 

-1.06 

.136499 

.133780 

.130505 

.126582 

.121898 

.116310 

-1.06 

-1.05 

.139344 

.136744 

.133600 

.129822 

.125298 

.119888 

-1.05 

-1.04 

.142219 

.139741 

.136731 

.133099 

.128737 

.123510 

-104 

-1.03 

.145125 

.142771 

.139895 

.136412 

.132215 

.127173 

-1.03 

-102 

.148063 

.145833 

.143094 

.139761 

.135732 

.130877 

-1j02 

-1.01 

.151031 

.148927 

.146326 

.143146 

.139286 

.134621 

-1.01 

-1.00 

.154029 

.152053 

.149592 

.146565 

.142877 

.138404 

-1.00 





























IS 


PEAKSON'S TYPE III FUNCTION—AREAS 


t 

SKEWNESS 


0 

1 

2 

.3 

.4 

.5 

t 

- .99 

161087 

161066 

16082S 

,1603.38 

159573 

158494 

- 99 

- 98 

163543 

163606 

163455 

163064 

162402 

161433 

- 98 

- 97 

.166023 

,166172 

166111 

.165816 . 

165258 

164401 

- ,97 

- .96 

168528 

.168762 

168792 

168595 

.168141 

.167396 

- 96 

- .95 

171056 

171377 

171500 

171400 

,171052 

,170420 

~ .95 

- 94 

173609 

174017 

174232 

174232 

.173989 

173472 

~ .94 

- 93 

176186 

,176682 

176990 

177090 

.176954 

176551 

- .93 

- 92 

178786 

179371 

179774 

.179974 

.179945 

.179658 

- 92 

- 91 

.181411 

182085 

182583 

182883 

.182963 

.182792 

- .91 

- 90 

184060 

.184823 

185416 

185819 

,186007 

.185953 

- .90 

- .89 

186733 

.187587 

188275 

188780 

.189077 

.189140 

- .89 

- 88 

.189430 

190374 

191159 

191766 

.192173 

.192354 

- 88 

- .87 

192150 

.193186 

.194068 

.194778 

195295 

195594 

- 87 

- 86 

194895 

196022 

.197001 

.197814 

198442 

198860 

- .86 

- .85 

197663 

198882 

.199959 

>i00876 

201614 

.202151 

- 85 

- .84 

200454 

201766 

.202941 

203962 

204812 

,205467 

- 84 

- .83 

203269 

204674 

205947 

207073 

208034 

208808 

- 83 

- .82 

.206108 

,207606 

J08977 

210208 

.211280 

.212174 

- 82 

- .81 

.208970 

210561 

212031 

.213366 

.214551 

,215564 

- 81 

- 80 

.211855 

.213540 

.215109 

.216549 

.217845 

.218978 

- .80 

- .79 

214764 

.216542 

.218210 

219756 

,221163 

222415 

- 79 

- 78 

.217695 

.219568 

.221335 

.222985 

224504 

.225876 

- 78 

- 77 

.220650 

.222616 

.224483 

.226238 

.227869 

.229359 

- 77 

- .76 

223627 

.225687 

227653 

229514 

231256 

.232865 

- .76 

- 75 

.226627 

228782 

,230847 

232812 

.234666 

.236393 

- .75 

- .74 

229650 

231898 

234063 

236133 

,238097 

239943 

- .74 

- 73 

232695 

.235038 

.237301 

.239476 

241551 

.243514 

- .73 

- 72 

.235762 

.238199 

.240561 

242840 

245026 

247106 

- .72 

- 71 

238852 

241382 

.243843 

246227 

248522 

.250719 

- 71 

- .70 

.241964 

244588 

.247147 

.249634 

252039 

.254353 

- .70 

- 69 

.245097 

247815 

.250472 

.253063 

255577 

.258006 

- ,69 

- .68 

248252 

.251063 

253819 

.256512 

.259135 

261678 

- .68 

- .67 

251429 

.254333 

257186 

.259982 

.262712 

.265370 

- ,67 

- 66 

254627 

257624 

260574 

.263471 

266310 

.269080 

- 66 

- 65 

.257846 

260935 

,263982 

.266981 

269926 

.272809 

- .65 

- .64 

,261086 

.264267 

.267410 i 

.270510 

.273561 

276555 

- .64 

- .63 

264347 

,267620 

270858 1 

.274058 

,277214 

.280319 

- 63 

- 62 

267629 

.270993 

274326 i 

.277625 

.280885 

.284100 

- ,62 

- 61 

270931 

274385 

.277813 

.281211 

,284574 

.287897 

- .61 

- 60 

274253 

.277797 

281319 

.284815 

.288281 

.291711 

- 60 

- .59 

277595 

281229 

.284844 

.288437 

292004 

.295540 

- .59 

- .58 

.280957 

.284680 

.288387 

.292076 

295743 

,299385 

- .58 

- 57 

.284339 

,288149 

,291948 

.295732 

299499 

..303244 

- 57 

- 56 

.287740 

.291638 

>295527 

.299406 

303270 

307118 

- .56 

- 55 

.291160 

.295144 

.299123 

,303095 

.307057 

.311006 

- ,55 

- .54 

294599 

.298669 

.302737 ' 

306801 

,310859 

,314908 

- ,54 

- 53 

298056 

.302211 

306368 

.310523 

314675 

,318822 

- ,53 

- .52 

301532 

,305771 

.310015 

.314260 

318506 

.322749 

- .*>:» 

- .51 

305026 

309349 

313678 

318012 

322350 

.326689 

- .51 

- 50 

308538 

,312943 

.317357 

.321779 

326207 

330640 

- .50 
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SKEWNESS 

» 

t 

6 

7 

8 

.9 

10 

1 1 

- .99 

.157058 

155211 

.152890 

150019 

146503 

.142224 

- 99 

- .98 

.160116 

.158399 

.156221 

153507 

.150166 

.146082 

- 98 

- .97 

.163204 

.161618 

.159584 

157028 

.153862 

.149976 

- .97 

- 96 

166321 

.164868 

.162978 

.f60582 

157593 

.153905 

- .96 

- .95 

169468 

168147 

166403 

.164168 

.161357 

.157869 

- .95 

- .94 

.172643 

171457 

.169859 

.167785 

.165153 

.161866 

- .94 

- .93 

.175846 

.174795 

.173345 

.171433 

.168981 

.165895 

- .93 

- 92 

.179078 

178162 

.176860 

.175111 

172840 

.169956 

- .92 

- 91 

182337 

.181558 

.180405 

.178819 

.176729 

.174047 

- .91 

- .90 

.185624 

.184981 

.183978 

.182556 

.180648 

.178168 

- 90 

- .89 

.188938 

.188433 

.187578 

.186321 

.184595 

.182317 

- .89 

- .88 

192279 

.191911 

.191207 

.190114 

.188569 

.186495 

- 88 

- .87 

195646 

.195416 

.194862 

.193934 

.192571 

.190699 

- .87 

- .86 

.199040 

.198948 

.198544 

.197781 

.196599 

.194929 

- .86 

- .85 

.202459 

.202505 

.202252 

201653 

.200653 

.199184 

- 85 

- .84 

205903 

.206088 

205S«S 

.205551 

.204731 

.203463 

- 84 

- 83 

.209372 

.209695 

.209743 

.209473 

.208834 

.207765 

- .83 

- 82 

.212860 

.213328 

.213525 

213419 

212959 

.212089 

- 82 

- 81 

.216384 

.216984 

.217331 

.217388 

.217107 

216434 

- .81 

- 80 

.219926 

.220664 

.221160 

.221379 

.221277 

.220801 

- .80 

- 79 

.223491 

.224366 

.225012 

225393 

.225468 

225186 

- .79 

- 78 

.227079 

.228092 

228886 

229428 

229678 

.229590 

- .78 

- .77 

230690 

.231839 

.232781 

233483 

.233909 

234012 

- .77 

- 76 

234323 

.235608 

.236697 

237558 

.238157 

.238451 

- .76 

- .75 

.237977 

239399 

.240633 

.241653 

.242424 

.242906 

- .75 

- .74 

.241653 

.243210 

244589 

.245766 

.246708 

.247376 

- .74 

- .'73 

.245350 

.247040 

.248565 

.249897 

.251008 

.251861 

- 73 

- .72 

.249067 

.250891 

.252558 

254045 

.255323 

.256359 

- .72 

- 71 

.252804 

.254761 

.256570 

258210 

.259654 

.260869 

- .71 

- .70 

.256561 

.258649 

.260599 

.262391 

.263998 

.265392 


- .69 

.260336 

.262555 

.264645 

.266587 

268356 

.269926 

- .69 

- .08 

264131 

,266479 

.268708 

270798 

.272727 

.274469 

- .68 

- 67 

267943 

270420 

.272786 

27S022 

.277110 

.279023 

- .67 

- .66 

.271773 

.274377 

.276879 

.279260 

.281503 

.283585 

- .66 

- 65 

,275621 

,278351 

.280986 

.283511 

285908 

288154 

- 65 

- .61 

279485 

.282340 

.285107 

287774 

.290322 

.292731 

- 64 

- 63 

283365 

.286343 

.289242 

292048 

294745 

.297315 

- 63 

- .62 

287261 

.290361 

.293389 

.296333 

299177 

.301903 

- ,62 

- 61 

.291173 

.294394 

.297549 

300628 

.303616 

.306497 

- .61 

- .60 

295099 

.298439 

,301720 

304932 

.308063 

.311095 

- .60 

- .59 

.299040 

.302497 

.305902 

309246 

312515 

315697 

- .59 

- .58 

.302995 

.306568 

.310095 

313567 

316974 

.320301 

- .58 

- J7 

306963 

.310650 

.314297 

317897 

321437 

.324907 

- 57 

- .56 

.310944 

.314743 

.318509 

322233 

32S90S 

.329514 

- 56 

- .55 

.314938 

.318848 

.322729 

.326575 

.330377 

.334122 

- .55 

- .54 

.318944 

.322962 

.326958 

.330924 

.334851 

.338730 

- .54 

- .53 

.322961 

.327086 

.331194 

.335277 

.339328 

.343338 

- ,53 

- .52 

.326989 

.331219 

.335437 

.339635 

.343807 

.347944 

- 52 

- .Si 

.331027 

.335361 

.339686 

,343997 

.348287 

.352548 

- .51 

- .50 

.335076 

.339511 

343942 

.348363 

,352768 

.357150 

- .50 
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PEARSON’S TYPE III FUNCTION-AREAS 


t 

SKEWNESS 

t 

0 

.1 

.2 

.3 


.5 

- .49 

.312067 

.316554 

.321051 

.325560 

.330077 

.334603 

- .49 

- .48 

.315614 

320181 

.324761 

329354 

.333960 

338576 

- .48 

- .47 

,319178 

.323824 

.328486 

.333163 

.337854 

342560 

- .47 

- 46 

,322758 

.327483 

.332225 

.336984 

.341761 

.346553 

- 46 

- .45 

,326355 

.331157 

.335978 

340819 

.345678 

,350557 

- .45 

- 44 

.329969 

.334846 

.339745 

344665 

.349607 

,354569 

- .44 

- .43 

,333598 

.338550 

.343525 

.348524 

.353545 

,358590 

- .43 

- 42 

.337243 

.342269 

.347319 

352394 

.357494 

362619 

- .42 

- 41 

340903 

.346001 

,351125 

.356275 

.361452 

.366655 

- .41 

- .40 

.344578 

.349747 

.354944 

.360167 

.365419 

,370699 

- .40 

- .39 

.348268 

.353507’ 

.358774 

.364070 

.369395 

,374749 

- .39 

- ,38 

.351973 

.357280 

.362616 

367982 

373379 

378806 

- .38 

- .37 

.355691 

.361065 

.366469 

.371904 

.377371 

382869 

- .37 

- .36 

.359424 

.364863 

.370333 

.375835 

381370 

386937 

- .36 

- .35 

.363169 

.368673 

.374208 

.379775 

.385376 

,391010 

- .35 

- .34 

366928 

.372494 

.378092 

.383723 

.389388 

395087 

- .34 

- .33 

370700 

376327 

.381986 

.387680 

393407 

,399169 


- .32 

374484 

.380171 

.385890 

391643 

.397431 

,403254 


- .31 

.378280 

.384025 

389802 

395614 

.401460 

.407342 


- .30 

382089 

.387889 

393723 

.399591 

.405494 


- .30 

- .29 

.385908 

.391763 

397652 

403575 

.409532 


- .29 

- .28 

.389739 

.395647 

.401589 

407564 

.413575 

419620 

^ .28 

- .27 

.393580 

.399540 

.405533 

.411559 

417620 

.423716 

- .27 

- 26 

.397432 

.403441 

.409483 

.415559 

.421669 

.427813 

- .26 

- 25 

401294 

.407351 

.413441 

.419563 

425720 

,431910 

- 25 

- 24 

405165 

.411269 

.417404 

.423572 

.429773 

436008 

- .24 

- .23 

.409046 

.415194 

.421373 

.427584 

.433828 

,440105 

- .23 

- .22 

412936 

.419126 

.425348 

.431600 

.437884 

.444201 

- .22 

- .21 

.416834 

.423066 

.429327 

.435619 

441941 

448296 

- .21 

- .20 

.420740 

.427011 

.433311 

.439640 

.445999 

.452389 

- .20 

- .19 

424655 

.430963 

437298 

.443663 

.450056 

,456479 

- .19 

- .18 

.428576 

.434920 

.441290 

.447688 

.454113 

.460568 

- .18 

- .17 

.432505 

.438882 

.445284 

.451714 

.458170 

.464653 

- .17 

- .16 

436441 

.442849 

.449282 

.455740 

, 462225 

.468735 

- .16 

- IS 

.440382 

.446820 

.453282 

.459768 

.466278 

.472813 

- .15 

- '.14 

.444330 

.450796 

.457284 

.463795 

.470329 

476887 

- .14 

- .13 

.448283 

.454775 

.461288 

.467822 

.474378 

480956 

- .13 

- 12 

.452242 

458757 

465293 

.471848 

.478424 

.485020 

- .12 

- .11 

.456205 

.462742 

,469298 

.475873 

482466 

489079 

- .11 

- 10 

460172 

.466730 

.473304 

.479896 

.486505 

.493132 

- .10 

- .09 

.464144 

.470719 

,477310 

483917 

490540 

497178 

- .09 

- 08 

.468119 

.474711 

481316 

487936 

.494570 

501218 

- .08 

- .07 

472097 

.478703 

.485321 

.491952 

498595 

.505251 

- .07 

- 06 

,476078 

.482696 

.489325 

.495964 

.502615 

509277 

- .06 

- .05 

.480061 

.486690 

,493327 

.499973 

.506629 

.513295 

- .05 

- .04 

,484047 

.490683 

.497327 

.503978 

.510637 

517310 

- 04 

- .03 

.488034 

.494676 

.501324 

.507978 

.514639 

.521306 

- .03 

- .02 

.492022 

.498668 

.505319 

.511974 

.518634 

.525298 

- .02 

- .01 

496011 

.502660 

.509311 

.515965 

.522621 

.529282 

- .01 

jOO 

.500000 

.506649 

.513299 

.519949 

.526602 

.533255 

.00 













PEARSON'S TYPE III FUNCTION—AREAS 


SKEWNESS 


t 

.6 

.7 

E 

.9 

1.0 

1.1 

- .49 

.339134 

.343668 

.348202 

.352731 

J57249 

.361748 

- .48 

.343201 

.347833 

.352468 

.357102 

J61729 

.366343 

- .47 

.347277 

.352004 

.356737 

.361474 

J6620S 

J70934 

- .46 

.351361 

.356181 

.361011 

.365847 

.370685 

J75519 

- .45 

.355452 

.360363 

.3652^ 

.370221 

J75160 

J80099 

- .44 

.359551 

.364551 

.369566 

.374595 

.379632 

.384673 

- .43 

.363656 

.368742 

.373847 

.378868 

.384101 

JB9240 

- .42 

.367767 

.372938 

.378130 

.383340 

J88565 

J93800 

- .41 

.3h884 

077137 

.382414 

.387711 

.393025 

.398353 

- .40 

.376006 

.381340 

.386698 

.392079 

.397480 

K.lty'AvM 

- .39 

.380133 

.385544 

.390982 

.396445 

.401930 

.407432 

- .38 

084264 

.389751 

.395266 


.406373 

.411958 

- 37 

.388398 

.393959 

.399549 

.405167 

.410810 

.416475 

- .36 

.392536 

.398168 

.403830 

.409522 

.415240 

.420981 

- .35 

.396677 

.402377 

.408109 

.413872 

.419662 

.425476 

- .34 

.400820 

.406587 

.412386 

.418217 

.424076 

.429961 

- .33 

.404965 

.410796 

.416660 

.4225:6 

.428482 

.434434 

- .32 

.409111 

.415004 

.420930 

.426889 

.432878 

.438895 

- .31 

.413259 

.419211 

.4251^ 

.431216 

.437266 

.443343 

- .30 

.417406 

.423415 

.429459 

.435535 

.441643 

.447779 

- .29 

.421554 

.427618 

.433716 

.439848 

.446010 

.452201 

- .28 

.425701 

.431817 

.437968 

.444152 

.450366 

.456610 

- .27 

.429847 

.436014 

.442214 

.448448 

.454712 

.461004 

- .26 

.433992 

.440206 

.446454 

.452735 

.459046 

.465384 

- .25 

.438136 

.444395 

.450687 

.457012 

.463367 

.469750 

- .24 

.442276 

.448579 

.454914 

.461281 

.467677 

.474100 

- .23 

.446415 

.452758 

.459133 

.465539 

.471974 

.478435 

- .22 

.450550 

.456931 

.463344 

.469786 

.476257 

.482754 

- .21 

.454681 

.461099 

.467546 

.474023 

.480527 

.487056 

- .20 

.458809 

.465260 

.471740 

.478249 

.484784 

.491343 

- .19 

.462932 

.469414 

.475925 

.482463 


.495612 

- .18 

.467051 

.473562 

.480100 

.486665 

.493254 

.499664 

- .17 

.471164 

.477702 

.484266 

.490855 

.497467 


- .16 

.475271 

.481834 

.488421 

.495032 

.501665 

.508316 

- .15 

.479373 

.485957 

.492566 

.499196 

.505847 

.512515 

- .14 

.483468 

.490072 

.496699 

.503347 

.510013 

.516696 

- .13 

.487556 

.494178 

.500821 

.507484 

.514164 

.520858 

- .12 

.491637 

.498275 

.504932 

.511607 

.518298 


- .11 

.495711 

.502362 

.509030 

.515715 

.522415 

.529126 

- .10 

.499776 


.513116 

.519609 

.526515 

.533232 

- .09 

.503833 

.510504 

.517189 

.523888 


.537317 

- .08 

.507882 

.514559 

.521249 

.527952 

.534664 

.541383 

- .07 

.511921 

.518603 

.525296 

.532000 

.538712 

.545429 

- .06 

.515951 

.522635 

.529329 

.536032 

.542742 

.549455 

- .05 

.519970 

.526655 

.533348 


.546753 

.553461 

- .04 

.523980 

.530663 

.537353 

tAArkJtO 


.557446 

- 03 

.527979 

.534659 

,541343 

.548031 

.554721 

.561410 

- .02 

.531968 

.538641 

.545318 

.551997 

.558676 

.565354 

- 01 

.535945 


.549278 

.555946 

.562613 

.569276 

00 

.539910 

mssi 

.553222 

.559878 


.573177 
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/V''(A’.VO.V.? TVI‘F. HI hUA’CTION-.'IRE/iS 


t 

SKEWNESS 


0 

1 

.2 

.3 

.4 

.5 

t 

,00 

500000 

506649 

513299 

519949 

526602 

533255 

.00 

01 

503989 

5106.37 

517283 

523928 

530574 

537219 

.01 

02 

507978 

514622 

,521263 

.527901 

534537 

.541172 

.02 

,03 

511966 

.518604 

,525237 

.531867 

.538493 

.545115 

.03 

04 

.515953 

522583 

529207 

.535825 

.542439 

.549047 

04 

05 

519939 

526559 

.533171 

539777 

.546375 

5S2%7 

.05 

06 

523922 

.530531 


543720 

550302 

.556876 

.06 

07 

527903 

.534498 

541082 

.547655 

SS42I9 

.560774 

.07 

08 

531881 

.538460 

.545027 

551582 

.558126 

.564658 

.08 

,09 

.535856 

.542418 

.548965 

555500 

562021 

.568531 

.09 

,10 

539828 

.546370 

.552896 

.559408 

.565906 

572390 

.10 

11 

543795 

.550316 

556819 

563307 

569779 

576236 

.11 

,12 

.547758 

554255 

560734 

5671% 

.573641 

580069 

.12 

.13 

551717 

.558189 

564641 

.571075 

577490 

583888 

.13 

14 

.555670 

562115 

,568539 

.574943 

.581327 

587693 

.14 

IS 

.559618 

.566033 

.572427 

578800 

.585152 

.591484 

.15 

16 

563559 

,569944 

.576306 

.582645 

588963 

.595260 

.16 

17 

567495 

.573847 

580175 

.586479 

.592761 

599022 

.17 

18 

571424 

.577741 

584033 

.590301 

.5%S46 

.602768 

.18 

.19 

575345 

581626 

.587881 

.594111 

600317 

606499 

19 

20 

.579260 

585503 

S91719 

.597909 

.604073 

.610214 

20 

,21 

583166 

589369 

595545 

601693 

.607816 

.613913 

.21 

22 

,587064 

,593226 

.599359 

.605464 

.611543 


.22 

23 

.590954 

597072 

.603161 

,609222 

.615256 


,23 

,24 

594835 

.600908 

606951 

.612966 

618953 

.624913 

24 

.25 

598706 

.604733 

.610729 

6166% 

.622635 

.628546 

25 

,26 

602568 

.608546 

614493 

620411 

,626301 

.632163 

,26 

27 

.606420 

612348 

618245 

624112 

.629951 

.635762 

.27 

,28 

610261 

616138 

.621983 

.627798 

.633585 

.639343 

.28 

29 

,614092 

619915 

.625707 

.631469 

.637202 

642907 

.29 

30 

617911 

623680 

629417 

.635125 

.640803 

646453 

.30 

.31 

,621720 

.627432 

.633113 

.638764 

644386 

649981 

.31 

.32 

,625516 

631170 

636794 

.642388 

647953 

653490 

32 

.33 

629300 

.634895 

.640460 

.645995 

651502 

.656981 

33 

34 

633072 

.638606 

644111 

.649586 

.655034 

.660454 

.34 

35 

,636831 

.642303 

,647746 

.6.53161 

.658547 

.663907 

.35 

36 

,640576 

,645986 

,651366 

656718 

662043 

667342 

.36 

37 

,644309 

649653 

.654970 

660258 

665521 

.670757 

.37 

38 

,648027 

,653306 

,658557 

663781 

668980 

.674153 

.38 

39 

651732 

.656943 

.662128 

067286 

,672420 

677530 

39 

40 

.655422 

660564 

665682 

670774 

.675842 

.680887 

.40 

.41 

.659097 

664170 

669218 

674243 

.679245 

.684224 

.41 

42 

662757 


672738 

.677694 

.682628 

.687541 

.42 

43 

666402 


.676240 

.681127 

.685993 

.690838 

43 

-44 

670031 

.674888 

,679724 

.684541 

689338 

.694115 

44 

,45 

673645 

678427 

.683191 

.687936 

.692663 

.697372 

45 

.4^* 

,677242 

681949 

.686639 

.691312 

,695968 

.700608 


.47 

680822 

685453 

690069 

.694669 

699254 

.703824 


.48 

684386 

.688940 

.693480 

698006 

.702519 

.707019 


49 

687933 

.692408 

696872 

‘.701324 

.705765 

.710194 

.49 























PEARSON'S TYPE III FUNCTION—AREAS 
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SKEWNESS 

t 

t 

.6 

7 

8 

9 

10 

1 1 

.00 

.539910 

.546566 

.553222 

.559878 

.566530 

.573177 

.00 

01 

,543864 

.550508 

.557151 

.563791 

.570427 

.577057 

.01 

02 

.547805 

.554436 

.561064 

567687 

574305 

580915 

02 

.03 

.551734 

.558349 

.564960 

.571565 

.578163 

584751 

.03 

.04 

.555650 

.562248 

568840 

.575425 

582001 

588566 

.04 

.05 

.559553 

.566132 

.572703 

.579266 

.585818 

592359 

.05 

.06 

.563443 

570001 

.576549 

.583088 

589616 

.596129 

.06 

07 

.567318 

.573854 

.580378 

.586892 

.593392 

599878 

.07 

.08 

.571180 

.577691 

.584190 

.590676 

.597148 

.603604 

08 

.09 

.575028 

.581512 

.587983 

.594441 

.600883 

.607307 

.09 

.10 

.578861 

.585317 

.591759 

.598186 

.604597 

.610988 

.10 

.11 

.582679 

.589106 

.595517 

601912 

.608289 

.614647 

.11 

.12 

586481 

592877 

599257 

.605618 

611961 

.618283 

.12 

.13 

590269 

596632 

602977 

.609.304 

.615611 

.621896 

13 

.14 

.594041 

600370 

606680 

.612970 

619239 

625486 

.14 

.15 

.597797 

.604090 

.610363 

.616615 

622846 

629053 

15 

.16 

.601537 

.607792 

614027 

.620241 

.626431 

632598 

.16 

17 

605260 

.611477 

.617672 

.623845 

629994 

636119 

17 

.18 

608967 

615144 

.621298 

627429 

.633536 

.639617 

.18 

.19 

612657 

.618792 

.624904 

.630992 

.637055 

.643092 

19 

1 

.20 

.616330 

.622422 

.628490 

.634534 

.640552 

646544 

20 

.21 

619986 

626034 

.632057 

.638055 

.644027 

649972 

21 

.22 

.623624 

.629626 

.635603 

.641555 

.647480 

653377 

.22 

.23 

.627244 

.633200 

.639130 

.645033 

.650910 

.656759 

23 

.24 

.630847 

.636754 

.642636 

.648491 

.654318 

.660118 

24 

.25 

634431 

640289 1 

646121 

.651926 

.657704 

663453 

.25 

26 

.637997 

643805 

.649586 

.655341 

.661067 

666765 

26 

.27 

.641545 

.647301 

653031 

658733 

.664408 

670053 

.27 

.28 

645074 

650778 

.656455 

662104 

.667726 

673318 

.28 

.29 

648584 

654234 

.659857 

.665453 

.671021 

,676560 

.29 

JO 

.652075 

.657671 

663239 

.668780 

674294 

.679778 

.30 

.31 

655547 

661087 

666600 

.672086 

.677544 

.682973 

.31 

.32 

.659000 

.664483 

.669939 

675369 

.680771 

686145 

.32 

J3 

.662433 

667859 

.673258 

678630 

.683976 

689293 

.33 

.34 

.665847 

.671214 

.676555 

.681870 

.687157 

,692417 

.34 

.35 

.669241 

674548 

.679830 

.685087 

.690316 

695519 

35 

36 

.672615 

.677862 

.683085 

688282 

693453 

.698597 

36 

.37 

.675969 

.681155 

.686317 

691454 

.696566 

701652 

.37 

.38 

.679302 

.684427 

689528 

694605 

699657 

704683 

38 

.39 

.682616 

687678 

692717 

.697733 

702725 

.707692 

.39 

.40 

.685909 

690908 

.695885 

700839 

.705770 

.710677 

40 

.41 

.689181 

.694117 

.699031 

703923 

.708793 

.713639 

.41 

.42 

.692433 

.697304 

.702155 

706984 

711792 

.716577 

.42 

.43 

.695664 

700470 

.705257 

710023 

.714769 

.719493 

.43 

.44 

.698875 

.703615 

,708337 

713040 

.717723 

722386 

,44 

45 

.702064 

.706739 

.711396 

.716035 

.720655 

.725256 

.45 

.46 

.705232 

.709840 

.714432 

719007 

.723564 

.728103 

.46 

.47 

.708380 

.712921 

.717446 

.721957 

.726450 

.730927 

.47 

.48 

.711506 

.715979 

.720439 

.724884 

729314 

.733728 

.48 

.49 

.714611 

.719016 

.723409 

.727789 

.732155 

736506 

49 
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FEAKSON'S TYPE III PUSCTION—AREAS 


t 

SKEWNESS 

t 

0 

.1 

2 

.3 

.4 

.5 

.50 

.691462 

.695859 

.700245 

.704622 

.708990 

.713347 

.50 

.51 

.694974 

699290 

.703599 

.707901 

.712194 

.716480 

.51 

.52 

^98468 

.702704 

.706934 

.711159 

.715378 

.719591 

.52 

.53 

.701944 

706098 

.710249 

714397 

.718541 

.722681 

.53 

.54- 

.705401 

.709473 

.713544 

.717615 

.721684 

.725751 

.54 

.55 

.708840 

.712829 

.716820 

.720812 

.724805 

.728798 

.55 

56 


.716165 

.720075 

723989 

.727906 

.731825 

.56 

.57 

.715661 

719481 

723310 

727145 

.730985 

734830 

.57 

.58 

.719043 

722778 

.726524 

.730280 

.734043 

.737814 

.58 

.59 

722405 

726054 

.729718 

.733394 

.737080 

.740776 

.59 

.60 

.725747 

.729311 

.732891 

736487 

.740096 

.743716 

.60 

.61 


.732546 

.736044 

.739559 

.743090 

.746635 

.61 

.62 

.732371 

735761 

739175 

.742609 

746062 

749532 

.62 

.63 

.735653 

.738955 

.742285 

.745638 

749013 

.752407 

.63 

.64 

738914 

.742129 

745374 

748646 

.751942 

.755261 

.64 

.65 

742154 

.745281 

,748441 

751632 

754850 

758093 

.65 

.66 

.745373 

.748411 

.751487 

754596 

.757736 

.760902 

.66 

.67 

748571 

751521 

754511 

.757539 

760599 

.763691 

.67 

.68 

.751748 

.754608 

.757514 

.760459 

.763441 

.766457 

.68 

.69 

754903 

.757674 

760494 

763358 

.766261 

769201 

.69 

.70 

.758036 

.760719 

.763453 

.766235 

.769060 

.771923 

.70 

.71 

.761148 

.763741 

.766390 

.76(9090 

.771836 

774624 

71 

.72 

.764238 

766741 

.769304 

.771922 

774590 

.777302 

.72 

.73 

.767305 

.769719 

772196 

774733 

.777322 

779959 

73 

./4 

.770350 

.772674 

775067 

777521 

.780032 

.782593 

74 

75 

773373 

.775607 

.777914 

.780287 

.782719 

.785206 

.75 

.76 

776373 

778518 

.780739 

783031 

785385 

.787797 

.76 

.77 

.779350 

.781406 

.783542 

.785752 

788029 

.790366 

77 

.78 

.782305 

.784271 

.786322 

.788451 

.790650 

.792913 

78 

.79 

.785236 

787113 

.789080 

791128 

.793249 

795438 

.79 


.788145 

789933 

.791815 

793782 

795826 

.797941 

80 

.81 

.791030 

.792729 

.794527 

.796414 

.798382 

.800423 

81 

.82 

.793892 

795503 

.797217 

799023 

.800914 

802883 

82 

.83 

.796731 

.798254 

.799883 

.801610 

.803425 

.805321 

.83 

.84 

.799546 

.800981 

.802527 

.804175 

805914 

807737 

.84 

.85 

.802337 

.803685 

.805148 

.806717 

.808381 

.810132 

85 

.86 

.805105 

.806366 

.807747 

809237 

.810625 

.812505 

86 

.87 

EHl 

.809024 

.610322 

811734 

813248 

814856 

87 

.88 

.810570 

.811658 

812875 

814208 

.815649 

817186 

.88 

.89 

.813267 

.814269 

.815404 

816661 

818027 

.819495 

89 

.90 

.815940 

.816856 

817911 

819091 

820384 

.821782 

.90 

.91 

.818589 

.819420 

.820395 

.821498 

.822719 

.824047 

.91 

.92 

.821214 

.821961 

.822856 

823884 

.825032 

.826291 

.92 

.93 

.823814 

.824478 

.825294 

.826247 

827324 

.828515 

.93 

.94 

.826391 

.826972 

827709 

828587 

.829593 

.830716 

.94 

.95 

.828944 

.829443 

830101 

.830905 

831841 

832897 

.95 

.96 

.831472 

.831889 

.832471 

.833202 

.834068 

835057 

.96 

.97 

.833977 

.834313 

.834818 

835476 

836272 

837196 

.97 

.98 

.836457 

.836713 

837142 

837727 

838456 

.839314 

.98 

.99 

.838913 

.839089 

.839443 

.839957 

.840618 

.841411 

.99 




















PEARSON'S TYPE JII FUNCTION—AREAS 


25 


t 

SKEWNESS 

t 

.6 

.7 

.8 

.9 

1.0 

1.1 

.50 

717694 

722031 

726358 

730672 

.734974 

.739262 

.50 

.51 

.720757 

.725025 

.729284 

.733533 

.737770 

.741995 

.51 

.52 

723797 

.727997 

732188 

.736371 

.740544 

.744706 

.52 

.53 

.726817 

.730947 


.739187 

.743296 

.747394 

.53 

54 

.729815 

.733875 

.737931 

.741981 

.746025 

.750060 

.54 

.55 

.732791 

.736781 

.740769 

.744753 

748732 

imm 

.55 

56 

,735745 

.739666 

.743585 

.747503 

751416 


.56 

.57 

.738678 

.742528 

.746379 

.750230 

.754079 

.757924 

.57 

.58 

.741589 

.745369 

.749152 

.752936 

.756720 

.760501 

.58 

59 

.744479 

.748188 

.751902 

.755619 

759338 

763056 

.59 

.60 

.747346 

.750985 


758281 

.761935 

.765590 

.60 

.61 

,750192 

.753760 

mmi 

.760920 

764509 

.768101 

.61 

.62 

.753016 

.756513 

.760021 

.763538 

.767062 

770591 


.63 

.755818 

759245 

.762684 

.766134 

.760593 

.773059 

.63 

.64 

.758599 

.761954 

.765325 

768708 

.772103 

I'i'i.ms 

.64 

.65 

.761357 

.764642 

767944 

.771261 

774590 


.65 

66 

.764094 

.767308 

.770541 

773792 

777057 

.780334 

.66 

.67 

.766809 

.769952 

.773117 

.776301 

779502 

1 .782717 

.67 

.68 

769 S 02 

.772574 

.775671 

.778789 

781925 

.785078 

.68 

.69 

.772173 

,775175 

.778203 

.781255 

784328 

.787418 

.69 

.70 

.774822 

.777754 

.780714 

.783700 

.786709 

.789738 

70 

,71 

.777450 

.780311 

.783203 

.786124 

.789069 

.792036 

.71 

,72 

780056 

.782847 

.785671 

.788526 

.791408 

.794314 

.72 

.73 

.782640 

.785361 

788118 

.790908 

.793727 

796571 

73 

.74 

.785202 

.787853 

.790543 

.793^8 

.796024 

.798806 

.74 

.75 

787743 

.790324 

.792947 

.795607 

.798301 

.801024 

75 

76 

.790262 

.792774 

.795330 

.797926 

.800557 


76 

.77 

.792759 

.795202 

.797692 

.800223 

.802793 

.805396 

.77 

.78 

.795234 

797609 

.800033 

.802500 


307551 

78 

.79 

.797688 

.799995 

.802352 

.804757 

.807203 

.809687 

79 

.80 

.800121 

.802359 

.804651 

.806992 

309378 

311803 

.80 

.81 

.802532 

.804703 

806929 

.809208 

.811532 

313899 

31 

.82 

.804922 

.807025 

.809187 

.811403 

.813667 

.815975 

32 

.83 

.807290 

.809326 

811424 

.813577 

.815782 

318032 

33 

.84 

809637 

.811606 

.813640 

.815732 

.817877 

320070 

.84 

.85 

.811962 

813866 

.815835 

.817866 

.819952 


35 

.86 

.814267 

.816104 

.818011 

.819980 

mmrm 

324087 

36 

87 

.816550 

.818322 

.820166 

.822075 

.824044 

.826067 

37 

.88 

.818812 . 

.820519 

.822301 

.824150 

.826061 


38 

.89 

.821053 

.822696 

.824415 

.826205 

.828059 

.829971 

39 

90 

823273 

.824852 

.826510 


330037 

331894 

SO 

.91 

.825473 

.826988 

828585 

.830256 

.831997 

.833799 

.91 

.92 

.827651 

.829103 

.830640 

.832253 

.833937 

.835686 

.92 

.93 


.831198 

.832675 

.834231 

.835859 

.837554 

.93 

.94 

.831946 

.833274 

834690 

.836189 

.837762 

.839404 

.94 

.95 

.834063 

835329 

.836686 

.838128 

339647 

.841236 

.95 

.96 

.836159 

.837364 

.838663 

.840049 

.841513 

343050 

.96 

.97 

.838234 

839379 


.841950 

343361 

344846 

.97 

.98 

.840290 

.841374 

.842538 

.843833 

345191 

.846625 

.96 

.99 

.842325 

843350 

.844477 

.845697 

347002 

343386 

.99 
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PEARSON'S TYPE III FUNCTION—AREAS 


t 

SKEWNESS 


0 

.1 

.2 

.3 

.4 

.5 

t 

1.00 

.841345 

.841442 

841721 

842165 

.842758 

.843487 

1.00 

101 


843772 

.843977 

.844351 

.844877 

.845543 

101 

102 


846078 


846515 

,846975 

847578 

1.02 

1.03 

.848495 

.848361 

.848421 

848657 

.849052 

.849592 

1.03 

1.04 

850830 

850620 

.850609 

.850777 

.851108 

.851586 

1.04 

lOS 

853141 

.852857 

.852775 

.852876 

853142 

853560 

1.05 

1.06 

.855428 

.855070 

.854918 

854952 

855156 

.855514 

1.06 

1.07 

.857690 

,857259 

.857039 

.857008 

.857149 

.857447 

1.07 

lOS 

.859929 

859426 

,859137 

.859042 

.859121 

.859361 

1.08 

1.09 

862143 

.861570 

.861213 

.861054 

.861073 

.861254 

1.09 

1.10 

864334 

.863690 

863268 

.863045 

863004 

863128 

1.10 

1.11 

.866500 

865788 


865015 

.864915 

.864982 

1.11 

1.12 

.868643 

.867862 


866964 

.866805 

.866816 

1.12 

1.13 

.870762 

.869914 

869298 

868891 

.868675 

.868631 

1.13 

1 14 

872857 

.871943 

.871264 

.870798 

870524 

.870427 

1.14 

1 IS 

.874928 

.873949 

873208 

872S83 

872354 

.872203 

1.15 

1.16 

.876976 

875933 

.875131 

.874548 

.874164 

.873960 

1.16 

1.17 

.879000 

877894 

877032 

.876393 

.875954 

.875697 

1.17 

1.18 

.881000 

.879832 

878912 

.878216 

.877724 

.877416 

1.18 

1.19 

.882977 

.881748 

.880771 

880019 

.879474 

.879116 

1.19 

1.20 

884930 

.883642 

.882608 

.881802 

.881205 

.880797 

1.20 

Ul 

.886861 

.885514 

.884423 

.883565 

.882916 

.882460 

121 

1.22 

.888768 

.887363 

886218 

885307 

884609 

.884104 

1.22 

1.23 

.890651 

.889191 

.887992 

.887029 

.886281 

.885729 

123 

1.24 

.892512 

.890997 

.889745 

.888732 

.887935 

.887336 

1.24 

1.25 

.894350 

.892780 

.891477 

.890414 

.889570 

888925 

1.25 

1.26 

.896165 

.894543 

.893188 

.892077 

.891186 

.8^97 

126 

127 

.897958 

.896283 

.894879 

,893720 

.892783 

.892050 

1.27 

128 

.899727 

.898002 

.896550 

.895344 

.894362 

.893585 

1.28 

1.29 

.901475 

.899700 

898200 

.896948 

.895922 

.895102 

1.29 

1.30 

.903200 

901376 

899030 

.898533 

.897464 

.896602 

1.30 

1.31 

.904902 

.903032 

.901440 

.900099 

898988 

.898085 

1.31 

1.32 

.906582 

904666 

.903029 

901646 

.900493 

.899550 

1.32 

1.33 

.908241 

.906280 

.904600 

.903174 

901980 

.900998 

1.33 

1.34 

.909877 

.907873 

.906150 

.904683 

.903450 

.902429 

1 34 

1.3S 

.911492 

909445 

.907681 

.906174 

.904902 

.903843 

L3S 

1.36 

913085 

.910996 

.909192 

.907646 

.906336 

905241 

1.36 

1.37 

.914657 

.912528 

.910684 

909100 

.907753 

.906621 

1.37 

1.38 

.916207 

.914039 

.912157 

.910536 

909152 

.907985 

1 38 

1.39 

.917736 

.915530 

913611 

911954 

.910534 

.909333 

1.39 

1.40 

.919243 

.917001 

.915046 

913353 

911899 

.910664 

1.40 

1.41 

.920730 

.918452 

.916463 

.914735 

913247 

911979 

1 41 

142 

.922196 

919884 

.917860 

.916099 

.914579 

.913278 

1.42 

143 

923641 

921296 

919239 

.917446 

915893 

.914561 

1.43 

1.44 

.925066 

.922689 

.920600 

.918775 

.917191 

.915828 

1.44 

1.45 

.926471 

.924062 

.921943 

.920087 

.918473 

.917080 

1 45 

1.46 

.927855 

.925417 

.923267 

921382 

.919738 

918316 

1.46 

1.47 

.929219 

.926752 

.924574 

.922660 

.920987 

.919537 

1.47 

1.48 

.930563 

.928069 

.925863 

.923921 

.922221 

.920743 

1.48 

1.49 

931888 

.929367 

.927134 

.925165 

.923438 

.921933 

1.49 




















PEARSON’S TYPE III FUNCTION—AREAS 


27 



SKEWNESS 

t 

t 

6 

7 

8 

9 

1.0 

1 1 

1.00 

844340 

845306 

.846377 

847543 

848796 

.850129 

100 

101 

.846335 

847243 

848258 

849370 

850572 

851855 

101 

102 

848310 

.849161 

,850120 

851179 

852330 

853564 

102 

103 

850265 

851059 

851964 

852970 

854070 

855256 

103 

1,04 

.852200 

852938 

,853789 

.854743 

.855793 

856931 

1.04 

lOS 

.854116 

.854798 

.855595 

.856498 

.857499 

858589 

1.05 

106 

,856012 

856639 

,857383 

,858236 

859187 

860230 

106 

107 

,857889 

.858461 

859153 

859955 

860859 

861854 

1.07 

1.08 

,859746 

860264 

.860905 

,861657 

.862513 

863463 

1.08 

1.09 

861584 

.862049 

.862639 

863342 

.864150 

865054 

109 

1.10 

863403 

863815 

.864354 

.865009 

.865771 

.866630 

1.10 

1,11 

865203 

865563 

.866052 

.866659 

.867375 

868189 

1.11 

1,12 

.866984 

.867293 

.867733 

868293 

.868%2 

869733 

1 1^ 

1.13 

,868746 

.869004 

,869396 

869909 

870533 

871260 

1 13 

1.14 

.870489 

.870698 

,871041 

871508 

.872088 

.872772 

1 14 

1.15 

872214 

.872373 

872669 

.873090 

873626 

.874268 

1.15 

1,16 

873920 

874031 

,874280 

.874656 

.875149 

875749 

1,16 

1.17 

,875608 

875671 

.875874 

876206 

,876656 

877214 

1 17 

1 18 

.877277 

877293 

877451 

877739 

878146 

878664 

1 18 

1 19 

878929 

.878898 

879011 

.879256 

879622 

,880099 

1 19 

1 20 

.880562 

880486 

880554 

880756 

881081 

881519 

120 

1.21 

.882178 

882056 

,882081 

882241 

882525 

.882924 

121 

122 

883775 

883609 

,883591 

883710 

883954 

.884314 

1 22 

1 23 

885355 

.885145 

,885085 

885163 

885368 

885690 

123 

124 

886918 

.886665 

'.886563 

886601 

886767 

.887051 

1.24 

1,25 

.888463 

.888167 

888025 

.888023 

888150 

888397 

1.25 

1.26 

889991 

889653 

889470 

889429 

889519 

.889730 

1 26 

1.27 

.891501 

891123 

890900 

890821 

890873 

891048 

1 27 

1.28 

,892995 

892576 

.892314 

892197 

892213 

.892352 

128 

1.29 

894471 

894012 

893712 

893558 

893538 

.893642 

1 29 

1 30 

,895931 

895433 

895095 

894904 

.894849 

894919 

1 30 

1.31 

,897374 

.896838 

.896462 

896236 

.896146 

896181 

1 31 

1.32 

,898800 

.898226 

.897815 

897553 

897428 

897430 

1.32 

1.33 

.900210 

899599 

899152 

898855 

898697 

898666 

1 33 

1 34 

901603 

.900956 

900474 

.900143 

.899951 

.899888 

1.34 

1 35 

902981 

,902298 

901781 

90I4I6 

901192 

901098 

135 

136 

904342 

,903625 

903073 

902676 

.902419 

902294 

1.36 

1 37 

905687 

,904936 

904351 

903921 

903633 

903477 

137 

138 

907017 

906232 

.905614 

905152 

,904833 

.904647 

1 38 

1,39 

908331 

907512 

906863 

906370 

906020 

.905804 

139 

1.40 

909629 

.908778 

908098 

907574 

.907194 

906949 

140 

1 41 

.910912 

910030 

909318 

908764 

.908355 

.908081 

141 

1.42 

.912179 

.911266 

.910524 

.909941 

,909503 

909201 

1.42 

143 

913431 

912488 

911717 

.911104 

.9106.38 

910308 

1.43 

144 

914669 

913696 

912895 

.912254 

911761 

.911403 

1.44 

1.43 

.915891 

.914889 

914060 

.913391 

.912870 

912486 

1,45 

1.46 

.917098 

.916068 

915212 

9I4SI6 

913968 

.913557 

1.46 

1,47 

.918291 

.917233 

.916350 

915627 

.915053 

.914617 

1 47 

148 

.919469 

.918385 

917474 

.91^25 

,916125 

915664 

148 

1.49 

920633 

.919522 

.918586 

.917811 

.917186 

916700 

\m 









28 


PEARSON’S TVPB III FUNCTION—AREAS 


t 

SKEWNESS 



.1 

2 

.3 

.4 

.5 

t 

IvSO 

.933193 

.930647 

.9283S8 

.926393 

924639 

.923108 

1.50 

l.Sl 

.934478 


.929625 

.927604 

.925825 

.924269 

l.Sl 

1.52 

.935745 


.930844 

.928799 

.926996 

.925415 

1.52 

1.53 

.^36992 

.934376 

.932046 

929978 

.928151 

.926546 

1.53 

1.54 

.938220 

.935584 

.933232 

.931141 

.929291 

.927663 

1.54 

1.55 

.939429 

936773 

.934400 

.932288 

.930416 

.928765 

l.SS 

1.56 

.940620 

.937945 

.935552 

.933419 

.931526 

.929853 

1.56 

LS7 

.941792 

.939100 

.936688 

.934535 

.932621 

.930927 

1.57 

1.58 

.942947 

.940238 

.937808 

.935635 

.933701 

.931987 

1.58 

1.59 

.944083 

.941358 

.938911 

.936720 

.934767 

.933034 

1.59 

1.60 

.945201 

942462 

.939998 

937790 

935819 

.934066 

1.60 

1.61 

.946301 

.943548 

941070 

.938845 

.936856 

.935086 

1.61 

1.62 

.947384 

.944619 

.942126 

.939885 

.937879 

.936091 

1.62 

1.63 

.948449 

.945673 

.943166 

.940910 

.938888 

.937084 

1.63 

1.64 

.949497 

.946710 

.944191 

.941921 

.939884 

.938063 

1.64 

1.65 

.950529 

947732 

.945201 

.942918 

.940866 

.939029 

1.65 

1.66 

.951543 

948737 

.946195 

.943900 

.941834 

.939982 

1.66 

1.67 

.952540 

.949727 

.947175 

.944868 

.942789 

.940923 

1.67 

1.68 

.953521 

.950701 

948140 

.945822 

.943730 

.941851 

1.68 

1.69 

954486 

.951660 

.949191 

.946762 

944658 

.942766 

1.69 

1.70 

.955435 

.952604 

.950027 

.947688 

.945574 

.943669 

1.70 

1.71 

956367 

953532 

.950948 

948601 

946476 

.944559 

1.71 

1.72 

.957284 

.954446 

.951856 

949500 

.947366 

.945438 

1.72 

1.73 

.958185 

955345 

.952750 

.950387 

.948243 

.946304 

1.73 

1.74 

.959070 

.956229 

.953629 

.951260 

.949107 

.947159 

1.74 

175 

.959941 

957098 

.954495 

.952120 

.949959 

.948002 

1.75 

1.76 

.960796 

.957954 

.955348 

.952967 

950799 

.948833 

1.76 

1.77 

.961636 

.958795 

.956187 

.953802 

.951627 

.949652 

1.77 

1.78 

.962462 

.959623 

.957013 

.954624 

.952443 

.950461 

1.78 

1.79 

.963273 

.960436 

.957826 

.955433 

.953247 

.951258 

1.79 

180 

.964070 

.961236 

.958626 ' 

.956230 

.954040 

.952044 

1.80 

1.81 

.964852 

.962023 

.959413 

.957015 

.954820 

.952818 

1.81 

1.82 

.965621 

.962796 

.960188 

.957788 

.955590 

953582 

■E3 

1.83 

.966375 

.963556 


.958550 

.956348 

.954335 


1.84 

.967116 

.964301 

.961699 

.959299 

.957095 

.955078 


1.85 

.967843 

.965037 

.962437 

.960037 

.957831 

.955810 

■Ea 

1.86 

.968557 

.965759 

.963162 

.960763 

.958555 

.956531 

■la 

1.87 

.969258 

.966468 

.963876 

.961479 

.959270 

.957242 


1.88 

.969946 

.967165 

.964578 

.962182 

.959973 

.957943 


1.89 

.970621 

.967849 

.965268 

.962875 

.960666 

.958634 

m 

1.90 

971283 

.968522 

.965947 

.963557 

.961348 

.959315 

m 

1.91 

.971933 

.969183 

9666t& 

.964228 


.959986 

1.91 

1.92 

.972571 

.969832 

.967271 

.964889 

.962682 

.960647 

1.92 

1.93 

.973197 

.970469 

.967916 

.965539 

.963334 

.961299 

1.93 

1.94 

.973810 

.971095 

.968551 

.966178 

.963976 

.961941 

1.94 

1.95 

.?74412 

.971710 

.969174 

.966808 

.964608 

.962573 

1.95 

1.96 


.972313 

.969787 

.967427 

.965231 

.963197 

1.96 

1.97 

.975581 

.972906 

.970390 

.968036 

.965844 

.963811 

1.97 

1.98 

.976148 

.973488 

.970982 

.968635 

.966447 

.9^16 

1.98 

1.99 

.976705 

.974059 

.971564 

969224 

.967041 

.965013 

1.99 


























PEARSON’S TYPE "! FVNCTION—AREAS 




t 

SKEWNESS 

t 

.6 

.7 

.8 

9 

1.0 

1.1 

1,50 

.921782 

.920646 

.919684 

.918884 


.917724 

1.50 

1,51 

,922918 

.921756 

.920769 

919945 


.918737 

1.51 

1.52 

.924039 

.922853 

.921842 

.920994 

.920296 

919738 

1.52 

1.53 

,925146 

923936 

922902 

.922030 

.921309 

.920729 

1.53 

1,54 

.926240 

.925006 

.923949 

.923054 

.922311 

921708 

1.54 

1.55 

.927319 

.926064 

.924983 

924066 

.923301 

.922676 

1.55 

1.56 

.928386 

.927108 

.926006 

.925067 


.923633 

1.56 

1.57 

.929439 

.928139 

.927016 

,926056 

.925247 

.924579 

WEM 

1.58 

.930478 

.929158 

.928014 

.927033 

.926203 

.925515 

1.58 

1.59 

.931504 

.930164 

.929000 

.927998 

.927149 

.926440 


1.60 

.932518 

.931158 

.929973 

.928952 


.927355 

1.60 

1.61 

.933518 

.932139 

.930936 

.929895 

.929006 

.928259 

1.61 

1,62 

.934506 

.933106 

.931886 

.930827 

.929919 

.929153 

1.62 

163 

.935481 

.934065 

.932825 

.931748 

.930821 

.930037 

163 

1.64 

.936443 

.935010 

.933752 

.932657 

931713 

.930910 

1.64 

1.65 

.937393 

.935943 

,934668 

.933555 

932594 

.931774 

1.65 

166 

.938330 

936865 

.935573 

.934443 

.933465 

.932627 

166 

167 

.939256 

.937775 

.936467 

.935321 

.934325 

.933471 

1.67 

1.68 

.940169 

.938673 

,937349 

.936187 

.935176 

.934306 

1.68 

1.69 

,941071 

.939560 

.938221 

937043 

.936016 

.935130 

1.69 

1.70 

.941960 

,940435 

.939082 

.937889 

.936847 

.935945 

1.70 

1.71 

.942838 

.941300 

.939932 

.938725 

.937668 

.936751 

171 

1.72 

.943704 

.942153 

940772 

.939551 

.938479 

.937547 

1.72 

1.73 

,944559 

.942995 

.^1601 

.940366 

939280 

.938334 

1.73 

1.74 

.945403 

.943827 

.942420 

.941172 

940072 

.939112 

1.74 

1.75 

.946235 

.944647 

,943228 

.941967 

.940855 

.939881 

175 

1.76 

.947056 

.945457 

.944027 

.942753 

.941628 

.940641 

1,76 

1.77 

.947866 

.946257 

.944815 

.943530 

.942392 

.941392 

1.77 

1.78 

.948665 

.947046 

.945593 

.944296 

943146 

.942134 

178 

1.79 

,949454 

.947825 

.946362 

.945054 

.943692 

.942868 

1.79 

1.80 

.950232 

.948594 

.947121 

.945802 

.944629 

.943593 

1.80 

1.81 

.950999 

.949353 

.947870 

.946541 

.945357 

.944309 

1.81 

1.82 

.951756 

.950101 

.948609 

.947270 

.946076 

.945017 

1.82 

183 

952502 

.950840 

.949339 

.947991 

.946786 

.945717 


1.84 

.953239 

.951569 

.950060 

.948702 

.947488 

.946408 


1.85 

.953965 

.952289 

.950772 

.949405 

.948181 

.947092 


186 

.954681 

.952999 

.951474 

.950099 

.948866 

.947767 


1.87 

.955388 

.953699 

.952167 

.950785 

.949543 

QdAlli 


1.88 

.956085 

.954390 

.952852 

.951461 

.950211 

.949093 


1.89 

,956772 

.955072 

.953527 

.952130 

.950871 

.949745 

169 

1.90 

.957449 

.955745 

.954191 

.952790 

.951523 

.950389 

1.90 

1.91 

.958117 

.956409 

.954852 

.953441 

.952168 

.951025 

1.91 

1.92 

.958776 

.957064 

.955502 

.954085 

.952804 

.951653 

1.92 

1.93 

.959426 

.957710 

.956143 

.954720 

.953432 

.952274 

1.93 

194 

.960066 

.958347 

.956776 

.955347 

.954053 

.952888 

1.94 

1,95 

.960698 

,958975 

.957400 

.955966 

.954666 

.953494 

1,95 

1.96 

.961320 

.959595 

.958017 

.956578 

.955272 

.954093 

1.96 

1.97 

.961934 

.960207 

.958645 

.957181 

.955870 

.954684 

1.97 

1.98 

.962539 

.960810 

.959225 

.957777 

.956460 

.955269 

1.98 

1.99 

.963135 

.961405 

.959817 

.958365 

.957044 

.955847 

1.99 





















30 


PEARSON'S TYPE III FUNCTION—AREAS 


SKEWNESS 


t 


0 .1 


.2 


3 


.4 


.5 


t 


200 

.977250 

,974620 

2,01 

977784 

975170 

202 

978308 

.975711 

203 

.978822 

976241 

204 

.979325 

976761 

205 

,979818 

977271 

206 

980301 

977772 

207 

,980774 

.978264 

208 

.981237 

978745 

209 

.981691 

.979218 


972136 

.972698 

9732S1 

.973793 

.974326 

974850 

.975365 

975870 

.976366 

.976854 


.969804 

970375 

.970936 

.971487 

.972030 

972563 

.973088 

.973604 

.974111 

.974609 


.967626 

.968202 

.968768 

969326 

969875 

.970415 

.970947 

971471 

.971986 

972492 


965600 

966179 

.966749 

.967310 

.967863 

968408 

.968944 

.969473 

.969993 

970505 


2.00 

2.01 

2.02 

203 


2.04 

505 

2.06 

2.07 

2.08 

2.09 


2.10 

.982136 

979682 

.977332 

2.11 

.982571 

.980137 

977802 

2.12 

.982997 

.980583 

978264 

2,13 

983414 

.981020 

.978717 

214 

983823 

981449 

.979162 

2 IS 

.984222 

981869 

.979591 

2.16 

984614 

982281 

980028 

217 

.984997 

.982685 

,980449 

2.18 

985371 

.983081 

980862 

219 

.985738 

983469 

981267 

220 

.986097 

.983849 

.981665 

221 

.986447 

984222 

982056 

2 22 

.986791 

.984587 

982439 

2.23 

.987126 

.984945 

982815 

2 24 

987455 

985296 

.983184 

2.25 

.987776 

985639 

983546 

2,26 

988089 

.985975 

983901 

2 27 

.988396 

.986305 

.984249 

2 28 

,988696 

986627 

984590 

229 

.988989 

986943 

984925 

2 30 

989276 

.987253 

.985254 

2.31 

989556 

987556 

985576 

2.32 

989830 

.987852 

985892 

2,33 

.990097 

.988143 

.986202 

2.34 

990358 

.988427 

986506 

2 35 

990613 

.988705 

986804 

2 36 

990863 

.988977 

■987096 

2 37 

.991106 

989244 

987382 

2.38 

.991344 

.989505 

.987662 

2 39 

.991576 

989760 

.987937 

240 

991802 

990010 

.988207 

2.41 

,992024 

990254 

988471 

2 42 

992240 

.990493 

.988730 

2.43 

,992451 

990727 

.988984 

2.44 

.992656 

990955 

989232 

245 

992857 

.991179 

989476 

246 

,993053 

991398 

989714 

2.47 

.993244 

991612 

.989948 

2 48 

993431 

.991821 

.990177 

249 

.993613 

,992025 

990401 


.975100 

,972991 

.971010 

2.10 

.975581 

973482 

.971507 

2i:i 

976055 

973964 

971996 

2.12 

976521 

974439 

.972478 

2.13 

976978 

.974907 

.972952 

2.14 

977428 

.975366 

.973419 

2.15 

977870 

975818 

.973879 

216 

978304 

.976263 

.974332 

2.17 

978731 

976701 

974777 

2.18 

.979151 

977131 

.975216 

2.19 

979563 

977554 

.975648 

220 

979967 

977970 

.976073 

2 21 

980365 

.978380 

.976491 

2.22 

.980756 

978782 

976903 

223 

.981140 

979178 

.977308 

2.24 

981517 

.979567 

.977707 

2.25 

.981887 

979950 

978099 

226 

982251 

.980326 

.978486 

2.27 

982608 

980696 

978866 

2.28 

.982959 

981060 

979240 

2.29 

.983303 

981417 

979608 

2.30 

983641 

981768 

.979970 

2 31 

983973 

.982114 

980326 

232 

.984299 

982453 

980677 

2 33 

984620 

982787 

981022 

2 34 

984934 

'983115 

981361 

2.35 

.985242 

983438 

.981695 

2.36 

985545 

.983754 

.982023 

2.37 

.985843 

.984066 

.982346 

238 

.986134 

.984372 

982664 

2.39 

.986421 

.984672 

982976 

2.40 

,986702 

.984968 

983283 

241 

986978 

.985258 

983586 

2 42 

.987249 

.985543 

.983883 

2.43 

.987514 

.985823 

.984175 

2.44 

.987775 

.986098 

984463 

2.45 

.988031 

.986369 

.984746 

2.46 

988281 

.966534 

.985024 

2.47 

.988528 

.986895 

.985297 

248 

988769 

.987152 

.985566 

2.49 



















PEARSON'S TYPE 111 FUNCTION—AREAS 


31 



SKEWNESS 

t 

t 

.6 

7 

.8 

.9 

10 

1.1 

2.00 

.963723 

961992 

,960402 

.958946 

.957620 

.956417 

2.00 

201 

.964303 

.962571 

960978 

959519 

.958189 

956<)81 

2.01 

202 

.964874 

.963142 

961547 

960085 

958751 

,957538 

2 02 

203 

.965437 

963705 

.962109 

960644 

959306 

958088 

2.03 

204 

965992 

964260 

962663 

961196 

.959854 

95S632 

204 

205 

966539 

.964808 

.963209 

.961740 

960395 

959169 

205 

206 

967079 

965348 

.963749 

.962277 

.960929 

959699 

2,06 

2.07 

967610 

.965880 

.964281 

.962808 

.961457 

.960223 

2,07 

2.08 

.968133 

.966405 

964806 

.963331 

.961978 

.960740 

206 

209 

968649 

.966923 

.965324 

,963848 

.962492 

.961252 

2.09 

210 

.969158 

.967433 

.965834 

,964358 

.963000 

.961757 

2,10 

211 

.969659 

,967937 

.966338 

.964861 


962256 

211 

212 

970153 

,968433 

.966836 

,%5358 


.%2748 

212 

213 

970639 

968922 

.967326 

965848 

.964486 

963235 

213 

2.14 

.971118 

969404 

.967810 

966332 

.964969 

.963716 

2.14 

2.1S 

.971590 

.969880 

.968287 

,966810 

ESS!* 

964191 

215 

2.16 

,972056 

.970349 

968758 

967281 


.964660 

216 

217 

972514 

.970811 

.969222 

967746 

.966381 


2.17 

2 18 

.972965 

.971266 

969680 

968205 

,966840 


218 

2.19 

.973410 

.971715 

.970132 

.968658 

.967293 

.966032 

219 

2.20 

.973848 

972158 

.970577 

.969105 

967740 

966479 

2,20 

2 21 

.974280 

.972594 

971017 

.969546 

.968181 

966919 

2.21 

2 22 

.974705 

.973024 

,971450 

,969981 

.968617 

.967355 

2 22 

2.23 

,975124 

.973448 

.971877 

.970411 

969047 

.967785 

2.23 

224 

.975536 

973866 

.972299 

.970834 

.969472 

.968209 

2.24 

2 25 

,975943 

.974278 

.972714 

,971252 

.969891 

.968628 

2.25 

2 26 

976343 

.974684 

.973124 

971665 

.970305 

%9043 

2.26 

2 27 

.976737 

.975084 

973528 

.972072 

.970713 

.969451 

2 27 

228 

,977125 

.975478 

.973927 

.972473 

.971116 

.969855 

228 

2.29 

.977507 

.975866 

.974320 

972869 

,971515 

.970254 

2,29 

2.30 

.977883 

.976249 

.974708 

973260 

.971907 

.970648 

2.30 

2.31 

.978254 

.976626 

.975090 

.973646 

.972295 

971037 

2.31 

2.32 

.978619 

976998 

.975466 

974026 

.972678 

.971421 

2.32 

2.33 

,978978 

.977364 

.975838 

.974402 

,973056 

.971800 

2.33 

2.34 

.979332 

.977725 

.976204 

974772 

.973429 

.972175 

2.34 

235 

.979681 

.978081 

.976565 

.975137 

.973797 

.972544 

2.35 

2.36 

.980024 

.978431 

.976921 

.975497 

.974160 

.972909 

236 

2,37 

.980361 

.978776 

.977273 

.975853 

.974519 

.973270 

2.37 

2.38 

.980694 

.979116 

.977619 

976203 

.974872 

.973626 

2.38 

2,39 

.981021 

.979451 

.977960 

.976549 

,975222 

973977 

3 39 

2.40 

.981343 

.979782 

.978296 

.976891 

.975566 

974324 

2.40 

2.41 

.981660 

,980107 

.978628 

1977227 

.975907 

.974667 

2.41 

2.42 

.981973 

.980427 

.978955 

977559 

.976242 

.975005 

2.42 

2.43 

.982280 

.980743 

.979277 

.977886 

.976574 

.975339 

2.43 

2.44 

.982583 

.981054 

,979594 

.978209 

,976900 

,975669 

2.44 

2.45 

.982880 

.981360 

.979908 

.978528 

.977223 

.975995 

2.45 

2.46 

.983174 

981662 

.980216 

.978842 

.977541 

.976316 

2.46 

2.47 

,983462 

.981959 

.980520 

.979152 

.977856 

.976634 

2.47 

2.48 

,983746 

.982251 

.980820 

.979457 

978166 

976947 

248 

2.49 

.984026 

.982540 

.981116 

.979759 

.978472 

.977257 

2.49 

















PE/IRSON-S TYPE HI n'S’CTION—ARE.lS 



993 ; 90 
,993963 
994132 
,994297 
,994457 
,994614 
.994766 
.994915 
995060 
995201 

.995339 

995473 

.995604 

995731 

995855 

995975 



,996928 

997020 

.997110 

.997197 

997282 

997365 

.997445 

.997523 

,997599 

.997673 

.997744 

997814 

.997882 

.997948 



.992225 

.992421 

.992612 

992799 

.992981 

,993159 

993334 

.993504 

993671 

.993833 

993992 

994147 

.994299 

994447 

.994591 

,994732 

994870 

.995005 

995135 

.995264 

.995389 

995512 

.995631 

.995747 

.995861 

995972 

.996080 

.996185 

.996288 

996388 

,996486 

.996582 

.996675 

996766 

996854 

,996941 

997025 

997107 

997187 

.997265 

.997341 

.997415 

.997487 

997557 

.997626 

.997693 

.997758 

.997821 

.997883 

.997943 


,990621 

990836 

991047 

991253 

.991455 

991653 

,991847 

.992036 

.992222 

.992404 

.992582 

.992756 

992926 

993093 

.993256 

.993416 

99.3571 

993725 

993875 

.994021 

.994165 I 

,994305 

.994442 

.994576 

.994707 

.994835 

.994960 

995083 

.995203 

.995320 

995435 

,995547 

,995656 

.995763 

,995868 

,995970 

,996070 

996167 

,996263 

996356 

996447 

.996536 

.996623 

.996708 

.996791 

.996872 

.996951 

.997028 

,997104 

,997178 


991138 

991329 

.991516 

.991700 

991880 

.992057 

992230 

,992399 

.992565 

.992728 

,992888 

,993044 

.993197 

.993347 

.993454 

.993638 

993780 

.993918 

95M053 

9W186 



.991408 

.991582 

991753 

.991921 

,992086 

,992247 

,992406 

,992561 

.992714 

.992863 

.993010 

,993154 

,993295 

.993434 

993570 

.993703 

.993834 

.993962 

,994088 

.994212 

994333 

994451 

.994568 

.994682 


.996064 

996154 

.996243 

.996330 



985830 

986090 

.986346 

.986597 

986844 

987087 

.987326 

987560 

.987791 

988018 

988240 

.988459 

988675 

988886 

989094 

989299 

.989499 

.989697 

.969891 

990081 

.990268 

990452 

990633 

990811 

.990985 

.991156 

.991325 

,991490 

.991653 

.991812 

.991969 

.992123 

.992274 

992422 

992568 

.992712 

.992852 

992990 

.993126 

.993259 

.993390 

.993519 

.993(545 

,993768 

.993890 

.994009 

.994127 

.994242 

.994355 
































PEARSON’S TYPE III FUNCTION—AREAS 


33 



SKEWNESS 

t 

t 

6 

7 

.8 

.9 

1.0 

1.1 

2.50 

,984301 

.982824 

.981407 

.980056 

.978774 

.977562 

2.50 

2.51 

.984571 

.983103 

.981694 

.980349 

.979071 

.977864 

2.51 

2.52 

.984838 

.983379 

.981977 

.980638 



2.52 

2.53 

985100 

.983650 

.982256 

980923 


^11 

2.53 

2.54 

.985358 

.983917 

.982531 

.981204 

.979942 


2.54 

2 55 

.985611 

.984180 

.982802 

.981482 

.980224 

.979032 

W5 

2 56 

.985861 

.984440 

.983069 

.981755 

.980503 


i:S6 

2.57 

.986107 

.984695 

.983332 

.982025 

.980777 


2.57 

2 58 

.986349 

.984946 

.983591 

.982290 

.981049 

.979869 

2.58 

2.59 

.986587 

.985193 

.983847 

.982553 

S81316 

.980141 

2.59 

2.60 

.986821 

.985437 

.984098 

.982811 

.961580 


260 

261 

.987051 

.985677 

.984346 

.983066 

.981841 

.980674 

2.61 

2.62 

.987278 

.985913 

.984591 

.983317 

.982098 

.980936 

2.62 

263 

.987500 

.986146 

.984832 

.983565 

.982351 

.981194 

2453 

2.64 

,987720 

986375 

.985069 

.983810 

.982602 

.981449 

2.64 

2.65 

987935 

.986600 

.985303 

.984050 

.982848 

.961701 

2.65 

2.66 

.988148 

.986822 

.985533 

.934288 

.963092 

.981949 

266 

2.67 

988356 

,987041 

,985760 

.984522 

.963332 

.982194 

2.67 

2.68 

.988562 

.987256 

.985984 

.984753 

.983569 

982436 

2J6S 

2.69 

.988764 

.987468 

.986204 

.984981 

.983803 

.982675 

2.69 

270 

.988962 

.987676 

.986422 

.985205 

984034 

.982911 

270 

271 

.989157 

987882 

.986635 

.985426 

.984261 

.983143 

271 

272 

.989350 

988084 

,986846 

,985645 

.984485 

.983373 

2.72 

2,73 

,989539 

988283 

.987054 

.985860 

.984707 

.963600 

273 

2.74 

,989724 

.988479 

.987258 

986072 

.984925 

.983823 

2.74 

2.7S 

.989907 

.988671 

.987460 

.986281 

.965140 

naAnAA 

275 

2.76 

.990087 

.988861 

987658 

.986487 

.985353 

.9M262 

276 

2,77 

.990264 

,989048 

.987854 

,^6690 

.965562 

.9VA77 

277 

2.78 

.990438 

.989232 

.988046 

.986890 

.985769 

.984689 

278 

2.79 

.990608 

.989413 

.988236 

.987087 

,985973 

.984899 

279 

2.80 

.990777 

.989591 

.988423 

987282 

.986174 

.985105 

2.80 

2.81 

990942 

.989766 

.988607 

.987474 

.986373 

.985309 

2.81 

2.82 

991104 

.989939 

.988789 

987663 

.986568 

.985511 

2.82 

283 

991264 

.990109 

,988967 

.987849 

.986761 

.985709 

2.83 

284 

.991421 

.990276 

.989143 

.988033 

.986951 

.985906 

2.84 

285 

.991576 

.990440 

.989316 

988214 

.987139 

.986099 

2.85 

286 

.991727 

.990602 

.989487 

.988392 

.987324 

.986290 

2.86 

2.87 

.991877 

.990761 

.989655 

.988568 

.987507 

.986478 

2.87 

288 

.992024 

.990918 

.989821 

.988741 

.987687 

.986664 

2.88 

2.89 

.992168 

.991072 

989984 

.988912 

.987865 

.966848 

2.89 

2.90 

.992310 

.991224 

,990144 

.989080 



2.90 

2.91 

,992449 

,991373 

.990302 

,989246 

.988213 


2.91 

2.92 

,992586 

.991520 

.990458 

.989410 

.988383 

.987384 

2.92 

2.93 

.992721 

.991665 

.990612 

.989571 

.988551 

.987558 

2.93 

2.94 

.992853 

.991807 

.990763 

.989730 

.988717 

.987730 

2.94 

2.95 

.992984 

.991947 

.990911 

.989866 


.987899 

2.95 

2.96 

,993112 

.992085 

.991058 

.990041 

.989041 


2.96 

2.97 

.993237 

.992220 

.991202 

.990193 

.989200 

.968231 

2.97 

2.98 

.993361 

.992353 

.991344 

.990343 

.989357 

.988394 

2.96 

2.99 

.993482 

.992485 

.991484 

.990490 

.989512 

.988555 

2i>9 




















rr:ARSON'S TYPE III FUNCTION—AREAS 


t 

SKEWNESS 

t 

0 

.1 

.2 

3 


.5 

300 

,998650 

998001 

,997250 

.996415 

.995517 

994574 

3.00 

3,01 

.998694 

998058 

,997320 

996498 

.995613 

.994681 

3 01 

3 02 

,998736 

998114 

,997389 

996580 

,995706 

994786 

3.02 

3.03 

,998777 

998168 

997456 


,995798 

.994889 

3.03 

304 

998817 

.998220 

.997521 


995888 

994990 

3.04 

3,05 

998856 

.998272 

,997585 

996813 


.995089 

3 05 

3.06 

.998893 

998322 

.997647 

996888 

996062 


3.06 

3 07 

998930 

.998370 

.997708 

.996961 

.996147 


3.07 

308 

,998965 

.998417 

.997767 

.997032 

.996229 

995376 

3.08 

309 

998999 

.998463 

.997825 

.997102 

996311 

.995467 

3.09 

3 10 

999032 

998508 

997882 

.997170 

996390 

995558 

3.10 

3.11 

.999065 

998552 

997937 

,997237 

996468 

995646 

3.11 

312 

999096 

998594 

997991 

997302 

.996545 

.995733 

3.12 

3 13 

999126 

998635 

998044 

.997366 

996619 

.995819 

3.13 

3 14 

999155 

998675 

99809S 

<W429 

996693 

.995902 

3.14 

3 15 

999184 

998714 

.998145 

997490 

.996765 

.995984 

3 15 

3,16 

.999211 

998752 

998194 

.997550 

.996835 

.996065 

3.16 

3 17 

,999238 

998789 

998241 

997608 

.996904 

.996144 

3.17 

3.18 

,999264 

998825 

998288 

997665 

.996971 

.996221 

3.18 

3.19 

999289 

.998860 

.99B33S 

.997721 

.997038 

.996298 

3.19 


3.20 999313 .998894 998377 

3 21 999336 998927 <198420 

3.22 .999359 998959 .998462 

3 23 999381 998990 998503 

3 24 999402 999020 998543 

3 25 .999423 .999050 .998582 

3.26 .999443 999079 998620 

3 27 999462 999106 .998657 

3 28 .999481 999134 .998694 

3.29 .999499 .999100 .998729 


997775 .997102 .996372 3.20 

997829 .997166 .996445 3.21 

.997881 .997228 .996517 3.22 

997932 .997289 996588 3,23 

.997982 .997348 .996657 3.24 

.998031 997407 996725 3.25 

998078 .997464 .996791 3.26 

998125 .997520 .996856 3.27 

.998170 .997575 996920 3 28 

998215 .997629 .996983 3.29 




3.30 

3.31 

3 32 1,999550 
3.33 
334 

3 !^ .999610 

3 37 .99%24 

3.38 ,999638 

3.39 .999651 

340 999663 

3.41 .999675 

3.42 999687 

3 43 .999698 

3 44 .999709 

3.45 .999720 

3 46 .999730 

3 47 999740 

3.48 .999749 

3 49 .999759 


.999185 .998763 

.999210 998797 

.999234 .998829 

999258 
.999281 
99*1303 
.999324 
.999345 
.999365 
.999385 

999404 
999423 
.999441 
.999458 
999475 
999492 
.999508 




998258 

,998300 

.998342 

.998382 

.998422 

998461 

,998499 

,998535 

998572 

.998607 

998641 

.998675 

.9')8708 

.998740 

.998771 

.998802 

998831 

998861 

.998889 

998917 


.997681 

.997733 

.997783 

997832 

997881 

.997928 

997974 

.998020 

.998064 

998107 

.998150 

.998192 

998232 

.998272 

.998311 

.998349 

.998387 

.998423 

998459 

998494 


997045 

.997105 

997164 

997222 

.997279 

,997335 

997390 

.997443 

.997496 

997547 

997598 

997648 

.997606 

.997744 

.997791 

.997837 

.997881 

.997926 

.997969 

.99^11 



















PEARSON'S TYPE III FUNCTION—AREAS 


3S 



SKEWNESS j 

t 

t 

.6 

7 

.8 

.9 

1.0 

1.1 

300 

993602 

.992614 

.991622 

.990636 

.989664 

.988713 

3.00 

3 01 

.993719 

.992741 

.991757 

990779 

.989814 

.988869 

3.01 

3.02 

.993834 

992865 

991891 

.990920 

.989962 

.989024 

3.02 

3.03 

.993948 

.992988 

.992022 

.991060 

.990109 

.989176 

3.03 

3.04 

.994059 

.993109 

.992152 

.991197 

990253 

.989326 

3.04 

3 05 

.994169 

.993228 

.992279 

991332 

.990395 

989474 

3.05 

306 

994276 

.993345 

992405 

.991465 

.990535 

.989621 

3.06 

3 07 

.994382 

.993460 

.992528 

.991596 

.990673 

.989765 

3.07 

3.08 

.994486 

.993573 

.992650 

991726 

.990809 

.989907 

3.08 

3.09 

.994588 

.993684 

.992770 

.991853 

.990943 

.990048 

3.09 

3.10 

.994688 

.993794 

.992888 

991979 

991076 

.990186 

3.10 

3.11 

.994786 

.993902 

.993004 

.992102 

991206 

.990323 

3.11 

3.12 

.994883 

.994008 

.993118 

.992224 

.991335 

.990458 

3.12 

3.13 

.994978 

994112 

.993230 

.992344 

991462 

.990591 

3.13 

314 

.995072 

.994214 

.993341 

.992463 

.991587 

.990722 

3.14 

3 15 

.995163 

.994315 

.993450 

.992579 

991711 

.990851 

3.15 

3 16 

.995254 

994414 

.993558 

.992694 

.991832 

.990979 

3.16 

3:17 

.995342 

994511 

.993663 

.992807 

.991952 

.991105 

3.17 

3 18 

.995429 

.994607 

.993767 

.992919 

.992070 

.991229 

3.18 

319 

.995515 

994702 

993870 

.993029 

.992187 

.991352 

3.19 

3.20 

.995599 

994794 

993970 

.993137 

992.302 

.991473 

320 

3 21 

995681 

.994885 

.994070 

.993243 

992415 

991592 

3.21 

3 22 

.995762 

994975 

.994167 

.993348 

992527 

.991710 

3.22 

3 23 

.995842 

.995063 

.994263 

993452 

.992637 

991826 

3.23 

3.24 

.995920 

.995150 

.994358 

.993554 

.992746 

.991941 

3.24 

3 25 

.995997 

.995235 

994451 

.993654 

.992853 

992054 

3.25 

3.26 

.996072 

.995319 

994543 

.993753 

.992958 

.992166 

326 

3.27 

.996146 

.995401 

.994633 

993850 

.993062 

.992276 

3.27 

3 28 

.996219 

.995482 

.994722 

.993946 

.993165 

.992384 

3.28 

3.29 

.996290 

.995562 

.994809 

.994041 

.993266 

.992491 

3.29 

330 

996360 

.995640 

.994895 

994134 


.992597 

3.30 

331 

.996429 

.995717 

.994980 

994226 

BLvjktm 

992701 

3.31 

3 32 

.996497 

.995793 

.995063 

.994316 

HvaIti.iI 

.992804 

3.32 

3.33 

.996563 

995868 

995145 

.994405 

.993656 

992905 

3.33 

3.34 

996629 

995941 

.995226 

.994492 

.993750 

.993005 

3.34 

3 35 

.996693 

.996013 

.995305 

.994579 

.993843 

.993103 

3.35 

3.36 

.996756 

.996083 

995383 

.994664 

993934 

.993201 

336 

3.37 

.996817 

996153 

995460 

.994748 

.994024 

.993297 

3 37 

3 38 

996878 

.996221 

.995536 

994830 

.994113 

993391 

338 

3.39 

.996938 

.996289 

995610 

994911 

.994200 

.993485 

3.39 

3.40 

.996996 

.996355 

995683 

994991 

994287 

.993577 

3.40 

3 41 

.997054 

996420 

.995755 

995070 

.994372 

.993667 

3.41 

342 

.997110 

996483 

.995826 

.995148 

.994456 

.993757 

342 

3.43 

.997165 

.996546 

.995896 

.995224 

.994538 

993845 

3.43 

3.44 

997220 

.996608 

.995965 

.995299 

994620 

.993932 

3.44 

3.45 

.997273 

.996669 

.996032 

.995374 

.994700 

.994018 

3.45 

3.46 

.997325 

.996728 

.996099 

.995447 

.994779 

.994103 

3.46 

3.47 

.997377 

996787 

.996164 

.995519 

.994857 

.994187 

3.47 

3 48 

.997427 

996844 

996229 

.995589 

.994934 

.994269 

3.48 

3.49 

.997477 

.996901 

.996292 

.995659 

.995009 

.994350 

3 49 
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SKEWNESS 1 

t 

t 

6 

7 

.8 

.9 

1.0 

1.1 

3.50 

997526 

.996957 

.996354 

.995728 

.995084 

.994431 

3.50 

3.51 

.997573 

.997011 

.996416 

.995795 

.995128 

.994510 

3.51 

3.52 

.997620 

997065 

.996476 

.995862 

.995230 

.994588 

3 52 

3.53 

.997666 

.997118 

WmSi 

.995928 

.995302 

.994665 

3,53 

3.54 

.997711 

997170 


.995992 

.995372 

.994740 

3.54 

3.55 

.997756 

.997221 

996651 

.996056 

.995441 

.994815 

3 55 

3 56 

.997799 

.997271 

.996708 

.996118 

.995510 

.994889 

3.56 

3.57 

.997842 

.997320 

.996764 

.996180 

.995577 

.994962 

3.57 

3.58 

.997884 

,997369 

.996818 

996241 

.995644 

.995034 

3.58 

3.59 

.997925 

.997416 

.996872 

.996301 

.995709 

.995104 

3.59 

1 

3.60 

.997965 

.997463 

.996925 

.996359 

.995774 

.995174 

360 

3.61 

.998005 

.997509 

.996977 

.996417 

.995837 

.995243 

361 

3.62 

.998044 

997554 

.997028 

.996475 

.995900 

.995311 

362 

3.63 

.998082 

.997598 

.997079 

.996531 

.995962 

.995378 

3.63 

3.64 

.998120 

.997642 

.997128 

.996586 

.996022 

.995444 

3.64 

365 

.998156 

.997685 

.997177 

.996641 

996082 

.995509 

365 

3.66 

.998192 

.997727 

.997225 

.996694 

.996141 

.995573 

3.66 

3 67 

.998228 

997768 

997272 

996747 

.996200 

.995636 

367 

368 

.998263 

.997809 

997319 

.996799 

.996257 

.995699 

3.68 

3.69 

.998297 

.997849 

997364 

.996850 

.996314 

.995760 

3.69 

3 70 

998330 

.997888 

.997409 

.996901 

.996369 

.995821 

3.70 

3.71 

.998363 

.997927 

.997453 

.996950 

.996424 

.995881 

3.71 

3.72 

998395 

.997964 

997497 

.996999 

.996478 

.995940 

3 72 

373 

.998427 

,998002 

997540 


.996532 

.995998 

3.73 

3.74 

.998458 

.998038 

.997582 


.996584 

.996056 

3.74 

3.75 

.998488 

.998074 

.997623 

mmm 

.996636 

.996112 

3.75 

3.76 

.998518 

.998109 

.997664 , 

.997187 

.996687 

,996168 

376 

3.77 

.998547 

.998144 

.997704 

.997233 

.996737 

.996223 

377 

3.78 

.998576 

.998178 

997743 

ssnm 

.996786 

.996277 

3.78 

3.79 

998604 

.998211 

.997782 

.997321 

.996835 

.996331 

3.79 

3.80 

.998632 

.998244 

997820 

,997364 

.996883 

.996383 

3.80 

3.81 

998659 

.998277 

997857 

.997406 

.996931 

.996435 

3.81 

382 

.998685 

.998308 

997894 

997448 

.996977 

,996487 

3.82 

3.83 

.998712 

.998339 

997930 

.997489 

.997023 

.996537 

3.83 

3.84 

.998737 

.998370 

.997966 

.997530 

.997068 

.996587 

3.84 

3.85 

.998762 

.998400 

.998001 

997570 

.997113 

.996636 

385 

3.86 

.998787 

.998430 

.998035 

.997609 

997157 

.996685 

3.86 

3.87 

998811 

.998459 

.998069 

.997648 

.997200 

.996733 

387 

3.88 

998835 

.998487 

.998102 

.997686 

.997243 

,996780 

3.88 

389 

.998858 

.998515 

.998135 

.997723 

.997285 

.996826 

3.89 

3.90 

.998881 

.998543 

.998167 

.997760 

.997326 

.996872 

3.90 

3 91 

998903 

.998570 

998199 

.997796 

.997367 

.996917 

3.91 

392 

.998925 

998596 

.998230 

.997832 

.997407 

.996962 

3.92 

3.93 

.998947 

.998622 

.998261 

.997867 

.997447 

.997006 

3.93 

394 

.998968 

998648 

998291 

,997902 

.997486 

.997049 

3.94 

3.95 

.998988 

.998673 

.998320 

,997936 

.997524 

.997092 

3.95 

396 

.999009 

.998697 

998349 

.997969 

,997562 

.997134 

3.96 

3.97 

.999029 

.998722 

.998378 

,998002 

997600 

.997175 

3.97 

3 98 

999048 

,998745 

998406 

.998035 

.997636 

.997216 

3.98 

399 

.999067 

.998769 

.998434 

.998067 

.997673 

.997256 

3.99 












r/./IA’S()\.S ri/V; III ffSXTION—AKE.-IS 


is 


SKKWNr.SS 


t 

0 

1 

400 

WWkS 

'899*)21 

401 

.99*8)70 

‘888923 

4 02 

iSwH 

*888926 

4 02 

issa 

009029 

404 


,'888931 

4 OS 

<)‘m74 

•888934 

4,06 

9<)9')7,S 

909*936 

407 

999977 

999038 

408 

<W977 

9*9*9910 

40<; 

,999978 

999*943 

4 10 

9*J9')79 

990945 

4 11 


999947 

4 12 


9*88948 

4 13 

'W')982 

9*88950 

414 

99*9983 

*888952 

4 15 

,999083 

<88)954 

4 16 

<899981 

‘99*995 5 

4.17 

9*88985 

.<899957 

4.18 

*9*9*8983 

*888959 

4 19 

*99*8986 

*899960 

4,20 


.999962 

4.21 

,‘99*8987 

.‘999903 

4 22 

'899*988 

*889964 

4 23 

9*88988 

.*99*9966 

4 24 

*888989 

.*888907 

4,25 

*888989 

9*89968 

4 26 


999969 

4 27 

.*888990 

‘899*970 

4 28 


99*8971 

429 

*999*891 

<899972 

4 30 

9*99*891 

.‘889973 

4 31 

.*999*892 

,9*99974 

4.32 

*888992 

*888)75 

4.33 

,99*9993 

099976 

4..34 

*888893 

990977 

4 3S 

.9999*)3 

.99*9978 

4 36 

.*99*8893 

.‘99*9979 

4 37 

*888894 

9*89980 

4 38 

9*99*994 

9*89980 

4 39 

9*99994 

9*99981 

440 

099995 

0*89982 

4.41 

9*88995 

.'888983 

4 42 

9*88995 

‘888983 

4.43 

.*888895 

9*89984 

444 

.9*89996 

‘888984 

4 45 

0*88990’ 

999985 

4.46 

.099996 

,999*986 

4 47 

‘999996 

.999986 

4 48 

99*9990 

.‘888987 

4.49 

999996 

.999987 


2 

,3 

0*8983*9 

999717 

*999844 

0*89724 

*99*9840 

090732 

000853 

<990730 

,000858 

*889746 

*99*9862 

99*9753 

‘8)9W)6 

‘99*9760 

.090870 

y*907fi6 

099874 

999772 

'999878 

999779 

.999882 

*88)785 

*88)886 

*999790 

*889889 

*9*907*96 

9*998*92 

.000802 

999896 

‘88)807 

*999899 

090812 

999902 

.990818 

999905 

*99*9823 

*888908 

999827 

9*99911 

999832 

999914 

999837 

.<899916 

<99*9841 

.999*919 

999846 

999922 

*889850 

.99*9924 

.9*89854 

‘99*9926 

999858 


.*889862 

.999931 

.999866 

*999*933 

.999870 

.9*89935 

‘999873 

.999937 

090877 

,99*9939 

.0*99880 

.99*9941 

999883 

999943 

.999887 

.‘889945 

.999890 

999947 

.<899893 

099948 

999896 


.99989*9 

999952 

<999902 

999953 

.999904 

,999955 

999907 

*899956 

999*910 

9*89958 

.999912 

999959 

.9*99915 

‘89‘89f)0 

999917 

999962 

.99*9920 

.9*89963 

,999922 

99*9964 

.9*99924 

.999965 

.‘999*926 


999928 


4 

.5 

t 

*899551 

.999340 

400 

9*99562 

.999355 

4 01 

.999572 

999369 


.999583 

.999383 


999593 

999396 

Be 

99*9603 

999409 


999612 

.99*9423 

Ksl 

9*99622 

.999435 


999631 

.999448 

BeS 

.999640 

999460 


999640 

999472 

4 10 

.999657 

.999484 

4.11 

999665 

999495 

4.12 

999674 

.999506 

4.13 

.999682 


4.14 

999689 


4 15 

.9*89697 

999538 

4 16 

.999704 

999549 

4.17 

999712 

999559 

4 18 

.999719 

999569 

4 19 

999726 

.999578 

420 

999732 

999588 

4 21 

999739 

.999597 

4 22 

.*999746 

.999606 

4 23 

‘999752 

.999615 

4,24 

.999758 

.999623 

4.25 

.999764 

,999632 

4,26 

999770 

.999640 

4.27 

.999776 

999648 

4,28 

999781 

.999656 

4.29 

.999787 

.999664 

4.30 

.999792 

999671 

4 31 

.999797 

.999679 

4.32 

999802 

999686 

4.33 

999807 

.999693 

4,34 

,999812 

999700 

4.35 

999817 

.999707 

4.36 

.999821 

.999713 

4 37 

999826 

.999720 

4,38 

999830 

999726 

4.39 

,999834 

,999733 

4.40 

.999838 

.999739 

4.41 

.999842 

.999745 

4.42 

.999846 

999750 

4.43 

.999850 

999756 

4.44 

,999854 

.999762 

4.45 

.999858 

.999767 

4.46 

.999861 

999772 

4.47 

999865 

999778 

4.48 

.999868 

.999783 

4.49 
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SKICWNKSS 

t 

t 

6 

.7 

.8 

,9 

■■ 


400 

.999086 

.998792 

998461 

'198098 

017708 

997296 

400 

4 01 

.999105 

.998814 

998488 

018129 

01774,3 

,997335 

4.01 

402 

999123 

,9'J8836 

998514 

998160 

.017778 

997374 

4 02 

4,03 

.999140 

,9<)8a58 

99H540 

OIK 190 

o;7812 

0)7412 

4 0.3 

4,04 

999158 

,998879 

998565 

.998219 

017846 

997450 

4,04 

4,05 

.999175 

998900 

.998590 

.018248 

997879 

997487 

405 

4 W) 

W191 

998921 

09«()15 

018277 

017911 

0)752.3 

4 06 

407 

.999208 

,998941 

.9'J8f)39 

998.305 

9<)7'143 

017559 

4 07 

408 

.999224 

998961 

.998(')63 

998333 

.997975 

.997594 

4.08 

4,09 

.999239 

998080 

998686 

.998360 

.018006 

997629 

409 

4,10 

9992SS 

9^)9000 

.998709 

,998387 

998037 

097664 

4 10 

411 

999270 

f/woia 

998731 

,0)8413 

0)8067 

0)7698 

411 

412 

99928S 

.9<)'X)37 

998754 

<»98439 

998097 

.997731 

4 12 

413 

999299 

9<)'X)55 

018775 

,018465 

.'1<)8126 

.017764 

413 

4.14 

999314 

999073 

998797 

.998490 

.998155 

997797 

414 

4 15 

9'»328 

.O'WOJO 

9<188I8 

9118514 

0)818,3 

017829 

415 

4,16 

999341 

999107 

9988.39 

998539 

99B2U 

.997861 

4.16 

4.17 

99^)355 

999124 

993859 

.018563 

998239 

.997892 

417 

4.18 

.999308 

.9'»141 

998879 

018586 

998266 

.01792,3 

418 

4,19 

999381 

,999157 

998899 


998293 


4 19 

4.20 

999394 

.999173 

.998918 

.9'18632 

998319 

,0)7983 

420 

4.21 

999406 

999188 

998937 

,998655 

998345 

99^12 

4 21 

4 22 

999418 

9992C4 

.998956 

.998677 

998371 

.998041 

4 22 

4.23 

999430 

99<J219 

,018974 

998019 

9983% 

998070 

.3,23 

4 24 

999442 

,999234 

.018012 


998421 

998098 

4 24 

4 25 

.9199453 

9<1<)248 

.901010 

.998741 

998445 

998126 

4 25 

4 26 

99')404 

,9'19262 

.90)027 

.018762 

0)8470 

998153 

4 26 

4.27 

,999475 

.999276 

.999045 

,998782 

.998493 

998180 

4 27 

4 28 

999480 

,0)9290 

01<)Of)l 

0)8803 

0)8517 

998207 

4 28 

429 

.999497 

,999304 

01'X)78 

018822 

:01S540 

998233 

4 29 

430 

.OiJO-W 

9'W317 

.9990')4 

0)8842 

0)8562 

998259 

430 

4.31 

999517 

.999.330 

. 990110 

0)8861 

,998.585 

0)8285 

4.31 

4 32 

999527 

999343 

.999126 

998880 

.998607 

.998310 

4 32 

4,33 

,99<)537 

9‘19355 

999141 

.0)8898 

,998628 

.998335 

4 33 

434 

999547 

,999367 

,999157 

998916 


.998359 

434 

4 35 

999556 

,999379 

999172 

018').34 

.998f)70 

.018383 

4 35 

4,36 

999565 

999391 

.999186 

9989S2 

998691 

,998407 

4.36 

4.37 

.999574 

,999403 

.901201 

.998969 

018712 

.018430 

4 37 

438 

.999583 

999414 

.999215 

018986 

998732 

,998453 

4.38 

4.39 

999592 

.999425 

.901229 


018751 

998476 

4.39 

4.40 

,999600 

.909436 

,999242 


998771 

<198498 

4,40 

4.11 

99'1608 

.999447 

019256 


.018790 

998520 

4.41 

442 

.999616 

.99<)4S8 

01'4269 


.O)8K09 

,018542 

4.42 

4.43 

.999624 

999468 

.999282 


998827 

998564 

4.43 

4,44 

999632 

.999478 

.999295 


.998846 

99858S 

4.44 

4 45 

999040 

.999488 

.999307 

•199098 

998864 

,998606 

445 

446 

.999647 

999498 

.999320 

.999113 

018881 

.998626 

4.46 

4.47 

99965.5 

.999508 

.999332 

.999128 

.998899 

.998646 

4.47 

4.48 

999662 

999517 

,999344 

.'101143 

.')9«<116 

<)‘1866f) 

4.48 

4.49 

.999669 

.999527 

.901355 

,999157 

.998933 

.018686 

4.49 
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t 


4 50 

4.51 

4.52 

4.53 
4 54 
4 55 
456 

4.57 

4.58 
4 59 

4.60 

4.61 

4.62 

4.63 

4.64 

4.65 
466 
4 67 

4.68 

4.69 

4 70 

4.71 

4.72 

4.73 

4.74 

4.75 
4 76 
4 77 
4 78 
4 79 

480 
4.81 
4 82 
4.83 
484 
4.85 

486 

487 

4.88 

4.89 

490 

4.91 

492 

4.93 

494 

4.95 

496 

4.97 

4.98 

4.99 


SKEWNESS 


0 

.1 

.2 

3 

4 

5 

t 

999997 

999988 

.999967 

999930 

999872 

999788 

4 50 

999997 

999988 

999968 

999932 

999875 

.999792 

4.51 

.999997 

.999989 

.999969 

999934 


,999797 

4 52 

999997 

999989 

.999970 

999936 

999881 

.999802 

4,53 

999997 

.999989 

999971 

99CW38 

.999884 

.999806 

4 54 

999997 

999990 

999972 

999940 

999887 

999811 

4.55 

999997 

999990 

.999973 

.999941 

,999890 

999815 

4.56 


999991 

,999974 

.999943 

.999893 

.999819 

4,57 

999998 

999991 

999975 

.999945 

,999896 

.999824 

4.58 

999998 

.999991 

999976 

.999946 

,999898 

.999828 

4 59 

.999998 

.999992 

.999977 

999948 

999901 

.999832 

4.60 

.999998 

999992 

999977 

.999949 

,999'X)3 

.999836 

4 61 

.999998 

999992 

999978 

.999951 

.999906 

.999839 

4.62 

999998 

999993 

,999979 

999952 

999908 

.999843 

4.63 

.999998 

.999993 

999980 

.999954 

,999911 

,999847 

4.64 
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.999993 

.999980 

9'999SS 

.999913 

999850 

4 65 

999998 

999993 

.999981 

999956 

999915 

999854 

4.66 

999998 

999994 

999982 

.999958 

,999917 

.999857 

4.67 

999999 

999994 

.999982 

.999959 

.999919 

999860 

468 

999999 

999994 

.999983 

999960 

999922 

.999864 

469 

999999 

.999994 

999983 

,999961 

999924 

.999867 

4.70 

999999 

,999995 

999984 

.999962 

999926 

999870 

4.71 

.999999 

.999995 

999984 

999963 

.999927 

,999873 

4.72 

999999 

999995 

999985 

.999964 

,999929 

.999876 

4.73 

.999999 

999995 

999985 

999905 

999931 

.999879 

4 74 

.999999 

.999995 

999986 

999966 

.999933 

.999882 

4.75 

.999999 

.999996 

99998^1 

.999967 

999935 

.999884 

4.76 

999999 

.999996 

999987 

999968 

999936 

.999887 

4.77 

,999999 

.999996 

.999987 

999969 

.999938 

999890 

4 78 

999999 

.999996 

.999988 

.999970 

999940 

999892 

4.79 

999999 

999996 

999988 

999971 

999941 

.999895 

i fin 

.999999 

.999996 

.999989 

999972 

.999943 

.999897 


999999 

.999997 

999989 

999973 

.999944 

.999900 


999999 

999997 

.999989 

999974 

999946 

.999902 


•WWW 

999997 

999990 

.999974 

999947 

,999904 


.999999 

999997 

999990 

.999975 

.999948 

.999907 

4.85 

.99^999 

.999997 

.999990 

999976 

999950 

.999909 

a fi/; 

999999 

999997 

999991 

999977 

999951 

999911 

ttlEl 

999999 

999997 

999991 

999977 

999952 

.999913 

IIS 

999999 

.999997 

999991 

999978 

.999954 

.999915 

E|S 


999998 

.999992 

999979 

.999955 

999917 



999998 

.999992 

.999979 

999956 

.999919 

4 91 


999998 

999992 

999980 

.999957 

999921 

4 92 


999998 

999992 

.999980 

.999958 

.999923 

4 93 


999998 

999993 

.999981 

.999959 

.999925 

4.94 


999998 

,999993 

.999982 

.999961 

.999926 

4 Q .<; 


999998 

,999993 

.999982 

.999962 

.999928 

4 % 


.999998 

.999993 

,999983 

999963 

.999930 

497 


999998 

.999994 

999983 

.999964 

999932 

4 Ofl 


999998 

.999994 

.999984 

,999965 

999933 

















PEARSON’S TYPE III FUNCTION—AREAS 


41 



SKEWNESS 

t 

t 

.6 

7 

.8 

9 

10 

1.1 

4.50 

.999676 

.999536 

999367 

999171 

.998950 

.998705 

4.50 

4.51 

.999683 

999545 

.999378 

.999185 

.998966 

.998724 

451 

4.52 

.999689 

999553 

.999389 

.999198 

.998982 

.998743 

4,52 

4.53 

999696 

.999562 

.999400 

.999212 

.998998 

998762 

4.53 

4.54 

.999702 

999570 

999411 

.999225 

999014 

998780 

454 

4 55 

999708 

.999579 

999422 

,999238 

999029 

998798 

4 55 

4.56 

999715 

999587 

990432 

999251 

.990045 

998816 

4,.56 

4 57 

.999721 

.999595 

999442 

999263 

999060 

998833 

4.57 

4 58 

.999726 

999603 

999452 

999275 

.999074 

998850 

4 58 

4.59 

999732 

.999610 

.999462 

.999288 

999089 

.998867 

4 59 

4.60 

.999738 

.999618 

,999472 

999300 

999103 

.998884 

460 

4 61 

999743 

999625 

999481 

.999311 

.999117 

,998901 

4 61 

4 62 

.999749 

999632 

999490 

999323 

.999131 

998917 

462 

463 

999754 

999640 

990499 

.999334 

990145 

,998933 

463 

464 

999759 

.999647 

.999508 

999345 

.999158 

998049 

464 

4 65 

999764 

,999653 

999517 

.999356 

,999171 

998964 

4,65 

466 

.999769 

999660 

999526 

.990367 

999184 

998980 

4.66 

4.67 

999774 

999667 

9<99535 

.999378 

909197 

998995 

4.67 

468 

.999779 

.999673 

.999543 

,999388 

999210 

999010 

468 

4.69 

.999784 

.999680 

999551 

.999398 

.999222 

999024 

4,69 

4.70 

999788 

999686 

999559 

.999408 

999235 

999039 

4 70 

471 

999793 

.999692 

.999567 

.999418 

999247 

999053 

4,71 

4 72 

.999797 

.999698 

.999575 

999428 

999258 

.99^X67 

4 72 

4.73 

.999801 

.999704 

999583 

,999438 

999270 

999081 

4 73 

4 74 

.999806 

999710 

.999590 

999447 

.999282 

.999095 

4.74 

4 75 

999810 

999715 

.999598 

999457 

.999293 

999108 

■IZB 

4 76 

.999814 

.999721 

.‘J9960S 

999466 

999304 

.999121 


4 77 

.999818 

.999726 

999612 

.999475 

999315 

999134 


4.78 

.999822 

.999732 

.999619 

.99'J484 

999326 

999147 


4 79 

.999825 

999737 

999626 

999492 

9<99337 

999160 


Kl?!l 

999829 

.999742 

.999633 

,999501 

.999347 

999173 

4.80 

4.81 

999833 

999747 

999639 

999509 

999357 

999185 

4.81 

4 82 

.999836 

.999752 

999646 

.9‘J9518 

999368 

.999197 

4.82 

4.83 

999840 

999757 

.999652 

999526 

999378 

.990209 

4,83 

4.84 

.999843 

999762 

999659 

.999534 

.999387 

.999221 

4,84 

4 85 

999847 

.999766 

999665 

999542 

.999397 

999232 

4 85 

486 

999850 

.999771 

999671 

,999549 

999407 

999244 

486 

4 87 

.999853 

.999775 

.999677 

.999557 

999416 

999255 

4,87 

4.88 

999856 

999780 

99<J683 

999564 

999425 

.999266 

488 

489 

.999859 

.999784 

999688 

999572 

,999434 

,999277 

489 

4.90 

999862 

999788 

<)9%94 

999579 

999443 

.999288 

490 

491 

.990865 

999793 

999700 

.999586 

999452 

999298 

491 

4.92 

.999868 

.999797 

.wJyoi 

.999593 

999461 

.999309 

4.92 

4.93 

999871 

999801 

.999711 

.999600 

.999469 

999319 

4 93 

4.94 

999871 

.999805 

999716 

,999607 

999178 

999329 

4,94 

4.95 

.999876 

999808 

.999721 

.999614 

.999486 

.999339 

4,95 

4.96 

.999879 

'.>99812 

999726 

,999620 

.999494 

990349 

496 

4.97 

.999882 

.999816 

999731 

999627 

999502 

990359 

4.97 

4.98 

999884 

999820 

999736 

999633 

.999510 

999369 

4.98 

4.99 

.999837 

.999823 

.999741 

.999639 

999518 

9!»378 

4.99 












42 


PEARSON'S TYPE III FUNCTION—AREAS 



SKEWNESS 

t 

t 

0 

1 

.2 

3 

4 

5 

500 


.999998 

.999994 

.999984 

999965 

999935 

5.00 

5,01 


.999998 

.999994 

999985 

999966 

.999936 

5.01 

5.02 


999998 

.999994 

999985 

999967 

.999938 

5.02 

5.03 


999999 

.999995 

999986 

.999968 

999939 

5.03 

5 04 


.999999 

.999995 

999986 

.999969 

.999941 

5.04 

5 05 


,999999 

.999995 

999986 

999970 

.999942 

5.05 

506 


.999999 

999995 

999987 

.999971 

.999943 

506 

5,07 


.999999 

.999995 

.999987 

999971 

.999945 

5,07 

508 


.999999 

.999996 

999988 

.999972 

.999946 

508 

5.09 


.999999 

999996 

.999988 

999973 

999947 

509 

5.10 


.999999 

.999996 

999988 

999974 

,999949 

5,10 

5.11 


.999999 

999996 

.999989 

999974 

.999950 

511 

5.12 


999999 

999996 

999989 

999975 

.999951 

5 12 

5.13 


.999999 

.999996 

.999989 

999976 

999952 

5 13 

514 


.999999 

.999996 

.999990 

.999976 

.999953 

5.14 

S.IS 


999999 

.999997 

999990 

999977 

999955 

5 IS 

5 16 


999999 

999997 

999990 

999978 

.999956 

5.16 

5 17 


.999999 

.999997 

.999991 

.999978 

999957 

5.17 

518 


999999 

999997 

.999991 

999979 

999958 

5.18 

5.19 


.999999 

.999997 

999991 

.999979 

999959 

5,19 

5.20 


999999 

.999997 

999991 

999980 

.999960 

5.20 

5,21 


999999 

.999997 

999992 

.999980 

999961 

5 21 

5.22 


.999999 

.999997 

999992 

.999980 

999962 

5 22 

5 23 


.999999 

,999997 

.999992 

.999981 

999963 

5 23 

5.24 


,999999 

999997 

.999992 

,999982 

999963 

5 24 

5 25 


.999999 

.999998 

.999993 

.999982 

.999964 

5.25 

5 26 


,999999 

.999998 

.999993 

.999983 

.999965 

5 26 

5 27 


999999 

999998 

.999993 

.999983 

.999966 

5.27 

528 



999998 

.999993 

.999984 

,999967 

528 

5.29 



.999998 

.999994 

.999984 

.999968 

5.29 

5.30 



.999998 

.999994 

999985 

.999968 

5.30 

5.31 



.999998 

.999994 

.999985 

.999969 

5.31 

5.32 



.999998 

.999994 

999986 

.999970 

5.32 

5.33 



.999998 

999994 

999986 

.999971 

5.33 

5.34 



.999998 

.999994 

999986 

.999971 

5.34 

5.35 



.999998 

.999995 

,999987 

999972 

5 35 

5.36 



.999998 

.999995 

999987 

999973 

5.36 

5 37 



.999998 

.999995 

999987 

.999973 

5.37 

538 



.999998 

.999995 

.999988 

.999974 

5.38 

5.39 



.999999 

.999995 

999988 

.999975 

5.39 

5.40 



.999999 

.999995 

.999988 

.999975 

5.40 

5.41 



.999999 

999996 

.999989 

.999976 

5.41 

5.42 



999999 

.999996 

.999989 

.999977 

5.42 

5.43 



.999999 

.999996 

,999989 

.999977 

5.43 

544 



.999999 

.999996 

.999990 

.999978 

5.44 

5.45 



.999999 

.999996 

999990 

.999978 

5 45 

5.46 



.999999 

999996 

.999990 

999979 

5.46 

5.47 



.999999 

999996 

.999990 

.999979 

5.47 

5.48 



.999999 

.999996 

999991 

.999980 

5.48 

5.49 



.999999 

999997 

.999991 










PFiARSON'S TYPE III FUNCTION—AREAS 


43 



SKEWNESS 

t 

t 

6 

7 

8 

,9 

1 0 

1 1 

500 

999889 

,999827 

999746 

999645 

999526 

999387 

500 

5 01 

999892 

,999830 

.999750 

99%5I 

.999533 

999397 

5 01 

5.02 

999894 

,999833 

999755 

.99%57 

999541 

999406 

5 02 

5 03 

9998% 

999837 

999759 

999663 

999548 

999414 

5.03 

504 

999898 

.999840 

.999764 

999669 

.999555 

999423 

504 

5,05 

.999901 

.999843 

.999768 

99%74 

.999562 

.999432 

5 05 

506 

,999903 

.999846 

,999772 

99%80 

999569 

999440 

506 

5.07 

.999905 

.999849 

.999776 

999685 

.999576 

999449 

5 07 

5 08 

999907 

,999852 

999781 

99%91 

999583 

,999457 

5.08 

509 

.999909 

.999855 

.999785 

.99%% 

999590 

.999465 

509 

5,10 

999911 

.999858 

.999788 

.999701 

9995% 

,999473 

510 

5 11 

999913 

.999861 

999792 

999706 

999603 

.999481 

511 

5.12 

,999915 

999864 

9997% 

999711 

.999609 

.999489 

5 12 

5.13 

999917 

.999866 

.999800 

999716 

99%1S 

.999497 

5 13 

5,14 

95W18 

999869 

.999804 

.999721 

99%21 

999504 

514 

515 

.999920 

.999872 

.999807 

999726 

999627 

999512 

515 

5.16 

.999922 

.999874 

999811 

.999731 

999633 

.999519 

5.16 

517 

,999924 

.999877 

999814 

,999735 

99%39 

999526 

5 17 

5 18 

999925 

999879 

999818 

999740 

999645 

999533 

5.18 

5.19 

999927 

999882 

999821 

999744 

99%S1 

.999540 

519 

520 

999928 

.999884 

999824 

.999749 

.99%56 

.999547 

5.20 

5.21 

999930 

999886 

\999828 

,999753 

999662 

.999554 

5 21 

5.22 

,999932 

999888 

V99M1 

999757 

999667 

999561 

522 

5.23 

999933 

.999891 

W834 

.999761 

.99%72 

.999567 

5 23 

5.24 

999935 

999893 

.999837 

999765 

99%78 

999574 

5.24 

5.25 

999936 

,999895 

.999840 

.999769 

999683 

999580 

5 25 

5 26 

999937 

.999897 

.999843 

.999773 

999688 

999587 

526 

5 27 

999939 

'199899 

'799846 

999777 

.99%93 

999593 

5.27 

5 28 

999940 

999901 

,999849 

.999781 

.'W698 

999599 

528 

5,29 

,999941 

999903 

,999851 

999785 

999703 

999605 

529 

530 

,999943 

.999905 

999854 

.999789 

999708 

99%I1 

530 

531 

,999944 

.999907 

999857 

999792 

999712 

99%17 

5.31 

5.32 

999<J45 

999909 

999860 

99'17% 

999717 

.999623 

5 32 

5 33 

999946 

999911 

,999862 

999799 

999721 

999628 

5 33 

5 34 

999948 

9'99913 

999865 

.999803 

999‘726 

999634 

5.34 

5 35 

999949 

999914 

999867 

.999806 

99'9730 

99%39 

5 35 

5.36 

,999950 

.999916 

999870 

999809 

999735 

999645 

5.36 

5.37 

999951 

.999918 

999872 

999813 

.999739 

99%50 

5.37 

5.38 

,999952 

999919 

.999874 

.'»99816 

999743 

99%S6 

5.38 

5 39 

999953 

999921 

999877 

999819 

999747 

99%61 

5,39 

5.40 

999954 

.999923 

999879 

999822 

999751 

999666 

540 

5.41 

.999955 

0<W924 

999881 

.999825 

999755 

,99%71 

5.41 

5,42 

.999956 

.999926 

,999884 

999828 

999759 

9)9676 

5 42 

5.43 

,999957 

999927 

999886 

999831 

999763 

999681 

543 

5.44 

999958 

9'»929 

999888 

.999834 

.999767 

.999686 

5,44 

5.45 

,999959 

.999930 

.9991890 

,999837 

,999771 

,999690 

5.45 

5.46 

,999960 

.'799931 

.999892 

.999840 

99<7774 

.999695 

546 

5.47 

,999961 

,999933 

999894 

999843 

.999778 

,999700 

547 

5,48 

999962 

.999934 

.9998% 

.99<»45 

999782 

999704 

5.48 

5 49 

999962 

999936 

999898 

999848 

.999785 

.999709 

5,49 













44 


PEARSON’S TYPE III FUNCTION^AREAS 



SKFAVNESS 



t 

t 

0 

1 

.2 

.3 

.4 

,5 

S-50 



.999999 

.999997 

999991 

.999981 

5.50 

5-51 



999999 

.999997 

999991 

.999981 

5.51 

542 



999999 

.999997 

.999992 

999982 

5.52 

543 



,999999 

999997 

999992 

.999982 

5.53 

5 M 



999999 

.999997 

999992 

999983 

5.54 

S 55 



.999999 

.999997 

.999992 

999983 

5.55 

5 



999999 

.999997 

.999993 

.999983 

S.S6 

547 



.999999 

.999997 

.999993 

.999984 

5.57 




.999999 

999997 

.999993 


5 58 

5 59 



.999999 

.999997 

999993 

.999985 

5.59 

5_60 



.999999 

999998 


999985 

5.60 

561 



,999999 

.999998 

.999994 

999985 

5 61 

5.62 



.999999 

999998 

.999994 

999986 

562 

5.63 



.999999 

999998 

.999994 

999986 

563 

564 



.999999 

999998 

.999994 

999986 

5.64 

5.65 



.999999 

999998 

.999994 

999987 

565 

566 



.999999 

999998 

999994 

999987 

5.66 

5.67 



.999999 

.999998 

99999S 

.999987 

5.67 

568 




.999998 

999995 

999988 

5.68 

5.69 




999998 

.999995 

.999988 

5.69 

5.70 




.999998 

.999995 


5.70 

3.71 




.999998 

.999995 

.999989 

5.71 

5 72 




999998 

999995 

.999989 

5,72 

5.73 




999998 

.999995 

.999989 

5.73 





999998 

.999996 

.999989 

5.74 

W81 




.999999 

.999996 

.999990 

5.75 





999999 

999996 

.999990 

5.76 

5 77 




999999 

.999996 

.999990 

577 

5 78 




.999999 

999996 

.999990 

5.78 

5.79 




.999999 

.999996 

.999991 

5.79 

580 




.999999 


999991 

5.80 

5 81 




.999999 

.999996 

999991 

5 81 

5 82 




999999 

.999996 

999991 

5.82 

583 




999999 

999997 

.999992 

5.83 

584 




.999999 


.999992 

5.84 

5 85 




,999999 

.999997 

.999992 

5 85 

5.86 




,999999 

.999997 

.999992 

5.8b 

5 87 




,999999 

.999997 

999992 

587 

5 88 




.999999 

.999997 

999993 

5.88 

589 




.999999 

999997 

999993 

589 

590 




.999999 

.999997 

.999993 

5.90 

591 




999999 

,999997 

.999993 

5.91 

5.92 




999999 

999997 

999993 

5.92 

593 




999999 

999997 

.999993 

5.93 

594 




999999 

999997 

.999994 

5.94 

5.95 




.999999 

.999998 

.999994 

5.95 

596 




999999 

999998 

.999994 

5.96 

5.97 




999999 

.999998 

.999994 

5.97 

5.98 

, 



999999 

.999998 

.999994 

5.98 

599 




999999 

.999998 

.999994 

5.99 




























































PEARSON’S TYPE Hi EUNCTION—AREAS 


45 


SKEWNESS 


t 

6 

,7 

8 

9 

10 

1,1 

t 

5 50 

.999963 

999937 

999900 

'XJ9851 

.99<5789 

999713 

550 

5 51 

,999964 

999938 

.99m2 

999853 

999792 

999717 

5 51 

5 52 

yvyybb 

9999,39 

999903 

999856 

,999795 

999722 

5.52 

5 53 

999966 

999941 

999905 

999858 

999799 

999726 

5 53 

5.'54 

999966 

.99f>942 

999907 

999861 

999802 

999730 

5 54 

5.55 

999967 

.99C)943 

999909 

999863 

999805 

999734 

5 55 

5 56 

,995X168 

.999944 

.9<X>910 

.999866 


999738 

5 56 

5.57 

999969 

.999945 

999912 

999868 

999811 

999742 

5 57 

5 58 

.999969 

.<>999+6 

999914 

999870 

999814 

999746 

5 58 

5 59 

.999970 

.999947 

.999915 

.999872 

,999817 

999750 

5 59 

560 

999971 

999949 

,999917 

999875 

999820 

999754 

5.60 

5 61 

,999971 

999950 

999919 

999877 

.999823 

999758 

5,61 

5 62 

mm 

999951 

999920 

.999879 

999826 

999761 

5.62 

563 

.999973 

999952 

.999922 

,999881 

999829 

.999765 

563 

5.6+ 

999973 

.999'>53 

999923 

999883 

.999832 

999768 

564 

5 65 

999974 

.999954 

999924 

999885 

,999835 

999772 

5 65 

5 66 

9<79974 

,9<>9955 

m926 

999887 

! 999837 

999775 

5.66 

5.67 

999975 

.999955 

99<>927 

999889 

999840 

999779 

5.67 

5.68 

999976 

.999956 

999929 

.999891 

999842 

999782 

568 

5 69 

.999976 

.999957 

.999930 

.999893 

999845 

999786 

5 69 

5 70 

999977 

.999958 

.999931 

999895 

.999848 

999789 

5,70 

5 71 

999977 

,999959 

.999933 

.999897 

999850 

999792 

5 71 

5.72 

.999978 

.999960 

999934 

.999898 

999852 

999795 

5 72 

5.73 

999978 

.999961 

.999935 

,999900 

999855 

999798 

5 73 

5.74 

,999979 

.9<X>961 

9999.36 

,999902 

999857 

999801 

5 74 

5 75 

999979 

.999962 

999938 

.999904 

.999859 

,999804 

5 75 

5 76 

,999980 

.999963 

.999939 

.999905 

999862 

.999807 

5.76 

5 77 

999980 

999964 

.9999+0 

999907 

,999864 

999810 

5.77 

5 78 

WlSO 

999965 

.999941 

999909 

999866 

,9^813 

5.78 

5 79 

.999981 

.999965 

,999942 

999910 

.999868 

9^816 

5 79 

5.80 


.999966 

.999943 

,999912 

.999871 

,999819 

580 

5 81 

.99«/982 

999967 

.999944 

.999913 

999873 

9^822 

b bi 

5.82 

,WJ82 

.9999f)7 

.999945 

999915 

999875 

.999824 

5.82 

5 83 

,999983 

.999968 

999946 

.999916 

999877 

.999827 

5 83 

584 

.<XX;g83 

999969 

.999947 

,999918 

999879 

999830 

5 84 

5.85 

,9f79983 

.999969 

999948 

999919 

.999881 

.999832 

5.85 

586 

,999984 

999970 

.999949 

999921 

999883 

.999835 

. 5 86 

5 87 

,999984 

.999971 

.999950 

.999922 

999885 

.999837 

5 

588 

.999984 

999971 

999951 

999923 

.999887 

999840 

588 

5 89 

,999985 

.999972 

999952 

,999925 

999888 

9^842 

5 89 

5.90 

999985 

999972 

.999953 

999926 

999890 

999845 

5.90 

5,91 

.999985 

999973 

.999954 

999927 

.999892 

.999847 

5.91 

5.92 

.999986 

999973 

,999955 

.999929 

999894 

^849 

5,92 

5 93 

.999986 

,999974 

.999956 

,999930 

,999895 

9^52 

5.93 

5,94 

.999986 

.999975 

,999957 

999931 

.999897 

999854 

594 

5 95 

.999987 

.999975 

.999957 

,999932 

999899 

.999856 

595 

5,96 

.999987 

,999976 

.999958 

,999933 

,999901 

9^58 

596 

5.97 

,999987 

.999976 

.999959 

.999935 

.999902 

.999861 

5.97 

5 98 

.999988 

.999977 

.999960 

.999936 

.999904 

.999863 

5.98 

5,99 

.999988 

.999977 

.999960 

999937 

.999905 

999865 

5.99 
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PEARSON’S TYPE 111 FUNCTION—AREAS 









































PEARSON’S TYPE III FUNCTION—AREAS 


47 



SKEWNESS 


t 

t 

.6 

7 

.8 

.9 

1.0 

1 1 

600 

,999988 

.999978 

999961 

999938 

.999907 

.999867 

6,00 

601 

,999988 

999978 

,999962 


999908 


6 01 

602 

,999989 

.999978 

.999963 


.999910 

.999871 

602 

6 03 

999989 

999979 

999963 

Bn 

999911 

999873 

603 

604 

999989 

.999979 

.999964 

.999942 

.999913 

999875 

604 

60S 

,999989 

.999980 

999965 

999943 


999877 

6 05 

606 

.999990 

.999980 

,999965 

,999944 

.999916 

.999879 

606 

6 07 

.999990 

999981 

.999966 

,999945 

.999917 

pm 

6.07 

608 

999990 

999981 

.999967 

.999946 

999918 


608 

6,09 

999990 

999981 

.999967 


.999920 

999884 

6,09 

610 

,999991 

.999982 

999968 

.999948 

.999921 

.999886 

610 

6 11 

,999991 

999982 

.999969 

.999949 

.999922 


611 

6.12 

.999991 

999983 

999969 

.999950 

999924 

999889 

6.12 

6 13 

.999991 

,999983 

.999970 

999951 

999925 

999891 

6,13 

6.14 

.999991 

999983 

999970 

999952 

999926 

999893 

6.14 

6,15 

999992 

99‘)984 

.999<17t 

.999953 

999927 

.999894 

615 

6 16 

.999992 

.999984 

.999971 

.999953 


.999896 

6.16 

6.17 

.99^TO2 

.9<19')84 

999972 

.999954 


.099898 

617 

6 18 

999992 

,999935 

.999973 

999955 

.999931 

999899 

6,18 

6.19 

999992 

999985 

999973 

.999956 

.999932 

.999901 

6.19 

620 

.999993 

,999985 

999974 

.999957 

.999933 

999902 

6.20 

6.21 

.999993 

,999986 

.999'174 

.999957 

999934 

.999904 

621 

6,22 

,999993 

.999986 

.99<)975 

999958 

.999935 

999905 

6,22 

6 23 

.999993 

999986 

.999975 

.999959 

999936 

999907 

6,23 

6.24 

,999993 

,999986 

,999976 


.999937 

999908 

6.24 

625 

.999993 

.999987 

9^19976 




6 25 

6.26 

999994 

999987 

9f»976 

.999961 



6.26 

6,27 

,999994 

.999987 

.999977 

.999962 

.999940 

999912 

6 27 

6 28 

.999994 

.999988 

999977 

999962 

.999941 

.999914 

6.28 

6,29 

.999994 

999988 

,999978 

999963 

,999942 

.999915 

629 

6,30 

,999994 

.999988 

.999978 

999964 

.999943 

999916 

6.30 

631 

.999994 

,999988 

.999979 

999964 

999944 

.999918 

631 

6,32 

999994 

999989 

.999979 

.999965 

,999945 

.999919 

6.32 

6.33 

,999994 

,999989 

.999979 


.999946 


6,33 

6,34 

.999995 

999989 

,999980 

.999966 

.999947 


6.34 

6,35 

,999995 

,999989 

999980 



.999923 

6 35 

636 

.999995 

999989 

,999981 

.999967 

999949 


6.36 

6 37 

,999995 

,999990 

999981 


999950 


6 37 

638 

.999995 

,999990 

.999981 


.999950 

.999926 

6 38 

6 39 

999995 

.999990 

999982 

.999969 

.999951 

,999927 

639 

6.40 

.999995 

.999990 

.999982 

,999970 

.999952 

.999928 

6,40 

e.'ll 

,999995 

.999991 

.999982 


.999953 

999930 

6.41 

642 

.999996 

,999991 

.999983 

,999971 

,999954 

.999931 

642 

6.43 

.999996 

,999991 

.999983 

.999971 

.999954 

.999932 

6 43 

6,44 

.999996 

.999991 

.999983 

.999972 


.999933 

644 

6.45 

.999996 

.999991 

.999984 

.999972 

.999956 

.999934 

6 45 

6,46 

.999996 

.999991 

.999984 

,999973 

.999957 

.999935 

6.46 

6.47 

.999996 

,999992 


.999973 

.999957 

.9^9936 

6 4/ 

6.48 

.999996 

,999992 

.999985 


.999958 

,$w937 

6.48 

6.49 

999996 

,999992 

.9991185 

999974 


IBB 

649 
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PEARSON’S TYPE III FUNCTION-AREAS 
















PEARSON’S TYPE III FUNCTION—AREAS 


49 



SKEWNESS 

t 

t 

A 

7 

.8 

.9 

1.0 

1.1 

650 

.999996 

.999992 

.999985 

.999975 

.999959 

.999939 

6 j'O 

6.51 

.999996 

.999992 

.999986 

.999975 

.999960 

.999910 

6.51 

6.52 

i>99996 

.999992 

.999986 

.999976 

.999961 

.999941 

6.52 

6.53 


.999993 

.999986 

.999976 

999961 

.999942 

6 53 

654 

.999997 

.999993 

.999986 

.999976 

.999962 

.999942 

6.54 

6.55 

.999997 

.999993 

.999987 

.999977 

.999963 

999943 

6 55 

6.56 

999997 

.999993 

.999987 

.999977 

.999963 

.999944 

6.56 

6.57 

.999997 

.999993 

.999987 

999978 

.999964 

.999945 

6.57 

6.58 

.999997 

.999993 

.999987 

.999978 

.999964 

.999946 

658 

6.59 

.999997 

.999994 

.999988 

.999978 

.999965 

999947 

6.59 

6.60 

.999997 

.999994 

.999988 

.999979 

.999966 

.999948 

6.60 

6.61 

999997 

.999994 

.999988 

.999979 

.999966 

.999948 

6.61 

662 

SFFffFl 

.999994 

.999988 

.999980 

.999967 

.999949 

6.62 

6.63 

.999997 

.999994 

.999989 

.999980 

999967 

999950 

663 

664 

.999997 

.999994 

.999989 

.999980 

.999968 

.999951 

6.64 

6.65 

.999997 

.999994 

.999989 

.999981 

.999968 

.999952 

6455 

6.66 

.999997 

.99999^ 

.999989 

.999981 

999969 

.999952 

666 

6.67 

.999998 

.999995 

.999989 

.999981 

999969 

.999953 

6.67 

6.68 

.999998 

.999995 

.999990 

.999982 

999970 

999954 

6.68 

6.69 

.999998 

.999995 

.999990 

.999982 

.999970 

.999954 

669 

670 

.999998 

.999995 

.999990 

' .999982 

.999971 

.999955 

6.70 

671 

.999998 

.999995 

.999990 

.999983 

,999971 

999956 

6 71 

6.72 

.999998 

.999995 

.999990 

999983 

.999972 

.999957 

6 72 

6.73 

.999998 

.999995 

.999991 

999983 

.999972 

.999957 

6.73 

6,74 

.999998 

.999995 

.999991 

.999984 

.999973 

.999958 

6 74 

6.75 

.999998 

.999995 

.999991 

.999984 

.999973 

.999959 

6.75 

6.76 

.999998 

.999996 

.999991 

.999984 

.999974 

.999959 

6.76 

677 

.999998 

.999996 

.999991 

999984 

.999974 

.999968 

6 77 

678 

.999998 

.999996 

,999991 

.999985 

.999975 

.999960 

6 78 

6.79 

.999998 

.999996 

.999992 

999985 

.999975 

.999961 

6 79 

6.80 

.999998 

.999996 

.999992 ; 

.999985 

.999975 

.999962 

680 

6.81 

.999998 

.999996 

.999992 1 

.999985 

.999976 

.999962 

6.81 

6.82 

.999998 

.999996 

.999992 

999986 

.999976 

.999963 

682 

6.83 

.999998 

.999996 

,999992 1 

.999986 

.999977 

.999963 

683 

6.84 

.999998 

.999996 

.999992 ‘ 

.999986 

.999977 

.999964 

6.84 

6.85 

.999998 

.999996 

.999993 

.999986 

.999977 

.999965 

6.85 

6.86 

.999998 

.999996 

.999993 

.999987 

.999978 

.999965 

6.86 

687 

.999998 

.999996 

.999993 

.999987 

.999978 

.999966 

6.87 

688 

.999998 

.999997 

.999993 

.999987 

.999979 

.999966 

6.88 

6.89 

.999999 

.999997 

.999993 

.999987 

.999979 

.999967 

6.89 

6.90 

.999999 

.999997 

.999993 

.999988 

999979 

.999967 

6.90 

6.91 

.999999 

.999997 

.999993 

.999988 

.999980 

.999968 

6.91 

6.92 

.999999 

.999997 

.999994 

.999988 

.999980 

.999968 

6.92 

6.93 

.999999 

.999997 

.999994 

.999988 

.999980 

.999969 

6.93 

6.94 

,999999 

.999997 

.999994 

.999989 

.999981 

999969 

6.94 

6.95 

J199999 

,999997 

.999994 

.999989 

.999981 

.999970 

6.95 

6.96 

.999999 

.999997 

.999994 

.999989 

.999981 

.999970 

6.96 

6.97 

.999999 

.999997 

OOQOQA 

.999989 

.999982 

.999971 

6.97 

6.98 

QOOQOO 

.999997 

.999994 

.999989 

.999982 

.999971 

6.98 

6.99 

.999999 

,999997 

.999994 

.999990 

.999982 

.999972 

6.99 





















PEARSON’S TYPE III FUNCTION—AREAS 


51 



SKEWNESS 

t 

t 

6 

7 

8 

9 

10 

1.1 

7,00 

999999 

999997 

999994 

999990 

999982 

999972 

700 

7.01 

.999999 

999997 

999995 

999990 

999983 

.999972 

7 01 

7 02 

.999999 

999997 

999995 

999990 

.999983 

999973 

7 02 

7,03 

.999999 

,999997 

999995 

999990 

999983 

.999973 

703 

7.04 

,999999 

999998 

999995 

999990 

999984 

999974 

7.04 

7,05 

.999999 

999998 

999995 

999991 

999984 

999974 

7 0S 

7,06 

,999999 

999998 

999995 

.999991 

.999984 

999975 

706 

7.Q7 

999999 

999998 

999995 

999991 

999984 

999975 

707 

7.08 

999999 

.999998 

.999995 

999991 

999985 

999975 

708 

709 

999999 

999998 

999995 

999991 

.999985 

999976 

709 

710 

999999 

999998 

,999995 

.999991 

.999985 

.999976 

710 

7.11 

999999 

999998 

999996 

999992 

999985 

,999976 

7.11 

7 12 

999999 

999998 

999996 

999992 

999986 

999977 

7 12 

713 

999999 

999998 

999996 

999992 

.999986 

,999977 

713 

7.14 

999999 

.999998 

999996 

999992 

999986 

999978 

7,14 

715 

999999 

999998 

999996 

999992 

.999986 

.999978 

715 

716 

.999999 

999998 

999996 

999992 

999987 

999978 

7.16 

7,17 

999999 

999998 

999996 

999992 

.999987 

999979 

7,17 

718 

999999 

999998 

.999996 

999993 

,999987 

999979 

718 

719 

999999 

999998 

.999996 

999993 

999987 

999979 

719 

7 20 

999999 

,999998 

999996 

999993 

999987 

999980 

7 20 

7 21 

999999 

999998 

999996 

.999993 

999988 

999980 

7 21 

722 

,999999 

999998 

.999996 

.999993 

,999988 

999980 

7 22 

7 23 

999999 

999998 

999996 

999993 

,999988 

.999981 

7 23 

7.24 

999999 

999998 

.999997 

.999993 

999988 

999981 

7 24 

7 25 

999999 

.999998 

999997 

.999993 

999988 

999981 

7,25 

7.26 

999999 

999998 

,999997 

999994 

.999989 

999981 

7 26 

7 27 

999999 

.999999 

999997 

.999994 

999989 

999982 

727 

7,28 

999999 

999999 

999997 

.999994 

999989 

999982 

7 28 

729 

999999 

999999 

.999997 

999994 

999989 

.999982 

7 29 

7 30 

999999 

999999 

.999997 

999994 

999989 

.999983 

730 

7.31 

.999999 

999999 

999997 

999994 

.999990 

999983 

7.31 

7 32 

999999 

999999 

999997 

999994 

999990 

099983 

7 32 

7 33 

.999999 

999999 

999997 

.999994 

999990 

09-J983 

7.33 

7 34 


999999 

.999997 

.999994 

999990 

999984 

7 34 

7 35 


999999 

.999997 

.999995 

.999990 

999984 

7.35 

7.36 


.999999 

999997 

.999995 

999990 

.999984 

7 36 

7,37 


999999 

999997 

.999995 

999991 

999984 

7 37 

7 38 


999999 

999997 

999995 

999991 

999985 

7 38 

7.39 


999999 

999997 

999995 

.999991 

999985 

7 39 

7.40 


999999 

.999997 

.999995 

999991 

999985 

740 

7,41 


.999999 

999998 

.999995 

999991 

.999985 

7,41 

7.42 


,999999 

999998 

.999995 

999991 

999986 

7.42 

7.43 


999999 

999998 

999995 

999992 

,999986 

7 43 

7.44 


999999 

.999998 

999995 

.999992 

999986 

744 

7 4S 


999999 

,999998 

999995 

999992 

999986 


7 46 


.999999 

.999998 

999996 

999992 


mM 

7.47 


.999999 

,999998 

999996 

.999992 

.999987 


748 


999999 

.999998 

999996 

999992 

.999987 

■2!il 

7 49 


.999999 

999998 

999996 

999992 

999987 
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PEARSON'S TYPE 111 FUNCTION—AREAS 


S3 


t 

1-1 

SKEWNESS 

t 

1 

.6 

7 

.8 

9 

1.0 

1 I 

7,50 


999999 

.999998 

999996 

.999992 

999987 

7,50 

7.51 


999999 

.999098 

999996 

.999993 

999987 

7 51 

7.52 


999999 

.999998 

.999996 

.999993 

,999988 

7 52 

7.53 


.999999 

.999998 

.999996 

.999993 

,999988 

7 53 

7.54 


999999 

.999998 

999996 

.999993 

999988 

7 54 

7.55 


.999999 

.999998 

' .999996 

.999993 

.999988 

7 55 

7,56 


999999 

.999998 

999996 

.999993 

,999988 

7,56 

7.57 


.999999 

.999998 

.999996 

.999993 

999989 

7 57 

7 58 


.999999 

.999998 

999996 

.999993 

999989 

7 58 

7 59 


.999999 

.999998 

j .999997 

.999994 

,999989 

7.59 

7.60 


.999999 

.999998 

i .999997 

.999994 

.999989 

700 

7.61 


.999999 

.999998 

999997 

.999994 

.999989 

7 01 

7.62 


999999 

.999998 

.999997 

.999994 

.999‘)S9 

7 62 

7,63 


999999 

999998 

999997 

.999994 

.999990 

7 63 

7,64 


999999 

.999998 

1 .999997 

.999994 

.999990 

764 

765 


.999999 

999998 

i ,999997 

999994 

.999990 

7 65 

7.66 


999999 

999999 

! .999997 

999994 

.t)999<X) 

766 

7 67 


999999 

.999999 

.999997 

999994 

y999<X) 

7.67 

768 


.999999 

9991)99 

i 999997 

9'»')<)4 

.99')990 

7 68 

7 69 


.999999 

.999999 

.999997 

999995 

999991 

7 69 

7 70 


999999 

.999999 

999997 

.999995 

.999991 

7 70 

7.71 


.999999 

.999999 

999997 

.999995 

999991 

7,71 

7 72 


.999999 

.999999 

999997 

.999995 

999991 

7 72 

7 73 


999999 

999999 

.999997 

999995 

999991 

7.73 

7 74 


999999 

999999 

.999997 

.999995 

.999991 

7 74 

7 75 


.999999 

999999 

I .999997 

.999995 

999991 

7,75 

7 76 


999999 

.999999 

999997 

999995 

.999992 

7 76 

7 77 



999999 

.999997 

999995 

.999992 

7 77 

7.78 



999999 

999')98 

.999995 

999992 

7 78 

7.79 



.999999 

999998 

999995 

.999992 

7 79 




999999 

.999998 

.999995 

999992 

7.80 

7 81 



.999999 

.999998 

.999996 

999992 

7 81 

7.82 



.999999 

999998 

.999996 

.999992 

7.82 

783 



999999 

j .999998 

.999996 

999992 

7,83 

7.84 



.999999 

.999998 

.999996 

999993 

784 

7.85 



.999999 

.999998 

999996 

.999993 

7 85 

786 



.999999 

.999998 

999996 

.999993 

786 

7.87 



,999999 

.999998 

.999996 

.999993 

7.87 

788 



999999 

.999998 

.999996 

.999993 

7.88 

7.89 



.999999 

.999998 

j .999996 

.999993 

7 89 

7.90 



.999999 

.999998 

.999996 

999993 

7.90 

791 



.999999 

.999998 

999996 

.999993 

7.91 

7.92 



999999 

.999998 

.999996 

.999993 

7.92 

7.93 



.999999 

.999998 

.999996 

.999994 

7,93 

7,94 



.999999 

,999998 

,999996 

.999994 

7.94 

7 95 



.999999 

.999998 

.999997 

.999994 

7.95 

7.96 



.999999 

.999998 

.999997 

.999994 

7.96 

7.97 



.999999 i 

.999998 

.999997 

.999994 

7 97 

7.98 



.999999 i 

.999998 

.999997 

.999994 

798 

7.99 

- 


.999999 

,999998 

.999997 

.999994 

799 























PEARSON’S TYPE III FUNCTION—AREAS 


SS 


t 

SKEWNESS 

t 

6 

7 

8 

9 

10 

1 1 

8,00 



.999999 

.999998 

.999997 

999994 

800 

8 01 



.999999 

,999998 

999997 

999994 

801 

802 



999999 

999998 


999994 

8 02 

8.03 



.999999 

999998 

999997 

.999995 

803 

804 



.999999 

999998 

.999997 

.999995 

804 

805 



999999 

999999 

.999997 

.999995 

8,05 

8.06 



.999999 

999999 

999997 

999995 

8.06 

8 07 



.999999 


.999997 

,999995 

8,07 

8,08 



999999 

999999 

999997 

.999995 

808 

8.09 



.999999 

.999999 

.999997 

.999995 

8,09 

810 



,999999 

.999999 

.999997 

,999995 

810 

8,11 



.999999 

.999999 

.999997 

.999995 

811 

8 12 



.999999 

999999 

.999997 

.999995 

812 

8,13 



.999999 

.999999 

999997 

999995 

813 

8.14 



999999 

999999 

999997 

999995 

814 

815 



999999 

999999 

999998 

.999995 

8 15 

8.16 



.999999 

999999 

999998 

999996 

816 

8,17 



.999999 



.999996 

8,17 

8,18 



.999999 

.999999 

.999998 

,999996 

818 

8.19 



,999999 

999999 

.999998 

.999996 

819 

820 





.999998 

999996 

820 

8 21 




999999 

999998 

.999996 

8 21 

822 




.999999 

999998 

999996 

822 

8.23 




.999999 

.999998 

.999996 

8 23 

824 




999999 

.999998 

999996 

8,24 

8 25 




999999 

.999998 

.999996 

8 25 

8 26 




.999999 

.999998 

999996 

8 26 

8.27 




.999999 

999998 

.999996 

8.27 

8 28 




999999 

999998 

.999996 

8 28. 

829 




999999 

999998 

999996 

829 

8,30 




.999999 

.999998 

999996 

830 

8.31 




999999 

.999998 

999997 

8 31 

8.32 




999999 

999998 

999997 

8.32 

8 33 




999999 

.999998 

999997 

8 33 

834 




999999 

.999998 

999997 

834 

835 




.999999 

.999998 

.999997 

8 35 

836 




999999 

.999998 

.999997 

8 36 

8.37 




999999 

999998 

.999997 

8.37 

.8.38 




,999999 

.999998 

999997 

8 38 

8 39 




999999 

.999998 

.999997 

8 39 

8.40 




.999999 

.999998 

999997 

8.40 

8.41 




999999 

999998 

999997 

8 41 

8.42 




.999999 

.999998 

.999997 

8,42 

843 





.999998 

.999997 

8 43 

8.44 




.999999 

.999999 

999997 

844 

^.45 




999999 

999999 

999997 

8 45 

846 




999999 

.999999 

999997 

846 

a47 




.999999 

.999999 

.999997 

8 47 

&48 




999999 

.999999 

999997 

8.48 

a49 




999999 

999999 

.999997 

8.49 


























































PEARSON’S TYPE III FUNCTION—AREAS 


57 



SKEWNESS 1 

t 

t 

.6 

7 

.8 

.9 

1.0 

1.1 

8 50 




999999 

.999999 

.999997 

850 

851 




999999 

.999999 

.999997 

8 51 

8 52 




999999 

999999 

.999998 

8 52 

8 53 




.999999 

.999999 

999998 

8.53 

8 54 




999999 

.999999 

.999998 

8.54 

8 55 




.999999 

.999999 

.999998 

8.55 

8.56 




.999999 

.999999 

.999998 

856 

8,57 




999999 

.999999 

.999998 

8 57 

8 58 




999999 

.999999 

.999998 

8.58 

8 59 




.999999 

.999999 

.999998 

8.59 

8,60 




.999999 

.999999 

.999998 

8.60 

861 




.999999 

.999999 

.999998 

8.61 

8 62 




.999999 

.999999 

999998 

8.62 

8.63 




999999 

.999999 

.999996 

a63 

864 





.999999 

999998 

864 

8 65 





.999999 

.999998 

8.65 

866 





.999999 

.999998 

8.66 

8 67 



i 


.999999 

.999998 

8.67 

868 





.999999 

.999998 

868 

8 69 





.999999 

.999998 

8 69 

8 70 





.999999 

999998 

870 

871 





.999999 

.999998 

8.71 

8 72 





.999999 

.999998 

8.72 

8.73 





999999 

.999998 

8 73 

8.74 





.999999 

.999998 

8 74 

8 75 





.999999 

.999998 

8.75 

8 76 





.999999 

.999998 

8 76 

8.77 





.999999 

.999998 

877 

8 78 





.999999 

.999998 

8.78 

8 79 





.999999 

.999998 

879 

880 





.999999 

.999998 

880 

881 





.999999 

.999998 

8.81 

8.82 





.999999 

.999998 

8.82 

883 





.999999 

999998 

8.83 

884 





.999999 

.999999 

8.84 

8.85 





.999999 

.999999 

8.85 

886 





999999 

.999999 

8.86 

8.87 





999999 

.999999 

8.87 

8.88 





.999999 

.999999 

8.88 

8.89 





999999 

.999999 

889 

8.90 





.999999 

.999999 

890 

891 





.999999 

.999999 

a9i 

8.92 





.999999 

.999999 

8.92 

893 





.999999 

.999999 

8.93 

8,94 





999999 

.999999 

8.94 

8,95 





.999999 

.999999 

8.95 

896 





.999999 

.999999 

8.96 

8.97 





.999999 

.999999 

8.97 

898 





.999999 

.999999 

8.98 

8,99 





.999999 

.999999 

8.99 
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PEARSON'S TYPE. Ill FUNCTION-ORDINATES 





SKEWNESS 


t 

0 

1 

.2 

.3 

.4 

5 

t 

-5.49 
-5 48 
-5,47 
-5,46 
-5.45 
-544 
-5.43 
-5.42 
-5.41 
-5 40 

-5.39 
-5 38 
-5.37 
-5.36 
-5 35 
-5 34 
-5 33 
-5.32 
-5,31 
-5 30 

-5 29 
-5.28 
-5.27 
-5.26 
-5.25 
-5,24 
-5 23 
-5 22 
-5,21 
-5 20 

-5.19 
-5 18 
-5.17 
-5.16 
-5.1 s; 

-5 14 
-5.13 
-512 
-5.11 
-5 10 

-5 09 
-5 08 
-5 07 
-5 06 
-5 05 
-5.04 
-5.03 
-5 02 
-SOI 
-5.00 

.000001 

000001 

.000001 

,000001 

000001 

000001 

.000001 

,000001 

.000001 

000001 

.000001 

.000001 

000001 

.000001 

.000001 

.000001 

.000001 

000001 

000001 

000001 

OOOOOl 

000001 






-5 49 

-5 48 

-5,47 

-S.4<5 

-5.45 

-5 44 

-5.43 

-5.42 

-5.41 

-5.40 

-5.39 
-5.38 
-5 37 
-5 36 
-5 35 
-5 34 
-5 33 
-5.32 
-5.31 
-5.30 

-5.29 

-5.28 

-5.27 

-5,26 

-5 25 

-524 

-5.23 

-5,22 

-5.21 

-5.20 

-5.19 
-5.18 
-5.17 
-S.I6 
-5.15 
-5.14 
-5 13 
-5 12 
-5.11 
-5.10 

-5.09 
-5 08 
-507 
-5.06 
-S.0S 
-5.04 
-5.03 
-5.02 
-5.01 
-5.00 
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PE/tRSONiS TYPE III FUNCTION—ORDINATES 



SKEWNESS 


t 

t 

.0 

.1 

2 

3 

.4 

.5 

-4 99 

.000002 






-4 99 

-4,98 

000002 






-4.98 

-4 97 

.000002 






-4.97 

-4.96 

,000002 






-496 

-495 

000002 






-4.9S 

-494 

.000002 






-4.94 

-193 

000002 






-4 93 

^92 

000002 






-4.92 

-491 

000002 






-491 

-4.90 

.000002 






-4.90 

^89 

000003 






-4.89 

-4.88 

.000003 






-4.88 

-4.87 

.000003 






-4.87 

-4 86 

000003 






-4 86 

-4.85 

000003 






-485 

-4.84 

.000003 






-4 84 

-4 83 

000003 






-4.83 

-482 

.000004 






-4.82 

-4 81 

000004 

.000001 





-481 

-4.80 

.000004 

.000001 





-4.80 

-4.79 

000004 

.000001 





-4 79 

-4.73 

000004 

000001 





-4 78 

-4 77 

000005 

000001 





-477 

-476 

000005 

000001 





-4.76 

-4.75 

,000005 

000001 





-475 

-4.74 

.000005 

.000001 

1 



1 

-474 

-4 73 

.000006 

000001 





-473 

-4,72 

.000006 

.000001 





-4.72 

-471 

.000006 

000001 





-4 71 

-4 70 

000006 

000001 




1 

-470 

-4 69 

000007 

.000001 





-4.60 

-4 63 

000007 

,000001 





-4.68 

-4.67 

.000007 

000001 





-4.67 

-466 

000008 

000001 





-4.66 

-465 

000008 

000001 





-4 65 

-464 

000008 

OOOOOl 





-464 

-463 

000009 

.000002 





-4.63 

-462 

000009 

000002 





-4.62 

-461 

000010 

,000002 





-4.61 

-460 

.000010 

000002 





-4.60 

-4 59 

.000011 

000002 





-4.59 

-4 58 

000011 

.000002 





-4.58 

-4 57 

000012 

000002 





-4.57 

-4 56 

000012 

000002 





-j4S6 

-4,55 

000013 

000002 





-4.SS 

-4.54 

000013 

000003 





-4.54 

-4 53 

,000014 

.000003 





-4.53 

-4,52 

.000015 

000003 





-4.52 

-4 51 

000015 

000003 





-4.51 

-4 50 

000016 

.000003 





-4.50 



PEARSON'S TYPE III FUNCTION-ORDINATES 
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PEARSON’S TYPE HI FUNCTION—ORDINATES 


t 

SKEWNESS 

t 

.0 

.1 

2 

3 

.4 

.5 

-4.49 

.000017 

000003 





-449 

-448 

.000018 

000004 





-4.48 

-AA7 

.000018 

000004 





-4.47 

-4.46 

000019 

000004 





-4 46 

-44S 

000020 

.000004 





-4.45 

-4.44 

000021 

000005 





-1.44 

->.43 

000022 

.000005 





-4.43 

-4.42 

000023 

.000005 

.000001 




-4.42 

-4.41 

000024 

000005 

000001 




-4.41 

-4.40 

.000025 

.000006 

000001 




-4.40 

-4.39 

000026 

.000006 

000001 




-4.39 

-4 38 

.000027 

.000006 

.000001 




-4.38 

-4.37 

000028 

.000007 

.000001 




-4.37 

-4.36 

000030 

000007 

.000001 




-4,36 

-4 3S 

000031 

000008 

.000001 




-4 35 

-4 34 

.000032 

000008 

000001 




-4.34 

-4.33 

.000034 

.000009 

000001 




■4.33 

-4.32 

000035 

.000009 

.000001 




-4.32 

-4 31 

000037 

.000010 

.000001 




-4.31 

-4.30 

.000039 

.000010 

.000001 




■4.30 

-4 29 

000040 

.000011 

.000001 




-4.29 

-4.28 

.000042 

000011 

.000001 




-4 28 

-427 

.000044 

000012 

000002 




-4.27 

-4.26 

.000046 

.000012 

.000002 




-4.26 

-4 25 

.000048 

000013 

.000002 




-4 25 

-4 24 

.000050 

.000014 

.000002 




-4 24 

-4.23 

.000052 

.000015 

000002 




-4.23 

-4.22 

.000054 

.000015 

000002 




-4.22 

-4 21 

000057 

.000016 

.000002 




-4 21 

-4 20 

000059 

000017 

000003 




-4.20 

-4.19 

000062 

.000018 

.000003 




-4.19 

-4.18 

.000064 

.000019 

000003 




-4.18 

-4.17 

000067 

.000020 

.000003 




-4.17 

-4.16 

000070 

.000021 

.000003 




-4.16 

-415 

.000073 

.000022 

.000004 




-4.15 

-4.14 

.000076 

000023 

.000004 




-4.14 

-413 

000079 

.000025 

.000004 




-4.13 

-4.12 

.000082 

.000026 

.000005 




-4.12 

-4.11 

000086 

.000027 

000005 




-4.11 

-410 

000089 

000029 

ooooos 




-4.10 

-409 

.000093 

000030 

000006 




-409 

-4.08 

000097 

000032 

000006 




-4.08 

-407 

.000101 

.000034 

.000006 




-4.07 

-4.06 

000105 

.000035 

000007 




-406 

-4.05 

000109 

000037 

.000007 




-4.05 

-404 

.000114 

.000039 

.000008 

.000001 



-4.04 

-4.03 

000119 

.000041 

.000008 

OCOOOI 



-4.03 

-4,02 

.000124 

.000043 

.000009 

OOOOOl 



-4.02 

-4.01 

.000129 

.000045 

.000010 

000001 



-1.01 

-4.00 

.000134 

.000048 

.000010 

000001 



-4.00 




^35S5?^^!^!36!:3S5SS 22tiSS22:JS2 8858^^3^5^ 
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PEARSON'S TYPE III FUNCTION—ORDINATES 



SKEWNESS 

t 

t 

0 

,1 

, 2 

.3 

4 

5 

-3.99 

,000139 

000050 

.000011 

000001 



-3 99 

-3.98 

,000144 

000052 

,000012 

OOOOOl 



-3 98 

-3,97 

000151 

,000055 

000012 

000001 



-3.97 

-3.96 

000157 

000058 

.000013 

000001 



-3,96 

-3.95 

000163 

,000061 

.000014 

.000001 



-3.9S 

-3 94 

.000170 

000064 

.000015 

.000001 



-3 94 

-3 93 

000177 

000067 

,000016 

.000002 



-3.93 

-3 92 

000184 

000070 

.000017 

000002 



-3,92 

-3,91 

.000191 

.000074 

.000018 

000002 



-3,91 

-3 90 

000199 

.000077 

000019 

000002 



-3.90 

-3.89 

000207 

000081 

000021 

003002 



-3.89 

-3 88 

000215 

.000085 

000022 

000002 



-3 88 

-3.87 

,000223 

,000089 

000023 

.000003 



-3 87 

-3.86 

.000232 

000094 

000025 

.000003 



-3 86 

-3 8S 

000241 

000098 

.000026 

.000003 



-3 85 

-3 84 

000251 

000103 

000028 

000003 



-3 84 

-3 83 

.000260 

000108 

,000030 

.000004 



-3 83 

-3,82 

000271 

,000113 

,000032 

000004 



-3.82 

-3.81 

000281 

.000118 

000033 

.000004 



-3 81 

-3.80 

000292 

000124 

.000036 

.000005 



-3.80 

-3 79 

.000303 

000130 

000038 

000005 



-3.79 

-378 

00031S 

000136 

.000040 

000006 



-3.78 

-3 77' 

,000327 

.000142 

.000042 

.000006 



-3,77 

-3 76 

000340 

.000149 

.000045 

.000007 



-3.76 

-3 7S 

,000353 

000156 

000048 

000007 



-3,75 

-3 74 

.000366 

000163 

,000051 

.000008 



-3.74 

-3.73 

.000380 

000171 

,000054 

.000009 



-3 73 

-3.72 

.000394 

000178 

000057 

.000009 



-3.72 

-3.71 

000409 

.000187 

000060 

000010 



-3,71 

-3.70 

000425 

.000195 

.000064 

.000011 



-3 70 

-369 

,000441 

000204 

000067 

(100012 



-3.69 

-3.68 

0004S7 

000213 

000071 

.000013 

.000001 


-3.68 

-3 67 

000474 

.000223 

.000076 

.000014 

.000001 


-3 67 

-366 

.000492 

,000233 

000080 

,000015 

.000001 


-3.66 

-3 65 

.000510 

000244 

000085 

,000016 

000001 


-3 65 

-3,64 

000529 

000255 

000089 

,000017 

000001 


-3.64 

-3.63 

.000549 

000266 

000094 

000019 

000001 


-3 63 

-3 62 

.000569 

900278 

000100 

nnno 20 

000001 


-3.62 

-3.61 

000590 

000290 

.000105 

000022 

.000001 


-3.61 

-3 60 

000612 

000303 

.000111 

000024 

,000001 


-3.60 

-3 59 

.000634 

000317 

000118 

,000025 

,000002 


-3 59 

-3,.58 

.999657 

000331 

000124 

000027 

000002 


-3.58 

-3 57 

.000681 

000345 

.0001,31 

,000029 

000002 


-3..57 

-3.56 

000706 

.000.360 

.0001.38 

000032 

.000002 


-.3..56 

-3 55 

.000732 

000376 

.000146 

.0000.34 

000003 


-3.55 

-3 54 

.000758 

000,392 

.000154 

.000037 

.000003 


-3.54 

- 3.53 

.000785 

.000409 

000162 

.0000,39 

00000.3 


-3,53 

-3.52 

000814 

000427 

.000171 

.000042 

000004 


-3,52 

-3 51 

000843 

.000445 

.000181 

000045 

000004 


-3 51 

—3. So 

000873 

.000464 

000190 

.000049 

000004 


-3.50 
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PEASSONS TYPE IH FUNCTION-ORDINATES 


t 

SKEWNESS 

t 

.0 

1 

.2 

.3 

4 

.5 

-3 49 

.000904 

000484 

000200 


.000005 


-3.49 

-3 48 

000936 

.000504 

.000211 

EMI 

.000006 


-3.48 

-3.47 

.000969 

.000526 

.000222 

000060 

.000006 


-J.47 

-3.46 

.001003 

000S48 

.000234 

,000064 

.000007 


-3.46 

-3.45 

.001038 

.000571 

000246 

000069 

.000008 


-3.45 

-3.44 

001075 

.000595 

000259 

.000074 

.000008 


-3.44 

-3.43 

.001112 

.000620 

.000273 

.000079 

.000009 


-3.43 

-3.42 

.001151 

.000645 

.000287 

.000085 

.000010 


-3.42 

-3.41 

.001191 

000672 

.000302 

.000090 

.000012 


-3.41 

-3.40 

001232 

.000700 

.000317 

.000097 

.000013 


-3 40 

-3.39 

001275 

.000729 

.000333 

.000103 

.000014 


-3.39 

-3.38 

.001319 

.000758 

000350 

.000110 

.000016 


-3.38 

-3.37 

001364 

.000789 

.000368 

000118 

.000017 


-3.37 

-3 36 

.001411 

.000822 

000387 

.000126 

.000019 


-3.36 

-3.35 

.001459 

0008SS 

000406 

000134 

HoTimH 


-3.35 

-3.34 

.001508 

,000889 

.000427 

.000143 

ViVrirJd 


-3 34 

-3 33 

001560 

000925 

.000448 

.000152 

Bfi.iViyH 

.000001 

-3.33 

-3 32 

.001612 

.000962 

.000470 

.000162 

.000028 

.000001 

-3.32 

-3 31 

001667 

001001 

.000493 

.000173 

000030 

000001 

-3.31 

-3 30 

.001723 

.001040 

.000517 

.000184 

00(X)33 

.000001 

-3.30 

-3 29 

001780 

.001082 

OOOS42 

.000196 

.000036 

.000001 

-3 29 

-3 28 

.001840 

001124 

000569 

000208 

000040 

.000001 

-3.28 

-3.27 

,001901 

.001168 

000596 

.000221 

.000043 

.000002 

-3.27 

-3.26 

001964 

.001214 

.000625 

000235 

.000047 

000002 

-3.26 

-3 25 

002029 

,001262 

.000655 

000250 

.000052 

000002 

-3.25 

-3.24 

.002096 

.001311 

.000686 

,000265 

.000057 

000003 

-3,24 

-3.23 

002165 

.001.161 

.000719 

.000282 

,000062 

000003 

-3,23 

-3 22 

002236 

001414 

.000753 

,000299 

.000067 

.000003 

-3.22 

-3.21 

.002309 

,001468 

000788 

000317 

.000073 

000004 

-3.21 

-3 20 

002384 

001524 

,000825 

000336 

.000079 

.000005 

-3.20 

-319 

.002462 

.001583 

.000863 

.000357 

.000086 

.000005 

-3.19 

-3 18 

002541 

001643 

000903 

000378 

.000094 

.000006 

-3.18 

-3.17 

002623 

,001705 

.000945 

000401 

.000102 

.000007 

-3.17 

-3 16 

002707 

.001769 

000988 

000424 

.000110 

.000008 

-3,16 

-315 

,002794 

001836 

.001033 

.000449 

.000119 

.000010 

-3.15 

t3.14 

.002884 

.001904 

.001080 

.000475 

.000129 

.000011 

-3.14 

—J.l J 

.002975 

.001975 

.001129 

.000503 

.000140 

.000013 

-3.13 

-3 12 

.003070 

.002048 

001ISO 

.000532 

.000151 

000014 

-3.12 

“uTTI 

003167 

002124 

.001233 

.000562 

.000163 

.000016 

-3.11 

-3.10 

.003267 

.002202 

.001287 

.000594 

.000176 

.000018 

-3.10 

-3 09, 

003370 

.002283 

.001345 

000628 

000190 

000021 

-3.09 

—3 06 

.003475 

.002367 

001404 

.000663 

000205 

.000024 

-3.08 

-3.07 

003584 

0024S3 

.001465 

.000700 

.000221 

.000027 

-3.07 

-306 

.003695 

.002542 

.001529 

.000739 

.000238 

.000030 

-3.06 

-3.05 

003810 

.002633 

.001596 

.000780 

.000256 

.000034 

-3.05 

-3.04 

.001928 

.002728 

.001665 

.000622 

.000275 

.000038 

-3.04 

-3,03 

.004049 

002826 

.001737 

.000867 

000296 

.000043 

-3.03 

-3,02 

(104173 

.002927 

.001811 

,000914 

.000318 

.000048 

-3,02 

-3,01 

004301 

003011 

.001888 

.000963 

.000341 

.000054 

-3.01 


.004432 

003138 

.001968 

XIOIOM j 

.000366 

.000060 

-3.00 



























PEARSON'S TYPE III FUNCTION—ORDINATES 


SKEWNESS 


,004567 

,004705 

,004847 

004993 

,005143 

,005296 

005454 

005616 

005782 

,005953 

,006127 

,006307 

,006491 

006679 

,006873 

,007071 

007274 

007483 

007697 

,007915 

008140 

008370 

008605 

,008847 

009094 

,009347 

,009606 

009871 

010143 

010421 


003248 

003363 

003480 

,003601 

,003726 

,003855 

,003987 

,004124 

,004265 

,004409 

,004559 

,004712 

004870 

.005033 

,005200 

,005372 

005550 

.005732 

005919 

006112 


013940 

,014305 

014678 

01.5060 

015449 

.015848 

.016254 

.016670 

,017095 

,017528 


011615 
011958 
012310 
,012670 
.013039 
.013417 
.013805 
.014201 
014607 
.015023 


002051 

.002137 

002227 

.002319 

.002415 

.002515 

.002618 

002724 

,002835 

002949 

.003067 

003190 

,003316 

003447 

003583 

.003723 

003868 

004018 

.004172 

.004332 

.004497 

004668 

.004844 

005026 

005213 

005407 

,005607 

,005813 

.006025 

.006244 

006470 

006703 

006942 

007189 

007444 

007706 

007976 

008254 

008540 

00S834 

.009136 

,009448 

009768 

.010097 

.010436 

.010784 

.011141 

.011509 

011886 

012274 


001068 

001124 

.001183 

.001245 

001309 

.001376 

001447 

.001520 

001596 

001676 

.001760 

001847 

001937 

002032 

002130 

002233 

.002339 

002450 

002566 

.002686 

.002812 

002942 

003077 

,003218 

.003364 

.003516 

,003673 

003837 

,004006 

,004182 

.004365 

004554 

004750 

004953 

005164 

.005382 

,005608 

.005842 

,006083 

.006333 

006592 

006860 

007136 

.007422 

007717 

.008022 

,008336 

008661 

008997 

009342 


.000392 

.000420 

000450 

000482 

000515 

OOOSSl 

.000589 

000629 

000671 

.000716 

.000763 

.000813 

000866 

000922 

000980 

001042 

001108 

.001177 

.001249 

.001326 

001406 

001491 

.001579 

.001673 

.001771 

001873 

.001981 

002094 

.002213 

.002337 

002467 

002603 

.002745 

.002894 

,003049 

.003212 

003382 

.003559 

.003743 

003936 

.004137 

.004347 

,004565 

,004792 

.005028 

005274 

.005530 

.005796 

,006072 

006360 


000067 

.000075 

.000083 

.000092 

.000102 

.000113 

.000125 

.000139 

.000153 

.000168 

.000185 

000204 

000224 

.000245 

000269 

.000294 

.000321 

,000351 

.000382 

.000416 

.000453 

.000493 

000535 

000580 

.000629 

000681 

.000737 

,000796 

.000860 

.000927 

OOlOOO 

.001076 

.001158 

.001245 

.001337 

.001435 

001539 

.001649 

,001766 

001889 

.002020 

.002158 

002303 

002457 

.002619 

002789 

002969 

003158 

.003356 

003565 



PEARSON'S TYPE III FUNCTION—ORDINATES 


75 


t 

SKEWNESS 

t 

6 

7 

8 

9 

10 

1 1 

-2 99 

000001 






-2 99 

-2 98 

000001 






-2 98 

-2 97 

000001 






-2 97 

- 2.96 

000002 






-2 96 

-2 95 

000002 






- 2.95 

-2 94 

.000003 






- 2.94 

-2 93 

.000004 






-2 93 

- 2,92 

.000005 






-2 92 

-2 91 

000006 






-2 91 

-2 90 

.000007 






- 2,90 

-2 89 

.000008 






-289 

- 2.88 

000010 






-2 88 

- 2,87 

000012 






-2 87 

-2 86 

000015 






- 2,86 

-2 85 

000018 






-2 85 

- 2,84 

,000021 






- 2,84 

- 2,83 

000025 






-2 83 

-2 82 

,000029 






- 2.82 

- 2,81 

000034 

1 





-281 

-2 80 

000040 






-2 80 

-2 79 

000047 






- 2,79 

-2 78 

000055 






- 2,78 

- 2,77 

,000063 






- 2,77 

- 2.76 

.000073 






-2 76 

-2 75 

000084 






-2 75 

-2 74 

000097 






- 2.74 

-2 73 

000111 






- 2.73 

- 2.72 

000126 






- 2,72 

-2 71 

000144 






-2 71 

-2 70 

000164 






- 2,70 

-2 69 

000185 

000001 





- 2,69 

-2 68 

000210 

.000002 





-2 68 

-2 67 

000236 






-2 67 

-2 66 

,000266 

,000004 





- 2.66 

-2 65 - 

000299 

000005 





-2 65 

-2 64 

000334 

000007 





-2 64 

-2 63 

000374 

.000010 





-2 63 

- 2.62 

.000417 

000013 





-262 

-2 61 

000464 

000017 





- 2,61 

-2 60 

000516 

000021 





- 2.60 

-2 59 

000572 

000027 





-2 59 

-2 58 

000634 

.000035 





-2 58 

- 2,57 

000700 

000043 





-2 57 

-2 56 

000773 

000054 





-2 56 

-2 55 

000851 

000066 





-2 55 

-2 54 

,000936 

000061 





- 2.54 

-2 53 

001027 

.000099 





-2 53 

-2 52 

,001126 

.000119 





- 2,52 

- 2.51 

,001232 

.000142 





- 2.51 

- 2.50 

,001347 

.000170 





-2 50 
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PEARSON'S TYPE III FUNCTION—ORDINATES 



SKEWNESS 

t 

t 

0 

1 

.2 

3 

4 

.5 

- 2.49 

017971 

015449 

,012672 

009699 

.006658 

003784 

- 2.49 

- 2.48 

.018423 

.015884 

013080 

010067 

.006967 

004014 

-248 

- 2.47 

.018885 

016330 

.013500 

010446 

.007288 

0042 SS 

-247 

- 2.46 

019356 

016786 

013930 

,010837 

.007621 

.004508 

- 2,46 

-245 

019837 

,017253 

014372 

.011240 

.007966 

004773 

- 2.45 

- 2.44 

.020328 

017730 

.014825 

.011655 

008324 

005050 

- 2.44 

- 2.43 

,020829 

.018218 

,015290 

,012082 

008695 

005341 

- 2.43 

- 2.42 

.021341 

018717 

015766 

.012522 

.009079 

005644 

- 2'42 

-241 

021862 

019227 

016255 

.012974 

009476 

00 S 961 

- 2.41 

- 2.40 

.022395 

,019749 

.016756 

.013440 

009887 

006292 

- 2.40 

- 2.39 

.022937 

.020282 

,017269 

.013919 

.010313 

.006637 

- 2.39 

-2 38 

023491 

020827 

.017795 

.014412 

.010753 

.006998 

- 2.38 

- 2.37 

024056 

.021384 

,018334 

.014919 

011208 

007374 

- 2.37 

-236 

024631 

.021953 

.018886 

.015440 

.011678 

007765 

- 2.36 

- 2.35 

.025218 

.022534 

019451 

.015976 

012163 

008173 

-235 

- 2.34 

.025817 

.023127 

020030 

016526 

.012664 

008597 

-2 34 

- 2.33 

026426 

.023733 

.020623 

.017091 

013182 

.009039 

- 2.33 

- 2.32 

.027048 

.024352 

.021230 

017672 

013716 

.009498 

- 2.32 

-2 31 

,027682 

024984 

021850 

018267 

.014267 

.009975 

-2 31 

- 2.30 

.028327 

025629 

,022486 

018879 

014835 

010471 

- 2.30 

- 2.29 

028985 

,026287 

.023135 

019507 

.015421 

.010986 

- 2.29 

- 2,28 

.029655 

,026959 

02.^800 

.020151 

016025 

.011520 

-228 

- 2.27 

,030337 

027644 

024480 

020812 

.016647 

012074 

- 2.27 

- 2.26 

031032 

.028344 

025174 

021489 

.017287 

012648 

- 2,26 

- 2,25 

031740 

029057 

025885 

.022184 

017947 

.013242 

-225 

- 2.24 

.032460 

029784 

,026611 

022896 

.018625 

013859 

- 2.24 

-223 

.033194 

,030526 

.027352 

023625 

019323 

,014496 

-2 23 

- 2,22 

033941 

031282 

028110 

.024372 

.020041 

015156 

- 2.22 

- 2,21 

034701 

032053 

.028884 

025138 

020780 

.015838 

- 2.21 

- 2.20 

.035475 

.032839 

.029675 

.025922 

.021538 

016544 

- 2.20 

-219 

036262 

.033640 

030482 

.026724 

.022318 

.017272 

- 2.19 

-218 

037063 

.034456 

031307 

027546 

023119 

018025 

-218 

- 2.17 

.037878 

035287 

032148 

.028386 

023942 

018801 

- 2.17 

- 2.16 

038707 

.036134 

033006 

.029246 

.024786 

.019603 

- 2.16 

- 2,15 

,039550 


,033883 

030125 

025652 

020429 

- 2,15 

-214 

040408 


.034776 

.031025 

.026541 

.021282 

- 2.14 

- 2.13 

.041280 

038770 

.035688 

.031944 

027453 

.022160 

-213 

-212 

042166 

.039680 

.036617 

032884 

028387 

.023064 

- 2.12 

-211 

.043067 

040607 

.037565 

.033844 

029345 

,023995 

- 2.11 

-210 

043984 

041551 

.038531 

034825 

030327 

.024953 

- 2.10 

-209 

044915 

042511 

039516 

'.035827 

.031332 

025939 

- 2.09 

- 2.08 

.045861 

.043488 

040520 

.036850 

.032362 

,026952 

- 2.08 

-207 

046823 

044481 

.041542 

037894 

033416 

.027994 

- 2.07 

-206 

047800 

045492 

042584 

038960 

.034495 

. 0290 u 4 

- 2.06 

-205 

048792 

046520 

.043645 

040048 

.035598 

.030164 

- 2,05 

. -204 

049800 

.047566 

,044725 

041158 

.036727 

.031292 

- 2.04 

- 2,03 

.050824 

.048628 

045825 

042290 

037881 

.032450 

- 2.03 

-202 

.051864 

.049709 

.046944 

.043444 

.039061 

.033638 

- 2.02 

r 2 .Ql 

.052919 

050807 

048084 

044621 

.040267 

.034856 

- 2.01 

- 2.00 

053991 

.051923 

.049243 

.045820 

.041499 

.036104 

- 2.00 

























PEARSON'S TYPE III FUNCTION—ORDINATES 


77 



SKEWNESS 


t 

.6 

7 

8 

.9 

1.0 

I 1 

t 

- 2.49 

001470 

000201 





- 2.49 

- 2,48 

.001601 

.000237 





- 2.48 

-2 47 

001742 

000277 





-2 47 

- 2.46 

001893 

000324 





-2 46 

-2 45 

.002055 

.000376 





-2 45 

- 2.44 

»02227 

000435 

000001 




-2 44 

- 2.43 

.002411 

000501 

.000001 




- 2.43 

-242 

002606 

000574 

,000002 




- 2.42 

- 2.41 

002814 

000656 

000004 




-2 41 

-2 40 

.003035 

.000747 

.000007 




- 2.40 

-2 39 

003270 

.000848 

.000012 




-2 39 

- 2.38 

003518 

000959 

.000018 




-2 38 

-2 37 

.003781 

001081 

000027 




-2 37 

-2 36 

004060 

.001215 

.000038 




- 2.36 

-235 

.004355 

001362 

000054 




-2 35 

-2 34 

004665 

.001523 

000074 




-2 34 

-2 33 

004993 

001697 

.000099 




- 2.33 

-2 32 

.005339 

,001887 

.000130 




-2 32 

- 2.31 

.005703 

.002093 

000169 




- 2,31 

- 2.30 

.006086 

002316 

.000216 




-2 30 

- 2,29 

006489 

002557 

000272 




-2 29 

-2 28 

006912 

002816 

000338 




-2 28 

-2 27 

.007355 

003095 

000417 




-2 27 

-226 

007820 

003395 

000508 




- 2.26 

-2 25 

008307 

003716 

.000614 




-225 

-224 

008817 

004060 

.000736 




- 2.24 

-223 

009351 

.004427 

,000875 




-2 23 

- 2.22 

.009908 

,004818 

001032 




- 2.22 

-221 

010490 

005235 

.001211 

.000001 



- 2,21 

- 2.20 

011097 

,005678 

001411 

000001 



-2 20 

-219 

011730 

006149 

001634 

.000003 



-2 19 

-218 

012390 

006648 

001883 

000008 



-218 

- 2.17 

.013077 

007176 

.002159 

000019 



- 2.17 

- 2.16 

013792 

.007734 

.002463 

.000037 



- 2.16 

-215 

014535 

008324 

.002797 

000064 



-2 15 

- 2.14 

.015307 

008945 

X )03162 

000105 



-2 14 

-213 

016108 

009600 

.003561 

000161 



-213 

- 2.12 

016940 

010288 

003995 

000236 



- 2.12 

- 2,11 

.017803 

011012 

004466 

.000334 



-2 11 

- 2.10 

018696 

,011771 

.004975 

.000457 



-2 10 

- 2,09 

.019622 

012566 

005524 

.000609 



- 2.09 

-208 

.020580 

.013400 

006114 

.000793 



-2 08 

- 2.07 

021570 

.014271 

.006747 

.001014 



- 2,07 

-206 

.022595 

,015182 

.007425 

001274 



-206 

-205 

.023653 

.016133 

.008148 

.001577 



-205 

- 2.04 

.024745 

.017124 

,008919 

.001926 



- 2.04 

-203 

025872 

018157 

,009739 

002325 



-203 

- 2.02 

.027035 

.019231 

.010608 

.002777 



- 2;02 

- 2,01 

.028233 

,020349 

.011529 

003284 



- 2,01 

- 2.00 

.029467 

021510 

.012503 

.003851 



-200 
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PEARSON’S TYPE III FUNCTION—ORDINATES 




095864 

.097591 

099337 

101102 

.102887 

.104691 

106514 

1083 S 5 

.110216 

.112095 



.129829 

131888 


063355 

064764 

066194 

067616 

069119 

070614 

.072131 

. 07,3669 

075229 

076810 

078414 

0 CC 039 

081685 

.083354 

085044 

.086755 

088489 

,090244 

092020 

,093818 

09 S 637 

,097478 

.099339 

.101222 

,103126 

105051 

106996 

.108962 

,.110949 

112956 

114983 

117030 

.119097 

,121184 

,123290 

,125415 

,127559 

129722 

,131903 

134103 


3 

,4 

,5 

047043 

,042757 


048288 

044042 


,049557 

045353 

.040034 

050849 

046691 

041407 

052164 

,048056 

.042811 

,053503 

049448 

044247 

054866 

050868 

045715 

056252 

.052315 

047215 

057663 

053790 

048748 

,059097 

055292 

,050313 

.060556 

.056822 

.051910 

.062038 

058380 

.053540 

,063545 

059965 

,055203 

,065076 

.061579 

.056899 

066632 

063221 

.058628 

.068212 

064891 

.060390 

.069817 

066588 

062184 

071446 

068.115 

064012 

07,3099 

070069 

065872 

074777 

071851 

067706 

076479 

073661 

069692 

078206 

075500 

071051 

,079957 

.077366 

,073642 

08)733 

079260 

075666 

083533 

081182 

077723 

085358 

083132 

079811 

087206 

085109 

081932 

.089079 

.087114 

,084085 

090976 

089146 

086269 

092897 

.091205 

088485 

,094841 

093292 

.090732 

,096810 

.095405 

093009 

,098802 

097545 

095318 

.100817 

099711 

097657 

,102856 

101903 

,100025 

104918 

104121 

,102424 

107002 

106365 

.104851 

109110 

.108635 

107308 

111240 

110929 

109793 

,113392 

113248 

112306 

115567 

.115592 

114846 

.117763 

117960 

,117414 

119981 

. 1203.52 

120009 

122220 

122767 

.122629 

.124480 

125205 

.125275 

.126761 

127666 

127947 

.129062 

.130150 

130643 

.131384 

,132655 

.133363 

.133725 

,135181 

1.36106 

136086 

.137729 

138872 
































PEARSON'S TYPE III FUNCTION—ORDINATES 


79 



SKEWNESS 

t 

t 

6 

HI 

8 

9 

10 

1 1 

- 1.99 

030738 


013530 

004479 

000003 


-1 99 

-1 98 

.032045 


014612 

005171 

000020 


-1 98 

-1 97 

033390 

025260 

015750 

.005931 

000068 


-1 97 

- 1.96 

.034772 

.026601 

,016945 

006761 

.000158 


-196 



.027988 

.018198 

.007662 

000302 


- 1.95 

-1 94 


029422 

.019510 

008638 

,000511 


- 1,94 

- 1.93 

mmtm 

.030903 

.020881 

.009690 

000795 


-193 

-192 

040681 

■iisi&ta 

022313 

010820 

001163 


-192 

-191 

,042255 


,023805 

.012030 



- 1.91 

-190 

043868 


.025359 

.013320 



-1 90 

- 1,89 

045520 

.037306 

026975 

.014694 

002848 


-1 89 

- 1.88 

047211 

039027 

028654 

016152 

003625 


- 1,88 

- 1.87 

048941 

040797 

030395 

017694 

.004517 


-1 87 

-186 

.050711 

042617 

032200 

019322 

005530 


-1 86 

- 1.85 

052521 

044485 

,034068 

021037 

.006667 


-1 85 

-1 84 

054370 

,046403 

036000 

022839 

.007931 


-1 84 

-1 83 

,056259 

048370 

037995 

024729 

009325 


- 1.83 

- 1.82 

058187 

050385 

040054 

.026706 

010850 


-1 82 

- 1,81 

,060155 

.052450 

042177 

.028771 

012508 

000041 

-1 81 

-1 80 

062162 

.054564 

044364 

.030925 

014300 

000251 

-180 

-1 79 

064209 

056727 

046614 

033166 

016226 

RS!S!!S] 


-1 78 

, 06.5295 

.058938 

048927 

.035494 

018287 


BwH 

- 1.77 

.068420 

061198 

051302 

.037910 

020482 



- 1,76 

KiiiSI 

063506 

053740 

.040412 

022811 

003411 

BwEH 

-1 75 


.065862 

056241 

043000 

.025272 

004829 

BIXH 

-174 


068265 

058802 

045673 

027865 

.006502 

BHxl 

-1 73 

077307 

070715 

061424 

.048430 

030587 

.008427 

BIrjM 

- 1,72 

079624 

073212 

,064107 

.051270 

033438 

010600 

Bl&l 

-1 71 

081979 

.075755 

066848 

054192 

036414 

013018 

-1 71 

- 1.70 

084371 

078344 

069649 

057194 

.039514 

015674 

- 1,70 

- 1,69 

.086800 

080978 

,072507 

060276 

042736 

.018562 

-1 69 

-168 

089266 

083656 

075422 

063435 

.046076 

.021675 

- 1,68 

-1 67 

,091767 

086379 

.078393 

066671 

.049531 

.025005 

-1 67 

-166 

094304 

.089144 

,081419 

069981 

.053099 

028545 

-166 

- 1 . 6 S 

.096877 

.091953 

084499 

.073364 

056776 

032287 

-1 65 

-1 64 

.099484 

094803 

087632 

076819 

060560 

036221 

-164 

-163 

102125 

.097694 

,090817 

080342 

064446 

.040341 

-163 

-1 62 

,104800 

,100626 

094052 

,083933 

068431 

,044638 

-1 62 

- 1,61 

107507 

103597 

097336 

087589 

072512 

.049102 

- 1,61 

-1 60 

110248 

,106606 

100668 

091308 

076685 

053726 

-160 

- 1,59 

.113020 

.109653 

,104046 

095088 

.080947 

058501 


-1 58 

115823 

112737 

107470 

098927 

085292 

.063419 


- 1.57 

118656 

.115857 

,110938 

.102824 

089718 

068472 


-1 56 

,121520 

119012 

.114448 

.106774 

094221 

073650 


- 1.55 

,124412 

,122201 

117999 

.110777 

.098796 

078946 

-1 55 

- 1.54 

.127333 

.125422 

121590 

.114830 

,103441 

,084352 

- 1.54 

- 1,53 

130282 

.128676 

.125218 

118930 

108150 

.089859 

- 1,53 

-1 52 

.133257 

,131960 

.128883 

.123076 

.112920 

.095461 

- 1.52 

- 1.51 

,136258 

135273 

,132582 

127264 

,117747 

.101149 

- 1,51 

-1 SO 

1,39285 

138615 

.136315 

.131493 

.122626 

106916 

- 1.50 



















so 


PEARSON'S TYPE III FUNCTION—ORDINATES 


t 

SKEWNESS 

t 

.0 

.1 

2 

3 

.4 

.5 

- 1,49 

.131468 

133964 

136321 

138466 

140297 

.141661 

- 1.49 

- 1.48 

133435 

.136057 

138556 

.140865 

142885 

.144471 

-1 48 

-1 47 

,135418 

,138166 

,140809 

.143282 

145492 

147302 

-1 47 

- 1,46 

137417 

.140292 

143079 

.145718 

148119 

150153 

-1 46 

- 1.45 

139431 

142434 

.145366 

,148171 

.150764 

,153024 

-145 

- 1,44 

.141460 

144592 

.147670 

.150641 

.153427 

.155914 

- 1.44 

-143 

143505 

.146765 

149989 

153128 

.156108 

158822 

- 1.43 

- 1,42 

.145564 

148954 

.152325 

.155631 

158806 

.161747 

- 1.42 

- 1.41 

.147639 

151158 

154676 

158636 

161520 

.164690 

- 1.41 

-146 

149727 

,153377 

.157043 

.160686 

164249 

167648 

- 1.40 

-139 

.151831 

.155611 

,159424 

.163235 

.166994 

,170621 

- 1.39 

- 1.38 

153948 

157859 

,161820 

,165800 

.169754 

173609 

- 1.38 

- 1.37 

.156080 

160121 

164230 

.168379 

.172528 

.176611 

- 1.37 

- 1,36 

.158225 

162397 

.166653 

.170971 

,175315 

.179626 

- 1.36 

-1 35 

160383 

164686 

169090 

.173576 

.178114 

.182653 

- 1.35 

- 1.34 

.162555 

.166989 

171540 

.176194 

.180926 

.185691 

-134 

- 1.33 

164740 

169304 

.174002 

178825 

.183750 

188740 

- 1.33 

- 1,32 

, 1669.37 

171632 

,176477 

181466 

.186584 

191799 

-1 32 

-131 

.169147 

.173971 

.178963 

.184119 

.189428 

194866 

-1 31 

- 1.30 

.171369 

176323 

181461 

186782 

192282 

.197941 

- 1.30 

- 1,29 

173602 

.178686 

183969 

189455 

,195144 

.201024 

- 1.29 

-128 

175847 

.181060 

186487 

.192138 

.198015 

204113 

-128 

- 1,27 

178104 

. 18.3444 

189016 

194829 

.200893 

.207207 

- 1.27 

- 1,26 

180371 

185839 

191554 

.197529 

.203777 

.210306 

-126 

-125 

182649 

188244 

.194100 

.200236 

206668 

213408 

- 1.25 

-124 

.184937 

190658 

.196656 

202951 

.209564 

.216514 

-124 

-1 23 

187215 

19,3081 

,199219 

205671 

.212464 

219621 

- 1.23 

- 1,22 

.189543 

195513 

201789 

.208398 

.215368 

.222729 

- 1.22 

- 1.21 

191860 

.197953 

,204367 

.211130 

.218276 

.225838 

- 1.21 

-120 

.194186 

,200401 

.206951 

.213866 

.221185 

,228946 

-120 

- 1,19 

196520 

,202857 

,209540 

,216607 

,224096 

.232052 

- 1.19 

- 1.18 

.198863 

.205319 

212135 

.219350 

.227008 

235155 

-1 18 

-1 17 

201214 

207788 

,214735 

.222097 

.229919 

238256 

- 1.17 

-1 16 

.203571 

,210262 

217339 

,224845 

232830 

.241352 

-1 16 

-1 15 

205936 

.212743 

,219947 

227595 

.235740 

.244442 

- 1.15 

- 1.14 

208308 

215228 

,222558 

.230346 

.238647 

247527 

- 1.14 

- 1.13 

210686 

.217718 

225172 

.233097 

.241551 

.250604 

- 1.13 

- 1.12 

.213069 

.220212 

227788 

.235847 

.244452 

.253674 

- 1.12 

- 1,11 

, 21.5458 

,222710 

,230405 

.238596 

,247347 

256734 

-1 11 

- 1,10 

217852 

225211 

.233023 

241343 

250238 

.259785 

- 1.10 

- 1.09 

.220251 

.227715 

.235641 

.244087 

.253122 

262825 

- 1.09 

-108 

222653 

.230220 

238259 

.246828 

.255999 

265854 

- 1.08 

,-l 07 

225060 

,232728 

240876 

,249566 

.258868 

268871 

- 1.07 

- 1.06 

.227470 

235236 

,243492 

.252298 

261729 

.271874 

-106 

- 1.05 

,229882 

.237745 

246105 

255025 

.264581 

.274863 

- 1.05 

- 1.04 

232297 

.240254 

248716 

,257746 

.267423 

.277836 

- 1.04 

- 1.03 

234714 

.242763 

,251324 

.260461 

270253 

.280794 

- 1.03 

-102 

.237132 

.245271 

.253927 

.263168 

.273073 

.283736 

- 1.02 

-101 

.239551 

.247777 

.256526 

.265867 

275879 

.286659 

- 1.01 

- 1.00 

.241971 

250281 

.259120 

268557 

.278673 

.289564 

- 1.00 



PEARSO>I'S TYPE III FUNCTION—ORDINATES 


81 



SKEWNESS 

t 

t 

.6 

7 

.8 

.9 

1.0 

11 

- 1.40 

.142336 

141985 

140079 

.135760 

.127555 

.112755 

-149 

- 1.48 

.145411 

145380 

143873 

.140062 

132530 

118658 

-1 48 

- 1.47 

.148508 

148801 

.147695 

.144398 

137545 

.124618 

- 1.47 

-1 46 

.151627 

.152245 

.151544 

.148764 

.142598 

130629 

- 1.46 

-1 45 

.154767 

155712 

155418 

153158 

147684 

1.136684 

-145 

-1 44 

.157927 

.159201 

.159314 

157578 

.152800 

.142777 

- 1.44 

-1 43 

161106 

162709 

163233 

162021 

.157942 

148900 

- 1,43 

-1 42 

164303 

.166236 

.167170 

.166485 

.163106 

155049 

- 1.42 

-1 41 

I 67 S 17 

.169781 

.171126 

.170967 

.168290 

161218 

-1 41 

- 1.40 

.170748 

173342 

.175098 

175465 

.173488 

.167399 

- 1.40 

-1 39 

173994 

176918 

.179085 

! .179977 

.178698 

173589 

-1 39 

- 1.38 

177254 

180508 

.183084 

.184499 

183916 

179781 


-1 37 

.180527 

184110 

.187094 

.189030 

.189138 

185970 


-1 36 

,183812 

187724 

191113 

.193568 

194362 

.192152 

- 1.36 

-1 35 

187109 

191347 

195140 

198109 

199584 

198321 

- 1.35 

-1 34 

190416 

194978 

199173 

202652 

.204801 

204473 

-I 34 

- 1.33 

.193732 

.198616 

.203210 

207195 

210009 

210604 

- 1.33 

-I 32 

197056 

.202261 

.207249 

.211734 

.215206 

.216708 

-1 32 

-1 31 

200387 

.205909 

211288 

216268 

220389 

222782 

- 1.31 

- 1..10 

.203724 

209561 

215327 

220795 

225554 

.228822 

- 1.30 

-1 29 

207066 

213215 

219362 

225312 

230699 

.234824 

-129 

-1 28 

210412 

216869 

.223394 

229818 

.235821 

240785 

- 1.28 

- 1.27 

.213761 

220522 

.227419 

234309 

.240917 

.246700 

- 1.27 

-1 26 

217111 

224173 

231436 

.238785 

245985 

252566 

-I 26 

-1 25 

220462 

.227820 

.235444 

243242 

.251021 

258381 

- 1.25 

-1 24 

223813 

231463 

239441 

247680 

.256025 

264141 

E 

-1 23 

227162 

.235099 

.243425 

252095 

260992 

269843 

E S 

-1 22 

.230509 

238728 

247394 

.256487 

265921 

.275484 

B S 

-1 21 

233852 

.242348 

251348 

.260853 

270810 

.281062 

- 1.21 

-1 20 

.237190 

245958 

255285 

265191 

275656 

.286574 

- 1.20 

- 1.19 

240522 

249556 

259203 

269500 

.280457 

.292019 

-1 19 

- I.IS 

243848 

253142 

263100 

273777 

.285212 

.297392 

-118 

-1 17 

.247165 

256715 

266976 

.278022 

.289917 

302694 

- 1.17 

-1 16 

250474 

260272 

270828 

282232 

294572 

.307920 

- 1.16 

-1 15 

.253773 

.263813 

274655 

286406 

.299175 

.313070 

-1 IS 

- 1.14 

257060 

267336 

278457 

290541 

303723 

.318142 

-1 14 

- 1.13 

260335 

270840 

282231 

294638 

308215 

323134 

- 1.13 

- 1.12 

263598 

274325 

285976 

298694 

312650 

.328045 

- 1.12 

-1 11 

266846 

277788 

289690 

.302707 

317026 

.332873 

-111 

- 1.10 

.270078 

281229 

293374 

.306677 

.321341 

.337616 

- 1.10 

- 1.09 

.273295 

284647 

.297024 

310601 

325594 

.342274 

- 1.09 

-1 08 

.276494 

288040 

300641 

.314479 

.329785 

.346846 

-108 

- 1.07 

.279675 

291408 

.304222 

.318310 

.333910 

351330 

-107 

-1 06 

.282837 

294749 

.307768 

322091 

337970 

.355725 

- 1.06 

- 1 . 0.5 

.285979 

.298062 

311275 

.325823 

341964 

.360030 

- 1.05 

- 1.04 

289099 

301346 

.314744 

.329503 

.345889 

364246 

- 1.04 

- 1.03 

292197 

.304600 

.318173 

.333131 

.349746 

.368370 

-103 

-102 

.295272 

307823 

.321562 

336706 

.353533 

372403 

- 1.02 

- 1.01 

.298324 

.311015 

324908 

.340226 

.357249 

.376344 

- 1.01 

-100 

.301350 

.314173 

.328212 

343691 

.360894 

.380193 

- 1.00 









« PEARSON’S TYPE Ill FUNCTION—ORDINATES 



SKEWNESS 

- 

t 

.0 

.1 

,2 

.3 

.4 

.5 

t 

- 99 

.244390 

,252782 

.261708 

.271238 

.281452 

292450 

- .99 

- 98 

.246809 

.255281 

.264290 

.273908 

.284217 

,295316 

- .98 

- ,97 

.249228 

.257775 

.266865 

.276568 

.286967 

.298161 

- .97 

- .96 

.251644 

,260265 

.269432 

.279216 

289700 

300984 

- .96 

- 95 

.254059 

,262750 

.271991 

.281852 

.292416 

.303784 

- .95 

- .94 

,256471 

,265230 

.274541 

.284475 

.295115 

.306561 

- .94 

- ,93 

.258881 

,267704 

.277082 

.287084 

.297795 

.309314 

- .93 

- 92 

.261286 

.270172 

,279612 

.289679 

.300456 

.312042 

- .92 

V . .91 

,263688 

,272632 

,282132 

.292259 

.303097 

.314744 

- .91 

- ,90 

,266085 

.275084 

.284640 

,294824 

.305717 

,317420 

- .90 

- ,89 

268477 

,277528 

2871.16 

.297372 

.308316 

320068 

- .89 

- 88 

270864 

279964 

.289620 

. 29 S 903 

.310893 

.322689 

- .88 

- 87 

,273244 

,282389 

.292090 

302416 

313447 

.325281 

- 87 

- 86 

.275618 

.284805 

.294547 

..104911 

.315978 

.327843 

- 86 

- 85 

.277985 

.287210 

296988 

307387 

.318484 

.330376 

- .85 

- .84 

280344 

,289604 

299415 

.309843 

.320966 

.332877 

- .84 

- 83 

282694 

291986 

.301826 

312279 

.323422 

335348 

- .83 

- 82 

285036 

294356 

.304220 

314694 

.325852 

.337786 

- .82 

- 81 

,287369 

.296713 

.306598 

.317087 

328255 

.340191 

- 81 

- 80 

,289692 

299057 

308958 

319458 

.330631 

.342563 

- .80 

- 79 

.292004 

..101386 

.311299 

..121806 

,332978 

.344901 

- .79 

- 78 

.294305 

,303700 

.313622 

324130 

.335297 

347305 

- .78 

- ,77 

296595 

,.106000 

315925 

.326431 

.337586 

,349473 

- 37 

- .76 

.298872 

,308283 

.318208 

328707 

.339846 

.351705 

~ 36 

- .75 

.101137 

, 3105.50 

.320471 

.330957 

,342075 

353901 

~ .75 

- .74 

.303389 

.312800 

.322712 

.333181 

.344273 

. 3560(51 

- .74 

- 73 

305627 

.315032 

.324931 

.335379 

,346439 

.358183 

- .73 

- 72 

307851 

.317246 

.327128 

.337550 

.348572 

.360367 

- 32 

- 71 

310060 

319442 

,329302 

.339693 

350673 

362313 

- .71 

- .70 

312254 

.321618 

331453 

.341808 

.352741 

.364319 

- .70 

^ 69 

314432 

.323774 

.333579 

343894 

354775 

.366287 

- .69 

- 68 

316593 

325910 

335680 

,345950 

356774 

.368214 

- .68 

-- 67 

.318737 

328025 

.337757 

.347977 

.358739 

.370102 

- £7 

- .66 

.320864 

330119 

339807 

349974 

.360668 

.371949 

- .66 

- .65 

.322972 

,332190 

.341831 

.351939 

.362561 

.373754 

- .65 

- 64 

.325062 

.334239 

343829 

353873 

.364419 

37 SS 19 

- .64 

- .63 

.327133 

,336264 

.345798 

.355775 

.366239 

.377241 

- 63 

- .62 

329184 

.338266 

347740 

.357645 

.368022 

.378922 

- .62 

- 61 

331215 

.340244 

.349654 

.359481 

369768 

.380559 

- .61 

- .60 

.333225 

342196 

351538 

.361285 

371475 

.382155 

- .60 


.335213 

.344124 

.353393 

.363054 

.373145 

,383707 

- .59 

- .58 

,337180 

.346026 

.355218 

.364790 

.374775 

.385215 

- ,58 

- .57 

.339124 

.347901 

.357013 

.366490 

,376367 

.366680 

- .57 

- .56 

.341046 

.349750 

,358777 

.368156 

.377919 

.388101 

- .56 

- .55 

.342944 

351571 

,360510 

,369786 

.379431 

.389478 

- ,55 

- .54 

.344818 

.353365 

.362210 

.371380 

380903 

.390810 

- .54 

- . 5.3 

.346668 

.355130 

.363879 

.372938 

.382334 

.392098 

- .53 

- .52 

,348493 

3,56867 

.365515 

374459 

.383725 

.393341 

- .52 

- .51 

,350292 

.358574 

.367117 

.375943 

.385075 

.394540 

- ,51 

- .50 

.352065 

.360252 

.368687 

.377390 

.386384 

.395693 

- .50 



PEARSON’S TYPE III FUNCTION—ORDINATES 


U 


—= 

SKEWNESS 

t 

t 

6 

7 

8 

.9 

1.0 

1.1 

99 

,304350 

.317298 

331472 

.347099 

.364467 

383948 

99 

98 

307324 

320388 

.334688 

350451 

.367967 

387610 

98 

.97 

,310270 

323442 

.337857 

,353745 

.371393 

391179 

,97 

96 

313188 

.326460 

,340981 

.356979 

374745 

394654 

- .96 

- 95 

.316076 

,329440 

344057 

.360155 

.378023 

.398035 

- .95 

.94 

.318934 

.332382 

.347085 

363270 

.381226 

401323 

- ,94 

- .93 

321762 

335285 

350064 

,366325 

.384353 

.404516 

- .93 

- 92 

324557 

.338148 

.352993 

,369318 

.387404 

407616 

- .92 

- 91 

327320 

340970 

.355872 

.372249 

.390379 

410622 

- .91 

- .90 

.330050 

.343751 

358700 

.375117 

393277 

.413535 

- .90 

- ,89 

.332745 

346490 

361477 

377922 

396099 

416354 

- .89 

88 

,335406 

,349186 

.364201 

.380664 

398844 

.419081 

- .88 

- 87 

338031 

351839 ' 

366872 

383342 

.401512 

.421715 

- .87 

- 86 

,340620 

.354447 

.369490 

385956 

.404103 

.424257 

- .86 

85 

.343173 

357011 

.372054 

.388505 

406616 

426706 

- .85 

- .84 

.345687 

359529 

.374563 

.390989 

409053 

429065 

- .84 

- 83 

348164 

.362001 

.377018 

393408 

.411412 

.431332 

- .83 

.82 

350601 

.364427 

,379417 

395762 

.413695 

433509 

- 82 

81 

.352999 

.366805 

.381760 

.398049 

415900 

435596 

- .81 

- .80 

355357 

.369136 

.384048 

.400271 

.418028 

.437594 

- .80 

- 79 

.357675 

.371419 

.386278 

.402427 

.420080 

439504 

- .79 

- ,78 

359951 

373654 

.388453 

.404517 

422056 

.441325 

- .78 

77 

362186 

375839 

,390569 

406541 

423955 

.443059 

- .77 

- .76 

364378 

,377975 

392629 

4<«499 

.425778 

444707 

- .76 

- 75 

366528 

.380062 

.394631 

.410390 

427526 

.446269 

- .75 

- 74 

.368635 

382098 

.396575 

.412215 

429199 

447745 

- .74 

- .73 

370698 

,384084 

.398462 

413975 

.430796 

.449138 

- .73 

- 72 

.372716 

386019 

400290 

415668 

432319 

.450447 

- .72 

- .71 

,374691 

,387903 

.402060 

.417295 

.433769 

.451674 

- .71 

- 70 

376620 

.389735 

,403771 

.418857 

.435144 

452819 

- .70 

- .69 

.378505 

.391516 

405424 

.420352 

436447 

.453883 

- .69 

68 

380343 

.393245 

407019 

421783 

,437676 

.454867 

- .68 

- 67 

.382136 

.394922 

.408555 

.423148 

.438834 

455773 

- .67 

- 66 

383882 

.396547 

.410033 

.424449 

.439920 

.456600 

- .66 

- 65 

,385582 

.398119 

.411452 

.425684 

.440935 

457350 

- 65 

- 64 

.387235 

399639 

.412813 

.426855 

.441880 

.458024 

- .64 

- 63 

.388841 

,401106 

.414116 

427962 

.442755 

.458623 

.63 

- .62 

,390399 

402520 

,415360 

.429006 

.443561 

.459147 

- »62 

- 61 

.391910 

.403882 

.416546 

.429986 

.444298 

459598 

- .61 

- 60 

393373 

405191 

,417674 

.430902 

.444968 

459977 

- .60 

- .59 

,394789 

.466446 

418744 

,431757 

.445570 

.460285 

- .59 

- .58 

396156 

.407649 

,419757 

432548 

446105 

.460523 

- .58 

- .57 

.397474 

408799 

.420712 

.433278 

446575 

. 4^1 

- .57 

- .56 

.398745 

.409896 

.421610 

,433947 

.446980 

.460792 

- .56 

- .55 

,399966 

.410940 

.422451 

.434555 

447320 

, 46082'5 

- .55 

- .54 

.401140 

.411932 

423235 

.435102 

.447597 

.460792 

- .54 

- .53 

.402264 

.412871 

.423962 

.435590 

.447811 

.460694 

[ - ,53 

- .52 

,403340 

.413757 

.424634 

.436018 

.447963 

.460532 

- .52 

- .5 

.404367 

.414590 

.425249 

.436387 

.448054 

.460302 

f - .51 

- 5 ( 

.405345 

.415372 

,425809 

.436698 

,448064 

.46002 
















PEARSON'S TYPE 111 FVNCTION^ORDINATES 


SI 



skewness 

t 

t 

0 

,1 

.2 

,3 

.4 

5 

- 49 

353812 

361899 

.370222 

,378799 

.387651 

396801 

- .49 

- 48 

355533 

363516 

.371723 

.380170 

.388876 

.397863 

- .48 

- 47 

357225 

365102 

.373189 

.381503 

.390060 

,398880 

- 47 

- ,46 

,358890 

366657 

.374621 

382797 

391201 

.399852 

- .46 

^ .45 

.360527 

.368179 

,376017 

.384052 

.392300 

.400778 

- .45 

- 44 

,.362135 

369670 

,377377 

385268 

.393357 

.401658 

- .44 

- 43 

363714 

,371128 

378701 

.386444 

.394370 

,402493 

- .43 

- ,42 

.365263 

.372552 

,379988 

.387581 

.395341 

.403282 

- .42 

- 41 

,366782 

373944 

,381239 

.388578 

396269 

.404025 

- .41 

- 40 

.368270 

375301 

382453 

.389735 

.397154 

404722 

- .40 

- 39 

,369728 

376624 

,383630 

.390751 

.397996 

.405374 

- .39 

- .38 

371154 

377913 

,384768 

.391727 

. 3 Q 879 S 

.405980 

- .38 

- .,37 

372548 

379167 

385869 

392662 

399 SSO 

406540 

- 37 

- ,36 

373911 

.380385 

386932 

.393556 

400262 

4070 SS 

- 36 

- .35 

375240 

.381568 

,387956 

394409 

.400930 

.407525 

- 35 

- 34 

,376537 

,382715 

388942 

.395221 

.401555 

.407949 

- .34 

- 33 

377801 

383826 

389889 

.395991 

.402136 

.408327 

- .33 

- 32 

379031 

.384901 

,390797 

396721 

.402674 

.408661 

- .32 

- 31 

380226 

.385938 

,391665 

397408 

403169 

.408949 

- 31 

- 30 

381388 

.386939 

,392494 

.398054 

,403620 

,409193 

- .30 

- .29 

382515 

.387902 

393284 

398659 

,404028 

409391 

- .29 

- 28 

383606 

388828 

,.194033 

399221 

.404392 

.409546 

- ,28 

- 27 

384663 

.,189716 

,.394743 

.399742 

404713 

409656 

- .27 

- 26 

385683 

390566 

.395413 

.400221 

404991 

.409722 

- 26 

- .25 

386668 

391378 

396042 

400658 

405226 

409743 

- .25 

- 24 

387617 

.392152 

.196631 

40 I 0 S 4 

,405418 

.409722 

- .24 

- 23 

.388529 

392886 

,397180 

.401407 

.405567 

.409656 

- .23 

- 22 

.389404 

-393582 

397688 

.401719 

405673 

.409548 

- .22 

- 21 

.390242 

394239 

, 3981.56 

401989 

.405736 

409396 

- 21 

- .20 

391043 

394857 

,398583 

402217 

.405758 

.409202 

- 20 

- 19 

391806 

.395436 

398969 

.402404 

405736 

.408966 

- .19 

- 18 

392531 

395975 

399315 

402548 

.405673 

.408687 

~ .18 

- .17 

.393219 

.396475 

399620 

402652 

405568 

.408367 

- ,17 

- ,16 

.393868 

.396935 

399884 

402714 

.405421 

408005 

- 16 

- .15 

394479 

,397355 

400107 

.402734 

.405233 

.407602 

- .15 

- 14 

,395052 

,397735 

400290 

,402714 

,405004 

.407158 

- .14 

- 13 

395585 

.398076 

.400432 

.402652 

.404733 

406674 

- .13 

- 12 

396080 

398376 

.400534 

.402550 

.404422 

.406149 

- .12 

- 11 

,396536 

,,398637 

400594 

402406 

404070 

.405585 

- ,11 

- .10 

396953 

398857 

.400615 

402222 

403678 

404982 

- .10 

- 09 

,397330 

399038 

400594 

.401998 

.403417 

.404339 

- .09 

- .08 

397668 

,399178 

4005.34 

.401733 

402775 

4036 S 8 

- 08 

- .07 

,397966 

,399278 

400433 

,401429 

402264 

.402939 

- 07 

- 06 

398225 

399338 

400292 

401084 

.401715 

402182 

~ 06 

- ,05 

.398444 

,399358 

400111 

.400700 

401126 

401388 

- .05 

- 04 

398623 

,399338 

.399890 

,400277 

.400499 

.400556 

- .04 

- 03 

398763 

,399278 

.399629 

399814 

399834 

.399688 

- ,03 

- ,02 

398863 

.399179 

399329 

.399313 

.399132 

,398784 

- .02 

- ,01 

,398922 

,399039 

.398989 

,398773 

.398392 

,397845 

- ,01 

00 

398942 

.398859 

.398610 

.398195 

.397615 

.396870 

.00 



PEARSON’S TYPE 111 FUNCTION-ORDINATES 



■* 

407 S 90 

.405607 

.403602 

401577 

.399533 

397469 

.395387 

.393288 

391172 

389040 











































































SKEWNESS 










































PEARSON'S TYPE HI FUNCTION-ORDINATES 


87 



SKEWNESS 


t 

6 

7 

,8 

9 

10 

1 1 

t 

.00 

,395962 

394892 

393663 

.392276 

390734 

.389040 

00 

.01 

394758 

.393496 

392075 

390499 

388770 

386893 

01 

02 

.393522 

392069 

.390461 

.388699 

386788 

384731 

02 

03 

,392255 

.390615 

388821 

386878 

,384788 

,382555 

03 

.04 

.390957 

.389132 

.387157 

385035 

382770 

380366 

04 

05 

389628 

387621 

.385468 

.383171 

380735 

.378164 

.05 

,06 

388270 

.386084 

.383756 

381288 

378684 

375950 

(!)6 

.07 

,386882 

384521 

.382021 

379385 

.376618 

373724 

,07 

08 

385466 

,382932 

.380263 

,377463 

374536 

371487 

08 

.09 

,384021 

,381318 

.378483 

375523 

372440 

369241 

.09 

10 

382549 

379679 

.376683 

373565 

.370331 

.366984 

10 

11 

.381050 

378016 

.374862 

.371591 

368208 

.364719 

.11 

12 

379525 

.376330 

373021 

369600 

366073 

362445 

12 

.13 

377973 

374621 

371160 

367593 

363926 

360163 

.13 

14 

376396 

,372891 

369281 

,365572 

361768 

357874 

14 

IS 

374795 

371138 

367384 

.363536 

359598 

.355577 

IS 

,16 

,373169 

.369364 

365469 

.361485 

357419 

353275 

16 

17 

.371519 

,367571 

363537 

359422 

.355230 

.350967 

17 

,18 

.369846 

365757 

,361588 

357345 

353032 

.348653 

IS 

19 

.368151 

363923 

.359624 

355257 

350826 

.346335 

.19 

.20 

366433 

362072 

357645 

353156 

.348611 

344013 

20 

.21 

364694 

.360201 

.355651 

.351045 

.346389 

341687 

.21 

.22 

.362934 

.358314 

.353642 

348923 

344160 

339357 

22 

.23 

361153 

356409 

.351620 

346791 

341924 

337025 

.23 

,24 

359353 

.354488 

349585 

.344649 

339683 

.334690 

24 

,25 

.357533 

.352550 

.347538 

.342498 

.337436 

332353 

.25 

26 

.355694 

350598 

.345478 

.340339 

.335184 

330015 

.26 

,27 

353838 

.348630 

343407 

.338172 

332927 

.327676 

27 

28 

.351963 

.346648 

.341325 

335997 

.330667 

.325336 

28 

.29 

350071 

344652 

.339233 

.333816 

.328403 

.322996 

29 

30 

.348163 

342643 

.337131 

.331627 

326135 

320657 

30 

31 

346239 

340621 

335019 

329433 

323865 

.318317 

31 

.32 

344299 

338587 

332898 

327233 

321593 

.315979 

32 

33 

.342343 

.336541 

.330769 

.325028 

319319 

.313642 

33 

34 

340374 

.334484 

328632 

322818 

317043 

311307 

,34 

35 

,338390 

.332416 

.326488 

320604 

.314766 

308974 

35 

.36 

.336393 

330338 

.324337 

.318387 

.312489 

306644 

36 

37 

334383 

.328251 

.322179 

.316166 

310212 

.304316 

37 

.38 

.332360 

.326154 

.320015 

313942 

.307934 

,301991 

38 

39 

,330325 

.324048 

317845 

.311716 

.305657 

,299670 

.39 

.40 

.328279 

.321934 

.315671 

.309487 

,303381 

297352 

.40 

41 

.326222 

319812 

,313491 

307257 

,301107 

295039 

.41 

.42 

324154 

.317683 

.311308 

.305026 

298834 

.292730 

42 

.43 

.322077 

.315547 

.309120 

.302793 

296563 

.290426 

.43 

.44 

.319989 

313405 

.306930 

.300561 

294294 

288127 

44 

45 

317893 

.311256 

.304736 

.298328 

,292028 

.285833 

45 

.46 

.315788 

309102 

302540 

296095 

289765 

.283544 

.46 

.47 

.313675 

.306943 

,300341 

.293863 

.287505 

.281262 

47 

.48 

.311555 

.304780 

298141 

.291632 

,285248 

.278985 

.48 

.49 

.309427 

.302612 

.295939 

,289402 

.282996 


.49 










88 


PEARSON'S TYPE III FUNCTION—ORDINATES 



.SKEWNESS 

t 

t 

0 

1 

2 

3 

.4 

5 

so 

352065 

344110 

336369 

.328830 

321478 

.314302 

,50 

.51 

.350292 

.342252 

,334438 

.326833 

319426 

312202 

51 

52 

348493 

.340372 

332487 

.324822 

317362 

.310093 

52 

53 

346668 

338470 

330519 

322796 

315286 

307976 

.53 

54 

344818 

336547 

328533 

.320756 

313200 

.305851 

.54 

55 

342944 

334604 

.326529 

318701 

311103 

.303719 

,55 

,56 

.341046 

332640 

.324509 

316634 

308796 

301579 

56 

,57 

.339124 

.330656 

.322473 

314554 

.306879 

299433 

,57 

58 

,337180 

328653 

.320421 

312461 

.304754 

297281 

58 

.59 

.335213 

326632 

,318354 

.310357 

302620 

.295124 

59 

60 

333225 

.324592 

.316273 

308242 

300477 

.292961 

60 

61 

331215 

322535 

.314178 

.306115 

298327 

.290793 

.61 

62 

329184 

320461 

312068 

303979 

296170 

.288621 

62 

63 

,327133 

.318370 

309946 

.301833 

294006 

286445 

.63 

64 

.325062 

316264 

307811 

299677 

291836 

,284266 

.64 

,65 

322972 

314142 

305565 

297513 

289660 

282083 

.65 

,66 

.320864 

312004 

303507 

.295340 

287478 

.279898 

.66 

.67 

.318737 

.309853 

301337 

293159 

285292 

.277711 

67 

68 

316593 

307687 

299157 

290971 

283101 

275521 

68 

69 

314432 

305508 

296968 

288776 

280906 

.273331 

.69 

70 

312254 

303317 

.294768 

286575 

.278707 

271139 

70 

71 

310060 

301113 

292560 

284368 

276505 

.268946 

.71 

.72 

.307851 

298897 

,290343 

.282155 

274301 

266754 

,72 

73 

.305627 

296670 

,288118 

279937 

272094 

264561 

73 

74 

303389 

,294432 

285886 

277714 

.269885 

262369 

.74 

75 

301137 

,292184 

283647 

275488 

.267674 

.260177 

.75 

,76 

,298872 

289926 

.281401 

273257 

265462 

,257987 

,76 

77 

296595 

.287659 

279148 

271023 

.263250 

255798 

77 

78 

294305 

285384 

.276891 

268787 

261037 

253611 

78 

.79 

292004 

.283100 

.274628 

266548 

258824 

251426 

79 

.80 

.289692 

.280809 

,272360 

264307 

.256612 

249244 

.80 

,81 

287369 

,278510 

.270089 

262064 

254400 

247065 

.81 

82 

285036 

276205 

267813 

.259820 

252189 

244888 

82 

.83 

,282694 

273893 

265535 

257576 

.249980 

.242716 

.83 

84 

.280344 

271576 

.263253 

255331 

247773 

.240547 

84 

85 

277985 

. 26925 '' 

.260969 

.253086 

245568 

.238382 

.85 

86 

275618 

266928 

258683 

250842 

243365 

236222 

.86 

.87 

,273244 

264597 

256396 

.248598 

241166 

.234066 

.87 

88 

,270864 

262262 

,254107 

.246356 

,238970 

231915 

.88 

89 

268477 

259924 

.251818 

.244115 

236777 

229770 

.89 

.90 

266085 

. 257.584 

249529 

.241876 

234588 

227630 

.90 

,91 

.263688 

255241 

,247240 

239640 

232403 

.225496 

.91 

92 

261286 

,252897 

2449.52 

237406 

230223 

223368 

.92 

.93 

258881 

250551 

242664 

.235176 

228048 

.221247 

.93 

94 

.256471 

.248204 

240378 

.232949 

225878 

.219132 

.94 

95 

,254059 

245857 

238094 

. 2.30725 

223713 

.217024 

.95 

96 

251644 

243510 

, 23.5812 

228506 

.221554 

.214923 

.96 

,97 

,249228 

,241164 

233533 

.226291 

.219401 

.212829 

.97 

.98 

.246809 

, 2.38818 

.231256 

224081 

.217254 

.210744 

.98 

.99 

,244390 

.236474 

,228984 

221876 

,215114 

.208665 

.99 
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SKEWNESS 


t 

.6 

7 

8 

.9 

1.0 

1 1 

t 

50 

.307293 

.300440 

.293736 

287174 

280748 

.274451 

.50 

.51 

305152 

298265 

291533 

.284948 

.278504 


51 

,52 

.303005 

.296087 

289330 

.282725 

.276265 


.52 

53 

300853 

293907 

.287126 

.280504 

.274031 

267703 

.53 

54 

298696 

291724 

.284923 

.278286 

271803 

265468 

.54 

55 

296535 

289539 

.282721 

.276071 

269580 

,263241 

.55 

,56 

294369 

.287354 

.280520 

.273860 

267363 

.261022 

.56 

,57 

.292200 

285167 

.278321 

.271653 

265152 

258811 

.57 

,58 

290028 

282979 

276124 

.269449 

.262947 

256608 

.58 

59 

287852 

.280792 

.273928 

267251 

,260749 

254414 

.59 

60 

285675 

278604 

271736 

265057 

.258558 

.252228 

.60 

.61 

283495 

276417 

269546 

262868 

.256373 

.250052 

61 

62 

.281313 

274231 

267359 

260685 

.254196 

.247885 

.62 

,63 

279131 

.272046 

265175 

258506 

252027 

245727 

63 

64 

276947 

.269862 

262996 

256334 

249865 

.243578 

.64 

65 

.274763 

.267680 

260820 

254168 

247711 

.241439 

.65 

()6 

.272578 


258649 

252008 

245565 

.239310 

.66 

.67 

.270394 

HEi L c 39 

256482 

249855 

243428 

.237190 

67 

. 6 S 

268211 

.261150 

.254320 

.247708 

.241299 

235081 

.68 

,69 

266028 

.258978 

.252164 

245568 

239178 

.232981 

.69 

70 

263847 

256811 

250012 

243436 

237066 

.230892 

.70 

71 

.261667 

.254647 

.247867 

241310 

234964 

228813 

.71 

72 

259489 

.252487 

245727 

239193 

.232870 

226745 

.72 

73 

. 2.57314 

.250331 

243593 

237083 

.230786 

.224688 

73 

74 

255141 

.248180 

241466 

.234981 

228711 

.222641 

.74 

75 

252971 

.246034 

.239345 

.232888 

226646 

.220605 

.75 

76 

250805 

.243893 

.237231 

230802 

224590 

.218581 

.76 

.77 

248642 

.241757 

.235125 

.228726 

222544 

216567 

.77 

78 

.246482 

.239627 

.233025 

.226658 

.220509 

214564 

.78 

79 

.244327 

.237503 

230933 

.224599 

.218483 

.212573 

.79 

80 

.242177 

235385 

.228849 

222548 

.216468 

.210593 


81 

240031 

.233274 

226772 

220508 

214463 

.208624 

81 

.82 

237890 

.231169 

.224704 

218476 

212469 

.206667 

.82 

.83 

235754 

.229071 

222644 

.216454 

.210485 

204722 

.83 

.84 

.233624 

.226980 

.220592 

.214442 

,208512 

.202788 

.84 

85 

231500 

224896 

218549 

212439 

.206550 

.200866 

.85 

.86 

229381 

.222820 

.216515 

210447 

204598 

.198955 

.86 

.87 

227269 

220751 

214489 

.208464 

202658 

197057 

.87 

88 

225164 

.218691 

.212473 

206492 

200729 

.195170 

88 

89 

223066 

.216638 

.210466 

.204529 

198811 

.193295 

.89 

.90 

220974 

.214594 

.208469 

.202578 

.196904 

191433 

.90 

61 

218890 

212 S 59 

206481 

200637 

,195009 

189582 

.91 

.92 

.216813 

.210532 

.204503 

198706 

.193125 

.187743 

.92 

.93 

214744 

.208514 

J 02534 

196786 

.191252 

.185917 

.93 

.94 

.212683 

■206505 

.200576 

.194877 

.189391 

184103 

.94 

.95 

.210630 

.204505 

.198628 

.192979 

187541 

182300 

.95 

.96 

208585 

.202515 

196690 

.191092 

.185704 

.180510 

.96 

97 

206549 

.200534 

194762 

189216 

.183878 

.178733 

.97 

98 

.204521 

.198562 

.192845 

.187351 

.182063 

176967 

.98 

.99 

.202503 

.196601 

.190939 

,185498 

.180261 

175214 

.99 
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.SKEWNESS 

t 

t 

0 

.1 

2 

.3 

.4 

.5 

100 

,241971 

234132 

.226714 

219676 

212981 

.206595 

1.00 

101 

239551 

231792 

.224449 

217482 

210854 

204534 

1.01 

102 

237132 

229454 

222189 

.215295 

.208736 

.202480 

1.02 

103 

.234714 

.227120 

.219933 

.213113 

.206624 

200436 

1.03 

1.04 

.232297 

224789 

.217683 

.210938 

,204521 

198400 

104 

105 

,229882 

222462 

215438 

,208770 

.202426 

.196373 

1.05 

1.06 

227470 

220139 

213199 

206610 

.200339 

194356 

106 

1.07 

225060 

.217821 

.210966 

.204456 

.198260 

.192348 

1.07 

1.08 

222653 

215508 

.208739 

202311 

.196191 

190350 

1,08 

109 

.220251 

213200 

.206520 

200174 

,194130 

.188361 

1.09 

1 10 

.217852 

.210898 

.204307 

.198044 

.192079 

.186383 

1.10 

1.11 

,215458 

.208602 

.202102 

195924 

,190037 

184414 

1 11 

1.12 

.213069 

,206313 

199905 

193812 

188004 

.182456 

112 

1 13 

210686 

204031 

.197716 

.191709 

.185982 

180509 

1.13 

1 14 

.208308 

201755 

.195535 

189616 

183969 

.178572 

1.14 

1.15 

.205936 

199488 

.193363 

.187531 

.181967 

176645 

1 IS 

1 16 

203571 

197228 

,191200 

.185457 

179975 

174730 

1.16 

1.17 

201214 

194977 

.189046 

.183393 

.177993 

.172826 

1.17 

1 IS 

198863 

192734 

,186901 

.181338 

,176023 

.170933 

1.18 

1.19 

196520 

190500 

,184766 

179295 

174063 

.169051 

1.19 

1.20 

194186 

I 88275 

182641 

.177261 

172 U 4 

.167180 

120 

I 21 

191860 

.186059 

180526 

.175239 

.170176 

.165321 

1.21 

1.22 

189543 

,183854 

.178422 

173227 

168250 

.163474 

1.22 

1 23 

187235 

1816.58 

176328 

.171227 

16633 S 

,161639 

1.23 

124 

.184937 

179473 

.174245 

169237 

164432 

.159815 

124 

1.25 

.182649 

.177298 

172174 

.167260 

.162541 

158003 

1.25 

1.26 

.180371 

.175134 

170113 

165294 

.160661 

.156203 

1,26 

1.27 

178104 

.172982 

168064 

.163339 

158794 

.154416 

1.27 

1.28 

175847 

.170840 

,166027 

161397 

156938 

152640 

1.28 

1.29 

,173602 

.168711 

164002 

.159467 

.155095 

,150877 

129 

1.30 

171369 

.166593 

,161989 

157549 

.153264 

.149127 

1,30 

1,31 

,169147 

.164487 

159988 

155644 

151446 

.147388 

1 31 

I ,.32 

.166937 

.162394 

.158000 

.153751 

.149640 

.145663 

1.32 

1.33 

164740 

.160313 

1.56024 

151871 

147847 

,143949 

1,33 

1,34 

162555 

158245 

154062 

.150003 

146067 

.142249 

1.34 

1 . 3.5 

.160383 

.156190 

,152112 

,148149 

144299 

.140561 

1,35 

1.36 

,158225 

154149 

,150175 

,146307 

.142545 

138886 

136 

1.17 

.156080 

152120 

.148252 

.144479 

.140803 

137224 

137 

1.38 

1 , 5.3948 

.150105 

.146342 

,142664 

139074 

.135574 

1.38 

1,39 

151831 

148104 

144445 

,140862 

.137359 

.133938 

139 

1,40 

149727 

146117 

142563 

.139074 

13 S 656 

.132314 

1.40 

141 

.147639 

.144144 

.140694 

.137299 

.133967 

.130703 

1.41 

142 

145564 

142185 

.138839 

135538 

.132292 

129106 

142 

143 

.143505 

,140241 

.136998 

. 13,3790 

.130629 

127521 

1.43 

144 

.141460 

. 138.111 

.135171 

.132057 

.128980 

.125949 

1.44 

1,45 

.139431 

.136396 

.133359 

130.337 

,127345 

.124391 

145 

1.46 

137417 

,134496 

.131561 

128631 

125723 

.122845 

1.46 

1.47 

13.5418 

, 1.32611 

,129777 

126939 

.124114 

.121313 

147 

148 

133435 

130741 

128008 

,125261 

122 S 15 

119794 

1.48 

149 

,131468 

128886 

.126253 

.123598 

.120938 

.118287 

1.49 
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SKEWNESS 

t 

t 

6 

7 

,8 

9 

1 0 

1 1 

1 00 

200493 

194649 

.189043 

183655 

178470 

173473 

1 00 

1.01 

.198493 

192708 

187158 

.181824 

176691 

171745 

1.01 

102 

196502 

190777 

.185284 

.180005 

,174925 

.170028 

1 02 

1.03 

194521 

188856 

.183421 

178197 

.173170 

168324 

1 03 

1 04 

192549 

.186945 

.181569 

.176401 

171427 

166633 

1 04 

1 05 

190588 

.185046 

179728 

.174616 

169696 

,164954 

1,05 

1,06 

.188636 

,183157 

177898 

172843 

167977 

163287 

1.06 

107 

186695 

181278 

.176080 

171082 

.166271 

161632 

1.07 

108 

184764 

.179411 

.174273 

169333 

164576 

159990 

1.08 

1 09 

.182843 

177555 

172478 

167595 

162894 

158360 

109 

1 10 

180933 

175710 

170694 

165870 

.161223 

156743 

1 10 

1 11 

,179034 

173876 

.168922 

164156 

.159565 

155137 

1 11 

1 12 

.177146 

172053 

.167161 

162454 

.157919 

,153545 

1 12 

1,13 

.175268 

170242 

165412 

.160764 

156285 

151964 

1.13 

1 14 

,173402 

.168442 

.163675 

159086 

.154664 

.150396 

1 14 

I.IS 

.171547 

166654 

161950 

.157421 

153054 

148840 

1 IS 

1 16 

169703 

164877 

160236 

.155767 

151457 

147296 

1.16 

1 17 

.167871 

163112 

158535 

154125 

149872 

145764 

1 17 

1.18 

166050 

161359 

.156845 

152496 

148299 

144245 

1 18 

1,19 

164241 

159618 

155168 

.150878 

146738 

142737 

1 19 

1 20 

.162444 

.157889 

153502 

149273 

145189 

141242 

1 20 

1,21 

160658 

156171 

151849 

.147679 

143653 

,139759 

121 

1 22 

.158884 

154466 

.150207 

.146098 

142128 

138289 

1 22 

1,23 

.157122 

,152772 

.148578 

.144529 

140616 

136830 

1.23 

1 24 

155372 

.151091 

146961 

142972 

139116 

135383 

124 

1,25 

.153634 

149422 

145356 

.141427 

137627 

13.3948 

125 

1.26 

.151908 

,147765 

.143763 

139895 

136151 

132526 

1 26 

1.27 

150195 

.146120 

,142183 

.138374 

,134687 

131115 

1 27 

1.28 

148493 

144487 

140614 

136866 

133235 

,129716 

1 28 

1 29 

,146804 

.142867 

.139058 

135369 

,131795 

.128328 

1 29 

1 30 

145127 

,141259 

.137514 

133885 

130367 

126953 

1 30 

1 31 

,143463 

.139663 

135982 

.132413 

128951 

125590 

1 31 

1,32 

.141811 

.138080 

.134462 

.130953 

127546 

124238 

1 32 

1.33 

.140172 

136509 

132955 

.129505 

126154 

122897 

1 33 

1.34 

.138545 

.134950 

131459 

.126069 

124773 

.121569 

1.34 

1.35 

.136931 

.133404 

.129976 

126645 

.123404 

,120252 

1.35 

1 36 

135329 

131870 

,128505 

125232 

.122047 

118946 

1 36 

137 

,133740 

130348 

.127047 

123832 

120702 

117652 

1,37 

1.38 

,132163 

128839 

125600 

122444 

.119368 

116370 

1 38 

139 

.130599 

,127342 

.124166 

121068 

.118046 

.115099 

1 39 

1.40 

129048 

.125858 

122743 

.119703 

.116736 

,113839 

1 40 

1 41 

127509 

.124386 

.121333 

118350 

115437 

112590 

1 41 

1.42 

.125983 

122926 

.119935 

117009 

114149 

111353 

1.42 

1 43 

.124470 

.121479 

,118549 

115680 

112873 

.110127 

1,43 

144 

122969 

.120044 

.117175 

.114363 

111609 

.106912 

1.44 

1 45 

.121482 

118621 

.115813 

.113057 

,110356 

.107708 

1.45 

1.46 

.120007 

.117211 

.114463 

.111763 

.109114 

106515 

1 46 

1.47 

.118544 

.115813 

.113125 

.110481 

.107883 

,105333 

1.47 

1.48 

117094 

.114428 

.111798 

109210 

.106664 

.104162 

1.48 

1.49 

.115657 

.113054 

.110484 

.107950 

.105456 

,103002 

1.49 
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SKEWNESS 

t 

t 

.0 

1 

2 

,3 

.4 

.5 

1.50 

129518 

.127046 

.124514 

.121948 

.119370 

116794 

1.50 

1 51 

.127583 

.125222 

.122789 

.120312 

.117816 

115314 

1 51 

152 

.125665 

.123414 

121079 

.118691 

.116275 

.113848 

1.52 

1 53 

123763 

.121621 

.119383 

.117084 

,114748 

112394 

1.53 

1.54 

121878 

,119844 

.117703 

.115492 

.113235 

.110953 

1,54 

135 

120009 

.118082 

,116038 

.113913 

.111736 

.109526 

1.55 

1 56 

.118157 

.116337 

.114388 

.112349 

.110250 

.108112 

1 56 

1 57 

116323 

.114607 

.112753 

110799 

.108778 

106710 

1.57 

1 58 

114505 

.112894 

,111133 

109264 

.107319 

.105322 

1.58 

159 

.112704 

111196 

.109528 

.107743 

,105874 

.103947 

I 59 

1 60 

.110921 

.109515 

.107939 

.106237 

,104443 

.102585 

1.60 

161 

,109155 

107850 

.106365 

.104745 

.103026 

101236 

1.61 

1,62 

107406 

,106201 

.104806 

.103267 

.101622 

099900 

1.62 

1,63 

,105675 

104569 

.103262 

.101804 

.100232 

098577 

1.63 

164 

,103961 

.102953 

.101733 

.100355 

.098856 

.097266 

1,64 

1,65 

102265 

,101353 

,100220 

,098920 

097493 

095969 

1.65 

I 66 

,100586 

.099769 

.098723 

.097500 

096143 

094685 

166 

167 

,098925 

,098202 

.097240 

.096094 

.094808 

.093413 

1.67 

1.68 

,097282 

.096652 

.095773 

.094703 

. 09.3485 

.092154 

1.68 

1,69 

,095657 

,095117 

.094321 

.093326 

.092177 

090908 

169 

170 

094049 

.093599 

,092884 

.091963 

.090881 

.089674 

1 70 

171 

092459 

.092098 

,091463 

.090615 

089599 

.088454 

1.71 

1.72 

090887 

090613 

,090057 

1 ,089280 

.088331 

.087245 

172 

173 

089333 

.089144 

,088666 

' ,087960 

.087076 

.086050 

173 

174 

.087796 

087692 

087290 

1 .086654 . 

085834 

,084867 

1.74 

1.75 

.086277 

,086256 

.085930 

.085363 

,084605 

. 08.3696 

175 

176 

084776 

08<<837 

,084584 

084085 

.083390 

.082538 

1 76 

1.77 

083293 

.083433 

. 0832.54 

,082822 

.082187 

.081392 

1,77 

1.78 

.081828 

.082046 

. 0819,39 

.081572 

.080998 

.080258 

1,78 

179 

080380 

080676 

080639 

.080336 

.079822 

.079137 

179 

180 

078950 

.079321 

.079354 

079115 

.078659 

.078028 

I 80 

181 

077538 

.077983 

078083 

,077907 

077508 

.076930 

181 

1 82 

.076143 

076661 

076828 

.076713 

,076371 

075845 

1,82 

183 

074766 

,075355 

.075587 

,075533 

.075246 

.074772 

1,83 

1.84 

073407 

074065 

.074362 

. 074 . 366 * 

.074134 

.073711 

1.84 

185 

072065 

.072791 

073150 

.073213 

.073035 

.072662 

1.85 

186 

070740 

. 0715.33 

071954 

.072074 

.071949 

.071625 

1.86 

1,87 

,069433 

.070291 

070772 

,070948 

.070875 

,070599 

1.87 

1 S 8 

068144 

069065 

,069605 

.069835 

06981.3 

.069585 

1.88 

189 

.066871 

,067855 

068452 

.068736 

068764 

.068582 

1.89 

190 

.065616 

066660 

. 067,314 

067650 

067727 

067.591 

1.90 

- 191 

.064378 

065480 

.066189 

066577 

.066703 

,066612 

1.91 

192 , 

063157 

.064317 

06.5079 

.065518 

.065690 

,065644 

1.92 

1.93 

.061952 

063168 

063984 

.064471 

.064690 

,064687 

1.93 

194 

060765 

.062035 

062902 

06.3438 

.063702 

. 06.3741 

1.94 

195 

. 0.59595 

060917 

061 R 34 

.062417 

062726 

,062807 

1.95 

196 

0.58441 

.059815 

060780 

.061410 

,061762 

.061883 

1.96 

1 97 

.057304 

.058727 

059740 

060415 

060809 

.060971 

197 

I 98 

056183 

.057655 

.058714 

. 0594.32 

. 0.59868 

.060069 

1.98 

199 

.055079 

056598 

057701 

.058463 

.058939 

.059179 

1.99 
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SKEWNESS 


t 

.6 

7 

8 

1 

9 

10 

1.1 

t 

1 50 

114233 

111693 

.109182 

.106702 

104259 

.101852 

1 50 

i.si 

,112821 

110344 

.107891 

105466 

.103073 


1 51 

1.52 

111422 

109008 

.106612 

104241 

.101898 

.099586 

1 52 

1.53 


.107683 

,105345 

103027 


098468 

1 53 

i 54 

108662 

106371 

.104090 

.101824 

099580 

097361 

1.54 

1 55 


.105071 

.102846 

100633 




1.56 

105952 

103782 

.101614 

.099453 




i .57 

104616 

102506 

.100393 

.098284 


1^2 iixl 


1.58 

.103292 

101242 

099184 

097126 

095076 

l/x 11 M 


1.59 


.099990 

097986 

095979 

.093976 



1.60 


,098750 

096800 

094844 

092887 

090937 

160 

1.61 

099396 

.097521 

095625 

.093719 

091809 

089902 

1.61 

1 62 

098122 

,096305 

094462 

.092605 

090741 

.088877 

162 

1 63 


.095100 

.093310 

.091501 


087862 

1.63 

1.64 

.095611 

.093907 

092169 

090409 


086857 

1 64 

1.65 

094374 

092725 

091039 

.089327 

087599 

085862 

1 65 

1.66 

093149 

091555 

089920 

088256 


084877 

1,66 

167 

,091936 

090397 

088813 

.087195 

.085555 

083901 

1.67 

1.68 

.090735 

089251 

087716 

.086145 


082935 

1.68 

1.69 

.089547 

088115 

086630 

.085105 

.083552 

081979 

169 

1 70 


086992 

085555 

,084076 

082565 

081032 

170 

1 71 

.087206 

.085879 

084491 

.083057 

081588 


1.71 

1.72 

,«?6053 

084778 

083438 

.082048 

.080621 

079166 

1.72 

1 73 

084913 

083688 

082395 

,081050 

.079663 

078247 

1 73 

1 74 

083784 

.082610 

081363 

.080061 

.078716 


1.74 

1 75 

,082667 

.081542 

080342 

079083 

077777 

076437 

1.75 

1 76 

081561 

.080486 

079331 

,078114 

.076849 

075546 

176 

1 77 

080468 

079440 

.078331 

.077156 

075930 

074664 

1 77 

1.78 

079385 

078406 

077341 

076208 

.075020 

073790 

1.78 

1.79 

078315 

077382 

.076361 

075269 

074120 

072926 

1.79 

1.80 


076370 

.075392 

.074340 

073229 

072071 

1.80 

1.81 

076208 

075368 

.074432 

073421 

072347 

071224 

1.81 

1.82 


C , 4376 

.073483 

.072511 

.071474 

.070386 

182 

1.83 


073396 

.072544 

071611 

.070611 

.069557 

183 

1.84 

.073132 

.072426 

071615 

.070720 

.069756 

.068736 

184 

1,85 

,072129 

071466 

070696 

.069839 

068910 

067924 

1.85 

1 86 


070517 

.069787 

068967 

068073 

.067120 

1.86 

1 87 

070157 

069578 

068887 

068104 

067245 

.066324 

187 

1.88 

,069187 

068650 

067998 

067251 

066426 

065537 

188 

1,89 

,068228 

067732 

067118 

.066407 

.065616 

064758 

1.89 

1.90 

067280 

.066823 

066247 

.065571 

.064814 

063988 

1 90 

1.91 

.066342 

,065926 

.065386 

064745 

064020 

.063225 

1.91 

1 92 

065416 

065038 

064535 

.063928 

063235 

,062471 

1.92 

1.93 

.064499 

064160 

.063692 

063120 

.062459 

061724 

1 93 

1,94 

.063594 

063291 

.062860 

062320 

.061690 

.060986 

1.94 

1,95 

.062699 

062433 

.062036 

.061529 

,060930 

,060255 

1.95 

1 9(= 

061814 

061584 

.061222 

.060747 

,060179 

,059532 

1.96 

1.9/ 

,060939 

,060745 

.060416 

.059973 

.059435 

058817 

1.97 

l,9f 


059916 

.059620 

,059208 

058699 

,058109 

198 

1.95 

.059221 

.059096 

.058833 

.058452 

.057972 

057409 

1.99 
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PEARSON’S TYPE III IH'NCriON—ORDINATES 



SKKWNliSS 

t 

t 

0 

1 

2 

.3 

4 

.5 

2.00 

053991 

,055555 

,056702 

057505 

058022 

058299 

200 

201 

052<719 

054527 

.055717 

.056560 

.057116 

057430 

201 

202 

051864 

,053513 

.054745 

,055628 

056221 

.056571 

2 02 

203 

050824 

, 0.52515 

.053786 

.054708 

.055338 

.055723 

2 03 

2.04 

.049800 

,051530 

.052840 

,053799 

.054466 

,054886 

2,04 

2,05 

.048792 

.050560 

.051907 

052903 

05.3605 

.054059 

2 05 

206 

.047800 

,049604 

050988 

.052019 

052755 

.053242 

206 

2,07 

046823 

,048662 

.050081 

.051147 

051916 

.052435 

207 

2.08 

045861 

047734 

049187 

.050286 

0 S 1088 

.051638 

2.08 

209 

,044915 

,046820 

048306 

049437 

.050271 

.050852 

2.09 

210 

043984 

045920 

.047437 

048600 

.049464 

. 0.50075 

2,10 

211 

,043067 

,045033 

,046581 

017774 

048668 

.049308 

2.11 

212 

042166 

044160 

045737 

046960 

.047883 

.048552 

2.12 

2 13 

041280 

.043300 

( M 490 S 

046157 

047108 

.047804 

2 . 1,3 

2 14 

,040408 

,042454 

.044086 

045.365 

046343 

.047067 

2.14 

2 IS 

.039550 

041620 

043278 

044584 

.045589 

046339 

2 15 

2 16 

.038707 

.040800 

.042483 

04,3814 

.044845 

,045620 

216 

217 

037878 

039993 

041699 

043055 

044111 

.044911 

2,17 

2,18 

037063 

039198 

,040927 

042307 

.043387 

.044211 

2 18 

2.19 

,036262 

.038416 

.040167 

.041569 

.042673 

043520 

219 

2,20 

.035475 

037647 

039418 

040842 

041968 

0428.38 

220 

2,21 

.034701 

036890 

, 0,38680 

.040126 

,041274 

042166 

2 21 

2,22 

033941 

036145 

037954 

039420 

.040589 

041502 

2.22 

2 23 

.033194 

0.35413 

,037239 

038724 

039913 

040847 

2,23 

2,24 

032460 

,034693 

.036535 

.038038 

039247 

.040201 

2.24 

2.25 

,031740 

,033984 

,035842 

,037363 

038591 

039564 

2,25 

2,26 

031032 

.033287 

035160 

.036698 

.037943 

038935 

2 26 

2,27 

030337 

.032602 

.034489 

.036042 

. 037.305 

.038315 

227 

2,28 

.029655 

.031929 

.033828 

035396 

036676 

.037703 

228 

229 

028985 

.031267 

033177 

.034760 

,036055 

037100 

229 

230 

028327 

030616 

032537 

.034134 

.035444 

.036505 

2.30 

2 31 

027682 

029976 

031908 

03.3517 

.034842 

.035918 

2.31 

2 32 

.027048 

029347 

.031288 

032909 

.034248 

.035339 

2,32 

2.33 

.025426 

028730 

.030678 

.032310 

033663 

034768 

2,33 

2.34 

.025817 

028123 

.030079 

.031721 

.033086 

,034205 

234 

2.35 

025218 

,027526 

029489 

031141 

.032518 

. 0336.50 

2 35 

2.36 

.024631 

026940 

028909 

030570 

031958 

033103 

2.36 

2,37 

.024056 

026365 

.028338 

.030008 

0.31406 

, 0.32563 

2.37 

238 

.023491 

.025799 

027777 

029454 

030862 

,032031 

2.38 

2,39 

022937 

025244 

.027225 

.028909 

030327 

.031507 

2.39 

2.40 

.022395 

.024699 

026683 

.028373 

.029800 

030990 

240 

241 

021862 

024163 

026149 

027845 

029280 

030480 

241 

242 

021341 

023638 

,025625 

027326 

.028768 

029978 

2.42 

2,43 

.020829 

.023122 

.025109 

.026815 

.028264 

.029483 

2.43 

244 

020328 

,022615 

.024603 

.026312 

,027768 

.028995 

2,44 

245 

.019837 

.022118 

.024105 

.025817 

.027279 

,028514 

2 . 4 S 

2.46 

019356 

,021630 

.023615 

.025330 

.026797 

.028040 

2.46 

2,47 

.018885 

.021151 

.023134 

.024851 

.026323 

,027573 

2.47 

2.48 

018423 

020681 

.022662 

.024380 

025856 

.027113 

2.48 

2,49 

.017971 

,020220 

.022197 

.023916 

.025397 

.026659 

2.49 
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mmmm 

SKEWNESS 

t 

t 

6 

.7 

8 

9 

1.0 

1.1 

20 ) 

,058376 

.058286 

058054 

057703 

057252 

056717 

200 

2.01 

,057542 

.057485 

.057284 

056963 

056541 


201 

2.02 

056718 

056693 

056523 

056232 

.055837 

.055354 

2 02 

203 

055903 

055910 

.055771 

055508 

.055140 

.054684 

203 

2.04 

055099 

055137 

,055028 


.054452 

.054021 

2,04 

205 

054304 

054373 

.054293 


.053771 

053365 

205 

206 

053518 

053617 

053566 

.053386 

.053098 

.052717 

2.06 

2.07 

,052743 

.052871 

,052848 

.052695 

052432 

,052075 

207 

2.08 

051976 

052134 

.052138 

052011 

.051773 

051441 

2.08 

2.09 

051219 

.051405 

.051436 

.051335 

051122 

.050813 

209 

2.10 

.050471 

050685 

.050743 

.050667 

.050478 

.050192 

2.10 

2.11 

.049733 

049973 

050057 

,050007 

049842 

,049579 

211 

212 

.049003 

.049271 

049380 

049354 

049212 

048971 

2 12 

2 13 

048283 

048576 

048710 

048709 

048590 

048371 

2 13 

2.14 

.047572 

047890 

048049 

048071 

047975 

.047777 

2.14 

2 15 

.046869 

.047212 

047395 

047440 

047366 

047190 

2.15 

i . l 6 

046176 

046543 

046749 

.046817 

.046765 

046610 

2 16 

2.17 

045491 

.045882 

046111 

046201 

.046170 

,046036 

2 17 

218 

.044814 

,045229 

045480 

045592 

045582 

045468 

2 18 

2,19 

.044147 

044584 

.044857 

044990 

045001 

.044907 

2.19 

220 

.043488 

043947 

044242 

044395 

044427 

.044352 

220 

2.21 

.042837 

,043317 

ifMm 

,043808 

.043859 

.043803 

2 21 

2.22 

.042194 

042696 

Hi! (iiUH 

.043227 

.043297 

.043260 

2 22 

223 

.041560 

042082 

,042439 

.042653 

042742 

.042724 

2 23 

2.24 

.040934 

041277 

041853 

.042086 

042194 

.042194 

2,24 

2.25 

040317 

,040878 

041274 

,041525 

.041652 

.041669 

2 25 

226 

039707 

.040287 

.040702 

.040972 

041116 

041151 

2 26 

227 

039105 

.039704 

040137 

.040424 

.040586 

040638 

2.27 

2.28 

038511 

039128 

.039578 

039884 

.040063 

040131 

2.28 

229 

037925 

.038559 

.039027 

039349 

.039545 

039630 

2.29 

2.30 

.037347 

.037998 

038482 

038822 

.039034 

039135 

230 

231 

036776 

.037443 

037945 

.038300 

.038529 

.038645 

2 31 

2.32 

.036213 

.036896 

037413 

.037785 

,038029 

038161 

2 32 

2.33 

.035657 

036356 

.036889 

.037276 

.037536 

.037683 

2.33 

2.34 

.035109 

035823 

.036371 

036773 

037048 

037210 

2.34 

2 35 

.034568 

.035297 

HiHi.lvH 

.036277 

.036566 

.036743 

2 35 

236 

.034034 

,034777 

RiffilCifl 

.035786 

,036089 

.036280 

236 

2.37 

.033508 

.034264 

034856 

.035301 

035619 

035824 

2.37 

2.38 

032988 

.033758 

.034363 

.034822 

.035154 

,035372 

2.38 

2.39 

032476 

.033259 

033877 

.034350 

.034694 

.034926 

2 39 

240 

.031971 

.032766 

.033397 

.033882 

.034240 

,034485 

240 

2.41 

.031472 

.032279 

.032923 

.033421 

.033791 

034049 

241 

2.42 

.030981 

.031799 

,032454 

.032965 

.033348 

033618 

2.42 

2.43 

,030496 

.031325 

,031992 

032515 

.032910 

.033192 

2.43 

2.44 

.030018 

,030858 

,031536 

.032071 

.032478 

.032771 

2.44 

2.45 

.029546 

.030397 

031086 

.031632 

.032050 

.032355 

2.45 

2.46 

.029081 

.029942 

,030641 

031198 

.031628 

031944 

246 

2.47 

.028622 

.029492 

.030202 

.030770 

031210 

.031538 

2 47 

2.48 

.028170 

.029049 

.029769 

.030347 

030798 

031137 

248 

2.49 

.027724 

.028612 

.029342 

.029929 

.030391 

030740 

2.49 
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PEARSON'S TYPE III FUNCTION—ORDINATES 



SKEWNESS 

t 

t 

.0 

1 

.2 

.3 

.4 

.5 

2 ,so 

017528 

,019768 

,021741 

023461 

.024944 

.026212 

2.50 

2 . S 1 

,017095 

019324 

,021293 

.023012 

024499 

.025772 

2.51 

2.52 

.016670 

018888 

020852 

.022571 

024060 

.025338 

2.52 

2,53 

,016254 

.018461 

.020420 

.022137 

.023629 

024911 

2.53 

2 54 

.015848 

.018043 

,019995 

021711 

,023204 

024490 

2.54 

2,55 

015449 

.017632 

.019578 

021292 

.022785 

.024075 

2.55 

2.56 

.015060 

017230 

.019168 

020879 

.022374 

.023666 

2.56 

2,57 

.014678 

,016835 

.018766 

.020474 

.021968 

.023264 

257 

2.58 

.014305 

016448 

018371 

020075 

.021570 

.022867 

2.58 

2,59 

.013940 

.016068 

.017983 

019684 

.021177 

.022477 

2.59 

2.60 

.013583 

.015697 

017603 

.019298 

.020791 

.022093 

260 

2.61 

013234 

,015332 

.017229 

.018920 

.020411 

.021714 

2.61 

2.62 

.012892 

,014975 

.016862 

,018548 

.020038 

.021341 

2.62 

263 

012558 

014625 

.016502 

.018182 

.019670 

.020974 

2.63 

264 

,012232 

014282 

.016149 

017823 

.019308 

.020612 

2.64 

265 

011912 

,013946 

,015802 

,017470 

018952 

020256 

2.65 

2,66 

011600 

.013617 

.015462 

017123 

018602 

.019905 

2.66 

2.67 

011295 

.013295 

.015128 

.016782 

018257 

019560 

267 

2.68 

010997 

.012979 

014800 

.016447 

.017919 

.019220 

268 

2.69 

010706 

012670 

.014479 

016118 

,017585 

.018886 

269 

2.70 

,010421 

012367 

.014163 

.015795 

017258 

.018556 

270 

2,71 

.010143 

012071 

013854 

.015477 

.016935 

.018232 

271 

2.72 

009871 

011780 

013551 

,015165 

.016619 

.017913 

2.72 

2.73 

,009606 

.011496 

013253 

.014859 

.016307 

.017599 

2.73 

2,74 

009347 

.011218 

.012961 

.014558 

.016000 

.017289 

2.74 

2.75 

,009094 

.010945 

012675 

.014262 

.015699 

.016985 

2.75 

2.76 

.008847 

.010679 

.012395 

013972 

.015403 

016685 

2.76 

2.77 

.008605 

010418 

,012120 

.013687 

.015112 

.016391 

2.77 

2.78 

.008370 

.010163 

,011850 

013408 

.014825 

.016100 

2.78 

2.79 

.008140 

009913 

.011586 

013133 

.014544 

.015815 

279 

2.80 

007915 

,009669 

011326 

012863 

.014267 

.015534 

2.80 

281 

007697 

,009430 

011072 

.012598 

.013995 

.015258 

2.81 

2 82 

,007483 

.009196 

010823 

012338 

.013728 

.014986 

2.82 

2 83 

.007274 

008967 

.010579 

012083 

013465 

.014718 

283 

2.84 

007071 

.008743 

.010340 

011833 

.013206 

014455 

284 

2 85 

.006873 

,008524 

,010106 

011587 

012953 

.014195 

2.85 

286 

006679 

.008310 

.009876 

.011346 

.012703 

.013941 

2.86 

287 

006491 

008101 

009651 

.011109 

.012458 

013690 

2.87 

2.88 

006307 

007897 

.009431 

.010877 

.012217 

.013443 

2.88 

289 

.006127 

007697 

,009215 

010649 

011981 

.013201 

289 

2.90 

005953 

,007501 

.009003 

.010425 

.011748 

.012962 

2.90 

2 91 

005782 

007310 

.008796 

010206 

.011519 

.012727 

291 

2 92 

,005616 

,007123 

,008593 

.009990 

,011295 

.012496 

2.92 

2.93 

005454 

006941 

.008394 

.009779 

.011075 

.012269 

2.93 

2.94 

.005296 

006763 

008199 

009572 

.010858 

.012046 

2.94 

295 

005143 

.006588 

.008009 

.009368 

.010645 

011826 

2.95 

2,96 

.004993 

006418 

,007822 

009169 

.010436 

.011610 

2.96 

2,97 

004847 

.006252 

007639 

.008974 

.010231 

,011398 

2.97 

2,98 

.004705 

006089 

.007460 

.008782 

.010029 

.011189 

298 

2.99 

.004567 

.005930 

.007285 

.008594 

.009831 

.010984 

Z 99 



PEARSON'S TYPE III FUNCTION—ORDINATES 


SKEWNESS 


.6 


1.0 


1 1 


250 

.027285 

,028181 

028920 

2 . S 1 

026851 

.027756 

.028503 

2.52 

026424 

027336 

.028092 

2.53 

026002 

026922 

.027686 

2,54 

■It ■•»:!■ 

.026513 

.027285 

2,55 


,026110 

,026890 

2,56 

.024774 

,025713 

026500 

2.57 

.024376 

,025321 

026115 

2.58 

.023984 

.024935 

,025735 

2.59 

.023597 

,024553 

.025360 

260 

BIS 1 

.024177 

.024990 

2.61 

B<^ 1 

023806 

.024625 

2.62 


023441 

024265 

2.63 


,023080 

.023909 

2.64 

021747 

022724 

023559 

2 65 

.021392 

022374 

023213 

2.66 

021043 

.022028 

.022871 

2 67 

020700 

021687 

022535 

268 

020361 

.021351 

.022202 

269 

,020027 

021019 

.021874 

2.70 

019698 

,020693 

,021551 

2,71 

.019374 

020370 

.021232 

2.72 

.019055 

020053 

.020917 

2 73 

.018740 

019740 

,020607 

2,74 

.018430 

,019431 

020301 

275 

018125 

.019127 

,019999 

2.76 

,017824 

018827 

019701 

2,77 

.017528 

,018531 

.019407 

2 78 

017237 

.018240 

019117 

2.79 

.016949 

.017952 

018831 

2.80 

.016666 

.017669 

,018549 

281 

,016388 

.017390 

OT 8271 

282 

.016113 

017115 

017997 

283 

015843 

.016844 

.017727 

2.84 

.015577 

.016577 

.017460 

2.85 

015315 

016314 

.017197 

2,86 

015057 

.016054 

.016937 

287 

.014803 

.015798 

.016682 

288 

.014552 

.015546 

016430 

289 

.014306 

.015298 

.016181 

290 

.014064 

015054 

015936 

291 

.013825 

.014813 

.015694 

292 

.013590 

.014575 

.015456 

293 

,013358 

.014341 

.015221 

2.94 

.013130 

,014111 

,014989 

2.95 

012906 

.013884 

.014760 

2.96 

.012685 

.013660 

,014535 

2.97 

,012468 

,013439 

.014313 

2,98 

.012254 

,013222 

.014094 

2.99 

.012044 

013008 

,013879 


.029517 

029989 

.030348 

250 

.029110 

.029591 

.029960 

2 ill 

028708 

.029199 

.029578 

2 52 

028311 

.028811 

,029199 

2 53 

.027919 

.028428 

028825 

2.54 

027532 

028049 

.028456 

2 55 

.027149 

027676 

.028091 

2 56 

.026772 

027306 

.027730 

2.57 

.026400 

.026942 

.027374 

2.58 

.026032 

.026582 

027022 

2 59 

.025669 

.026226 

026674 

2.60 

.025310 

,025875 


2.61 

024956 

025528 


2.62 

024607 

.025185 

.025655 

263 

024262 

,024847 


264 

.023922 

.024513 


2,65 

023586 

.024183 

.024673 

266 

023254 

023857 

024353 

2.67 

.022927 

023535 

024038 

2.68 

.022603 

.023217 

023726 

2,69 

.022284 

022903 


2 70 

.021970 

.022593 


2 71 

.021659 

.022287 


272 

.021352 

.021985 

Bieiil 9 

273 

.021049 

.021687 

.022222 

2 74 

020751 

.021392 

. 0219.(2 

2 75 

,020456 

.021101 

.021646 

2 76 

.020165 

.020814 

.021363 

2.77 

019878 

.020530 

.021084 

2,78 

.019594 

,020250 

.020808 

2 79 

.019315 

.019974 

.020535 

2,80 

.019039 

.019701 

020266 

2.81 

018767 

.019432 

.020000 

2.82 

.018498 

.019166 

.019738 

2 83 

.018233 

.018903 

.019478 

2.84 

.017971 

.018644 

.019222 

2.85 

.017713 

.018388 

.018969 

2.86 

.017459 

.018135 

018719 

2 87 

017207 

.017886 

018473 

2.88 

.016959 

.017640 

.018229 

2.89 

,016715 

.017397 

017988 

290 

016474 

017157 

.017751 

2.91 

.016235 

.016920 

.017516 

292 

.016001 

016687 

.017284 

2.93 

.015769 

.016456 

.017055 

2,94 

,015540 

.016228 

.016829 

2 95 

,015315 

.016003 

.016606 

2.96 

.015092 

.015782 

016386 

2,97 

.014873 

.015563 

.016168 

2.98 

.( 4657 

.015347 

. 01595 S 

2.99 




















PE.4RS0N'S TYPE III FUNCTION—ORDINATES 



SKEWNESS 

t 

t 

.0 

1 

.2 

.3 

A 

.5 

3.00 

004432 

005775 

007114 

008409 

.009637 

,010782 

3.00 

3 01 

004301 

005624 

006946 

008228 

009446 

010583 

3,01 

3.02 

.004173 

005476 

.006782 

008051 

.009258 

010388 

3 02 

3 03 

.0040*19 

005332 

,006621 

.007877 

.009074 

010196 

3,03 

3,04 

003928 

005191 

006464 

007706 

008893 

010007 

3.04 

3.05 

003810 

005053 

006310 

,007539 

008716 

.009822 

3.05 

3.06 

003695 

004919 

006159 

.007375 

008541 

009640 

3,06 

3.07 

.003584 

.004788 

006012 

007215 

008370 

009460 

3.07 

3,08 

003475 

004660 

00,5867 

007057 

.008202 

,009284 

308 

309 

.003370 

004535 

005726 

.006903 

008037 

009111 

3.09 

3.10 

.003267 

,004413 

005588 

.006751 

007875 

.008941 

310 

3,11 

.003167 

004295 

005453 

.006603 

007716 

,008773 

3,11 

3.12 

003070 

004178 

.005321 

.006458 

.007560 

,008609 

312 

3.13 

002975 

004065 

,005192 

.006315 

007407 

008447 

3.13 

3 14 

002884 

003955 

005066 

006176 

,007257 

008289 

3.14 

3,15 

002794 

003847 

,004942 

.006039 

.007109 

.008133 

3 15 

3 16 

002707 

003742 

.004821 

.005905 

006965 

007979 

3 16 

317 

002623 

003640 

,004703 

.005774 

006823 

007829 

3.17 

3,18 

002541 

.003540 

004588 

005645 

006683 

.007680 

3 18 

319 

.002462 

003442 

004475 

.005519 

006546 

007S3S 

3.19 

3,20 

,002384 

003347 

004365 

.005396 

.006412 

.007392 

3.20 

3.21 

002309 

003255 

004257 

.005275 

006280 

007252 

3.21 

3.22 

002236 

003165 

004151 

005157 

006151 

007114 

322 

3 23 

.002165 

,003077 

004048 

.005041 

.006025 

.006978 

3 23 

3 24 

.002096 

.002991 

003947 

.004927 

005900 

.006845 

3.24 

3 25 

002029 

,002907 

.003849 

,004816 

005778 

.006714 

3 25 

3 26 

001964 

.002826 

,003753 

004707 

005659 

.006586 

326 

3 27 

001901 

002746 

.003659 

,004600 

005541 

006459 

3.27 

3,28 

,001840 

002669 

,003567 

.004496 

005426 

,006335 

3.28 

3.29 

.001780 

.002594 

,003477 

004394 

005313 

.006214 

3.29 

3.30 

001723 

002520 

003390 

004293 

005202 

006094 

3,30 

3.31 

001667 

002449 

,003304 

004195 

005094 

.005977 

3.31 

3 32 

001612 

002379 

.003220 

004099 

004987 

005861 

3 32 

3 33 

.001560 

002311 

003139 

.004005 

.004883 

.005748 

3 33 

3.34 

001508 

002245 

.003059 

003914 

00478P 

,005637 

334 

3.35 

001459 

002181 

.002981 

003823 

.004680 

.005527 

3.35 

3.36 

001411 

002118 

,002905 

.003735 

.004581 

.005420 

3.36 

3 37 

001364 

002057 

002830 

003649 

.004485 

.005315 

3.37 

3 38 

.001319 

001998 

,002758 

003565 

004390 

005211 

3.38 

3 39 

,001275 

001940 

002687 

.003482 

004297 

.005110 

3.39 

340 

001232 

001883 

.002618 

003401 

004206 

.005010 

3.40 

3,41 

001191 

.001829 

,002550 

.003322 

.004117 

.004912 

3 41 

3.42 

,001151 

.001775 

.002484 

003245 

.004029 

004816 

3.42 

3.43 

.001112 

.001723 

.002420 

003169 

.003944 

.004721 

3,43 

3,44 

001075 

.001673 

,002357 

.003095 

,003860 

.004629 

3.44 

3.45 

,001038 

001624 

002296 

,003022 

.003777 

.004538 

3 45 

3.46 

,001003 

,001576 

002236 

002952 

003696 

.004448 

3.46 

3 47 

000969 

.001529 

002177 

.002882 

.003617 

.004361 

3.47 

3.48 

000936 

,001484 

.002120 

,002814 

,003540 

,004275 

3.48 

3 49 

000904 

,001440 

002065 

,002748 

003464 

004190 

3.49 



PEARSON’S TYPE III FUNCTION—ORDINATES 


























































wo 


PEARSOS'S TYPE III FUNCTION—ORDINATES 



SKEWNESS 

t 

t 

0 

.1 

,2 

3 

,4 

s 

3,50 

000873 

.001397 

.002010 

002683 

003389 

004107 

3,50 

3.51 

000843 

001356 

001957 

002619 

003316 

004026 

3 51 

3 52 

.000814 

,001315 

.001906 

002557 

003245 

.003946 

3.52 

3 53 

.000785 

001276 

001855 

.002497 

003174 

003868 

3 53 

3.54 

.000758 

001238 

.001806 

002437 

003106 

.003791 

3 54 

3.55 

.000732 

001200 

001758 

002379 

00.3038 

003715 

3 55 

3.56 

.000706 

.001164 

001711 

002322 

002972 

,003641 

3 56 

3.57 

000681 

.001129 

.001666 

002267 

002908 

.003568 

3.57 

3.58 

.000657 

.001095 

.001621 

.002212 

002845 

003497 

3 58 

3 59 

000634 

001062 

001578 

.002159 

002782 

.003427 

3 59 

360 

000612 

001029 

.001536 

002107 

002722 

■ 003358 

360 

3.61 

000590 

.000998 

.001494 

002057 

002662 

003291 

3 61 

3,62 

000569 

.000967 

.001454 

.002007 

002604 

.003225 

3 62 

3.63 

,000549 

.000938 

.001415 

001959 

002547 

003160 

3.63 

364 

000529 

.000909 

.001377 

001911 

002491 

003096 

364 

3.65 

000510 

000881 

001339 

001865 

002436 

003034 

3.65 

3.66 

000492 

.000854 

001303 

001820 

002382 

.002972 

3,66 

3.67 

000474 

,000827 

001268 

.001775 

002330 

.002912 

3 67 

368 

.000457 

.000802 

001233 

.001732 

002278 

002853 

368 

369 

.000441 

.000777 

001200 

001690 

002228 

002795 

369 

3.70 

00042 S 

000753 

001167 

001649 

002179 

002739 

3 70 

3.71 

.000409 

000729 

001135 

,001608 

.002130 

002683 

3 71 

3 72 

,000394 

.000706 

001104 

001569 

002083 

002628 

3 72 

3.73 

.000380 

000684 

,001073 

,001530 

.002037 

002575 

3 73 

3 74 

.000366 

000663 

.001044 

001493 

001991 

.002522 

3 74 

3.75 

.000353 

000642 

OOlOlS 

001456 

.001947 

002471 

3.75 

3,76 

000340 

000622 

000987 

001420 

.001903 

002420 

3 76 

3,77 

,000327 

,000602 

000960 

001385 

.001861 

.002371 

3 77 

3.78 

000315 

000583 

000933 

001351 

.001819 

002322 

3.78 

3.79 

000303 

.000565 

000907 

.001317 

.001778 

002275 

3.79 

3.80 

000292 

.000547 

,000882 

001284 

001738 

002228 

3.80 

3.81 

.000281 

000529 

.000857 

001253 

.001699 

.002182 

3.81 

3.82 

.000271 

,000512 

.000833 

001221 

.001661 

002137 

3,82 

3.83 

,000260 

.000496 

000810 

.001191 

.001624 

.002093 

383 

3.84 

000251 

.000480 

000787 

001161 

.001587 

002050 

3.84 

3.85 

.000241 

000465 

.000765 

001132 

.001551 

002008 

3 85 

386 

,000232 

000450 

000744 

001104 

.001516 

001966 

386 

3.87 

,000223 

000435 

.000723 

001076 

001482 

.001925 

3.87 

3.88 

000215 

000421 

000702 

001049 

001448 

001885 

388 

3,89 

,000207 

000407 

000682 

.001023 

.001415 

.001846 

389 

390 

.000199 

000394 

.000663 

.000997 

.001383 

001808 

390 

3.91 

,000191 

.000381 

.000644 

.000972 

001351 

.001770 

391 

392 

.000184 

.000369 

000626 

000947 

001321 

.001733 

392 

3.93 

.000177 

.000357 

000608 

000923 

,001290 

.001697 

3.93 

3.94 

,000170 

.000345 

000591 

000900 

.001261 

.001662 

3,94 

3 95 

.000163 

.000334 

000574 

000877 

001232 

001627 

3.95 

3 96 

,000157 

.000323 

000557 

000855 

.001204 

.001593 

396 

397 ' 

.000151 

.000312 

000541 

.000833 

001176 

. 001.560 

3 97 

3.98 

.000144 

000302 

000526 

.000811 

001149 

001527 

398 

399 

.000139 

000292 

.000511 

.000791 

.001123 

001495 

3,99 



PEARSON’S TYPE 111 FUNCTION—ORDINATES 


101 



SKEWNESS 


t 

.6 

.7 

.8 

9 

1.0 

1 1 

t 

3.50 

004820 

.005515 

006182 

USB W 

mm 

.007963 

3.50 

isi 

004732 

005420 

006083 


.007303 

.007854 

3 51 

3.52 

.004645 

.005327 

005985 

.006609 

.007197 

.007746 

3 52 

3;53 

004559 

.005236 

005888 

006509 

.007093 

007639 

3.53 

3.54 

.004475 

.005146 

.005793 

.006409 

006991 

007524 

3 54 

3.55 

.004392 

.005057 

005699 

.006311 

.006889 

.007430 

3 55 

3.56 

.004311 

.004970 

.005607 

.006215 

.006790 

.007327 

3 56 

3.57 

.004231 

.004884 

.005516 

006120 

.006691 

007226 

3.57 

3 58 

.004153 

.004799 

005426 

.006026 

006594 

.007126 

3.58 

3.59 

.004076 

.004716 

005338 

.005934 

.006498 

.007028 

3.59 

3.60 

.004000 

.004635 

.005251 

.005843 

.006404 

006931 

3.60 

3.61 

.003926 

.004554 

.005166 

005753 

006311 

006835 

3.61 

3.62 

.003853 

.004475 

.005082 

.005665 

.006219 

.006740 

3.62 

363 

.003781 

.004398 

.004999 

.005578 

.006128 

006647 

3.63 

3.64 

.003711 

.004321 

.004917 

005492 

.006039 

006555 

364 

3.65 

.003641 

.004246 

004837 

.005407 

.005951 

006464 

3 65 

366 

.003573 

.004172 

.004758 

.005324 

.005864 

.006374 

3.66 

3.67 

.003506 

.004099 

.004680 

005242 

.005779 

.006286 

3.67 

3.68 

.003441 

.004028 

.004604 

.005161 

.005694 

.006199 

3.68 

369 

.003376 

.003957 

004528 

.005082 

.005611 

.006112 

3.69 

370 

.003313 


.004454 

005003 

005529 

006027 

3.70 

3.71 

.003251 

.003820 

004381 

.004926 

005448 

,005944 

3.71 

3.72 

.003190 

.003753 

.004309 

004850 

.005368 

005861 


3.73 

.003129 

.003687 

.004238 

004774 

.005290 

.005779 


3.74 

.003070 

003623 

004169 

004701 

.005212 

.005699 

3 74 

3.75 

003013 

.003559 

.004100 

004628 

.005136 

.005619 

375 

3.76 

002956 

.003497 

.004033 

.004556 

.005060 

005541 

3,76 

377 

.002900 

.003435 

.003966 

.004485 

.004986 

.005464 

377 

3.78 

.002845 

.003374 

003901 

.004415 

.004913 

.005387 

3 78 

379 

.002791 

.003315 

.003836 

.004347 

.004840 

005312 

3 79 

3.80 

.002738 

.003256 

.003773 

.004279 

004769 

.005238 

380 

3.81 

.002686 

.003199 

.003711 

.004213 

004699 

.005165 

381 

3.82 

.002635 

.003142 

003649 

.004147 

.004630 

.005092 

3 82 

3.83 

.002585 

.003087 

.003589 

.004082 

.004561 

.005021 

383 

3.84 

.002536 

.003032 

003529 

.004019 

.004494 

004951 

3.84 

385 

.002487 

002978 

.003471 

.003956 

.004428 

004881 

3 85 

3.86 

.002440 

002926 

.003413 

.003894 

.004362 

.004813 

3.86 

3.87 

.002393 

.002874 

003356 

.003833 

.004298 

.004745 

3.87 

3.88 

.002347 

.002823 

003301 

003773 

.004234 

.004679 

388 

3.89 

.002303 

.002772 

003246 

003714 

.004172 

.004613 

3.89 

3.90 

.002258 

.002723 

.003192 

.003656 

004110 

004548 

3.90 

3.91 

.002215 

.002674 

.003138 

.003599 

.004049 

004484 

3 91 

3.92 

.002173 

.002627 

.003086 

.003542 

.003989 

.004421 

3.92 

3.93 

.002131 

.002580 

.003035 

.003487 

.003930 

.004359 

3.93 

3.94 

.002090 

.002534 

.002984 

.003432 

.003872 

004298 

394 

3.95 

,002050 

.002489 

.002934 

.003378 

,003814 

.004237 

3.95 

3,96 

.002010 

.002444 

.002885 

.003325 

.003758 

004178 

3.96 

3.97 

.001971 

.002400 

.002837 

.003273 

.003702 

.004119 

397 

3.98 

.001933 

.002357 

.002789 

.003221 

.003647 

.004061 

3.98 

3.99 

.001896 

.002315 

.002742 

.003170 

.003593 

.004003 

3.99 
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PEARSON’S TYPE III FUNCTION-ORDINATES 



SKEWNESS 


t 

t 

.0 

1 

2 

3 

4 

5 

4,00 

000134 

.000282 

000496 

.000771 

.001097 

001463 

400 

401 

,000129 

.000273 

.000482 

.000751 

,001071 

.001433 

4,01 

4 02 

000124 

.000264 

000468 

000732 

.001047 

001403 

402 

4,03 

,000119 

.000255 

000454 

000713 

.001022 

.001373 

4.03 

404 

.000114 

000246 

.000441 

000694 

.000999 

.001344 

404 

4 OS 

.000109 

.000238 

.000428 

.000676 

,000976 

001316 

4 05 

4,06 

.000105 

.000230 

,000416 

.000659 

,000953 

.001288 

406 

4,07 

,000101 

,006222 

.000404 

,000642 

000931 

.001260 

4.07 

4,08 

000097 

000215 

000392 

000625 

.000909 

,001234 

408 

4,09 

,000093 

000208 

.000380 

,000609 

,000888 

001208 

409 

410 

.000089 

000201 

000369 

.000593 

,000867 

.001182 

410 

4.11 

,000086 

000194 

000358 

000578 

.000847 

.001157 

411 

412 

000082 

000187 

. Q 00348 

000563 

000827 

.001132 

4.12 

4.13 

,000079 

000181 

000337 

000548 

.000808 

.001108 

4.13 

4.14 

.000076 

.000175 

.000328 

000534 

000789 

001084 

4 14 

4 . 1 S 

.000073 

.000169 

.000318 

.000520 

000770 

001061 

4 15 

416 

,000070 

000163 

.000308 

.000506 

000752 

001039 

4.16 

4.17 

.000067 

.000157 

.000299 

000493 

,000735 

.001016 

4.17 

4.18 

000064 

000152 

.000290 

.000480 

000717 

.000995 

4.18 

4.19 

.000062 

000147 

.000282 

.000468 

.000700 

000973 

4.19 

420 

.000059 

000142 

.000273 

000455 

.000684 

,000952 

4.20 

4.21 

0000 S 7 

.000137 

.000265 

1 000443 

000668 

.000932 

4.21 

422 

.000054 

.000132 

.000257 

! 000432 

000652 

000912 

4.22 

4.23 

000052 

.000128 

000250 

000420 

000636 

.000892 

4.23 

4.24 

ooooto 

.000123 

000242 

000409 

000621 

.000873 

4.24 

4.25 

000048 

.000119 

000235 

.000398 

.000606 

.000854 

4.25 

4.26 

.000046 

000115 

000228 

.000388 

.000592 

.000836 

426 

4,27 

.000044 

.000111 

000221 , 

,000377 

.000578 I 

000818 

4.27 

4.28 

.000042 

000107 

,000214 

.000367 

000564 

000800 

4.28 

4.29 

.000040 

000103 

000208 

000357 

.000551 

,000783 

4.29 

4,30 

.000039 

000099 

.000201 

000348 

000538 

.000766 

4.30 

4,31 

.000037 

,000096 

000195 

.000339 

000525 

.000749 

4.31 

4.32 

.000035 

000093 

000189 

000330 

000512 

000733 

4.32 

4.33 

.000034 

000089 

000184 

000321 

.000500 

.000717 

4.33 

4.34 

.000032 

000086 

000178 

000312 

000488 

.000701 

434 

4.35 

.000031 

000083 

.000173 

000304 

.000476 

.000686 

4,35 

436 

,000030 

000080 

,000167 

000296 

.000465 

,000671 

436 

4,37 

.000028 

.000077 

000162 

000288 

.000454 

.000656 

4.37 

4.38 

000027 

000074 

000157 

000280 

000443 

,000642 

4,38 

4.39 

000026 

.000072 

.000152 

000272 

000432 

.000628 

4.39 

440 

.000025 

000069 

000148 

000265 

000421 

000614 

4.40 

4 41 

000024 

,000067 

000143 

000258 

000411 

,000601 

4.41 

4.42 

000023 

.000064 

000139 

.000251 

.000401 

000588 

4,42 

4 43 

000022 

.000062 

000134 

.000244 

000392 

.000575 

4.43 

4.44 

,000021 

.000060 

000130 

000237 

000382 

000562 

4.44 

4 45 

.000020 

.000058 

000126 

.000231 

.000373 

000550 

4.45 

4.46 

.000019 

,000056 

.000122 

.000225 

000364 

.000538 

4.46 

4.47 

.000018 

.000054 

.000119 

.000219 

000355 

.000526 

4.47 

4.48 

.000018 

000052 

000115 

.000213 

.000346 

.000514 

4.48 

4.49 

000017 

.000050 

.000111 

000207 

.000338 

.000503 

4.49 



PEARSON'S TYPE III FUNCriON—ORDI^Al ES 
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SKI ^ WN’KSS 

t 

t 

6 

7 

8 

9 

10 

1 1 

400 

001859 

002273 

002696 

.003121 

.03539 

.003947 

400 

401 

001823 

002233 

002651 

. 00.3071 

003486 

003891 

401 

4 02 

.001788 

.002192 

.002607 

. 00,3023 

.003434 

003836 

4 02 

4 03 

.001753 

002153 

.002563 

002<;75 

.003383 

,003782 

403 

4.04 

,001719 

.002114 

002520 

002928 

003333 

,003728 

4 W 

4,05 

001686 

.002076 

002477 

.002882 

003283 

003676 

4 05 

4 06 

001653 

.002039 

0024,36 

0028,36 

003234 

003624 

406 

4.07 

.001621 

002002 

,002394 

002791 

.003186 

.003572 

4 07 

408 

.001589 

001966 

002354 

.002747 

003138 

003522 

408 

4.09 

,001558 

001930 

.002314 

.002704 

.003091 

003472 

4.09 

410 

001528 

.001895 

002275 

002661 

003045 

003423 

4.10 

4.11 

.001498 

.001861 

002237 

002618 

.002999 

.003374 

4.11 

412 

,001469 

001827 

.002199 

002 S 77 

.002954 

.003326 

412 

413 

001440 

.001794 

002162 

.002536 

002910 

.003279 

4.13 

4.14 

.001412 

001761 

.002125 

002496 

.002866 

003232 

4.14 

4.15 

001384 

.001729 

002089 

002456 

.002823 

.003186 

4 15 

416 

.001357 

.001698 

.002054 

.002417 

.002781 

003141 

4 16 

4.17 

.001330 

.001667 

002019 

002.378 

002739 

00.3096 

4 17 

4 18 

.001304 

001637 

001984 

.002340 

002698 

003052 

418 

419 

.001278 

001607 

001951 

002303 

002658 

003009 

4 19 

420 

001253 

001577 

001918 

002266 

.002618 

002966 

420 

421 

,001228 

,001549 

001885 

.002230 

002578 

002924 

4 21 

4.22 

.001204 

001520 

.001853 

.002194 

002539 

.002882 

4 22 

4 23 

001180 

.001492 

.001821 

002159 

.002501 

002841 

4.23 

4 24 

001157 

001465 

001790 

.002125 

.002463 

002800 

4,24 

4.25 

001134 

.001438 

001760 

.002091 

002426 

.002760 

4 25 

4.26 

.001112 

001412 

001730 

.002057 

002390 

.002721 

4 26 

4 27 

.001090 

001386 

.001700 

002024 

.002354 

002682 

4 27 

4 28 

.001068 

.001361 

001671 

001992 

.002318 

002644 

4.28 

429 

.001047 

001336 

001642 

.001960 

002283 

.002606 

429 

430 

001026 

001311 

001614 

.001929 

002248 

002569 

4,30 

4 31 

001005 

001287 

001586 

001898 

.002214 

.002532 

4 31 

4 32 

000985 

.001263 

001559 

.001867 

002181 

002496 

4 32 

4 33 

000966 

001240 

001533 

.001837 

.002148 

002460 

4 33 

4 34 

.000947 

.001217 

001506 

.001808 

.002115 

,002425 

4,34 

4.35 

.000928 

.001195 

.001480 

001778 

002083 

.002390 

4 35 

4.36 

000909 

.001173 

001455 

001750 

002052 

.002356 


4.37 

000891 

001151 

001430 

,001722 

.002021 

.002322 

mi 

4 38 

000873 

001130 

.001405 

.001694 

001990 

.002289 


4.39 

.000856 

001109 

.001381 

.001667 

001960 

002256 

4.39 

440 

000838 

001088 

001357 

.001640 

001930 

.002223 

4.40 

4.41 

.000822 

.001068 

.001334 

001613 

.001901 

002191 

4.41 

4.42 

.000805 

.001048 

.001311 

001587 

001872 

.002160 

4.42 

4.43 

.000789 

001029 

.001288 

001561 

.001843 

002129 

4,43 

4.44 

000773 

.001010 

.001266 

.001536 

.001815 

.002098 

444 

4.45 

000758 

.000991 

001244 

.001511 

001788 

.002068 

4.45 

446 

000742 

000972 

001223 

001487 

.001760 

.002038 

4.46 

4.47 

.000727 

0009 S 4 

.001201 

.001463 

.001733 

.002009 

4.47 

4.48 

.000713 

000937 

.001181 

.001439 

.001707 

.001980 

4.48 

4.49 

.000698 

.000919 

001160 

001416 

.001681 

001951 

449 
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PEARSON'S TYPE III FUNCTION—ORDINATES 



SKEWNESS 

t 

t 

0 

.1 

.2 

.3 

4 

5 

4.50 

000016 

000048 

000108 

,000201 

.000330 

000492 

4.50 

4 51 

000015 

000046 

000104 

.000196 

000321 

000481 

4.51 

4 52 

000015 

000044 

000101 

.000190 

000314 

000470 

4 52 

4 53 

000014 

000043 

,000098 

000185 

000306 

000460 

4 53 

4 54 

000013 

000041 

000095 

000180 

000298 

.000450 

4.54 

4 55 

000013 

.000040 

000092 

OOOI 7 S 

000291 

000440 

4 55 

4 56 

.000012 

,000038 

,000089 

000170 

000284 

.000430 

4.56 

4.57 

.000012 

000037 

000086 

000165 

.000277 

.000420 

4 57 

4 58 

000011 

.000036 

000084 

000161 

000270 

000411 

4.58 

4.59 

OOOOll 

000034 

.000081 

000156 

.000263 

.000402 

4.59 

460 

000010 

.000033 

000078 

000152 

000257 

.000393 

460 

461 

OOOOlO 

000032 

000076 

.000148 

.000251 

.000384 

4.61 

4.62 

.000009 

.000031 

000073 

000144 

000244 

.000375 

4.62 

4 63 

000009 

,000029 

000071 

.000140 

000238 

.000367 

4.63 

464 

000008 

.000028 

000069 

000136 

.000232 

000359 

464 

4 65 

000008 

000027 

000067 

000132 

000227 

000351 

4 65 

466 

000008 

000026 

000065 

,000128 

.000221 

000343 

466 

4,67 

000007 

000025 

.000062 

i 000125 

,000216 

000335 

4.67 

468 

.000007 

000024 

000060 

000121 

000210 

000328 

468 

4 69 

000007 

,000023 

.000059 

.000118 

000205 

000320 

4.69 

4 70 

.000006 

000023 

000057 

000115 

.000200 

000313 

470 

4.71 

000006 

000022 

000055 

000111 

,000195 

.000306 

4.71 

4 72 

.000006 

000021 

000053 

000108 

000190 

000299 

4 72 

4 73 

.000006 

000020 

.000051 

000105 

.000185 

000292 

4.73 

4 74 

000005 

000019 

000050 

000102 

000181 

.000286 

4.74 

4,75 

000005 

000019 

000048 

,000099 

000176 

000279 

4.75 

4 76 

000005 

000018 

000047 

.000097 

000172 

,000273 

4 76 

4 77 

.000005 

.000017 

000045 

000094 

000167 

000267 

4.77 

4 78 

000004 

000017 

000044 

000091 

000163 

.000261 

.478 

4 79 

.000004 

000016 

000042 

000089 

000159 

000255 

4.79 

480 

000004 

000015 

000041 

000086 

000155 

.000249 

480 

4 81 

.000004 

000015 

000039 

000084 

000151 

.000244 

4.81 

4 82 

.000004 

000014 

,000038 

000081 

000147 

.000238 

4 82 

4 83 

.000003 

000014 

000037 

.000079 

000144 

.000233 

4.83 

484 

.000003 

000013 

.000036 

000077 

000140 

000227 

484 

4 85 

.000003 

000013 

000035 

000075 

000136 

000222 

4 85 

4.86 

,000003 

000012 

000033 

000072 

000133 

000217 

486 

4,87 

.000003 

000012 

000032 

.000070 

000130 

.000212 

4 87 

4,88 

000003 

,000011 

,000031 

.000068 

000126 

000207 

488 

4,89 

000003 

000011 

000030 

000056 

000123 

000203 

489 

490 

.000002 

000010 

000029 

000064 

000120 

.000198 

490 

491 

000002 

.000010 

.000028 

.000063 

000117 

.000193 

4.91 

4 92 

,000002 

.000010 

000027 

000061 

000114 

.000189 

4.92 

4.93 

000002 

.000009 

.000026 

000059 

.000111 

000185 

4 93 

4.94 

.000002 

.000009 

.000026 

,000057 

000108 

000180 

494 

495 

.000002 

000008 

000025 

.000056 

000105 

.000176 

4.95 

496 

.000002 

.000008 

.000024 

000054 

.000103 

.000172 

4.96 

497 

.000002 

.000008 

,000023 

000053 

.000100 

000168 

4.97 

4.98 

.000002 

000007 

000022 

.000051 

.000098 

000164 

498 

4.99 

000002 

000007 

000022 

.000050 

.000095 

000161 

4.99 



PEARSON’S TYPE HI FVNCTION—ORDINATES 


m 


mmat 

SKEWNESS 

9P— 

t 

.6 

.7 

8 

.9 

1.0 

1.1 

t 

450 

000684 

000902 

001140 

.001393 

001655 

.001923 

4.50 

4,51 


.000885 

001120 

.001370 

.001630 

.001895 

4 51 

4 52 


.000869 

.001101 

.001348 

.001605 

.001868 

4 52 

4.53 

Hm? 

000852 

.001082 

.001326 

.001581 

001841 

4.53 

4.54 

000630 

000836 

.001063 

1 .001304 

001556 

.001814 

4.54 

4 55 

.000618 

.000821 

001044 

I .001283 

.001533 

.001788 

4 . 5 S 

4 . 5 ^ 

000605 

000805 

.001026 

.001262 

.001509 

.001762 

4.56 

4 57 

000593 

XX )0790 

001008 

1 .001242 

.001486 

.001737 

4.57 

4.58 

000581 

000775 

000991 

‘ 001222 

.001463 

.001712 

4.58 

4.59 

000569 

.000761 

.000973 

001202 

.001441 

.001687 

4.59 

4.60 

000557 

.000747 

000956 

.001182 

.001419 

.001663 

4.60 

4.61 

.000546 

.000733 

.000940 

.001163 

.001397 

.001638 

4.61 

462 

.000535 

000719 

000923 

.001144 

.001376 

001615 

4.62 

463 

.000524 

.000705 

000907 

.001125 

001354 

.001591 

4.63 

464 

000513 

.000692 

000891 

.001107 

.001334 

.001568 

4.64 

4.65 

000503 

.000679 

000876 

.001089 

001313 

.001545 

4.65 

466 

000492 

.000666 

.000860 

.001071 

.001293 

001523 

466 

4.67 

.000482 

000654 

.000845 

.001053 

.001273 

.001501 

4.67 

468 

000472 

000641 

000831 

.001036 

.001253 

.001479 

4.68 

469 

.000463 

.000629 

000816 

.001019 

.001234 

.001458 

4.69 

4:70 

.000453 

000617 

000802 

.001002 

.001215 

.001436 

470 

4 71 

.000444 

000606 

000788 

.000986 

.001196 

.001416 

4.71 

4 72 

000435 

000594 

.000774 

.000970 

001178 

.001395 

4.72 

4.73 

000426 

000583 

.000760 

.000954 

.001160 

.001375 

4.73 

4.74 

000417 

000572 

000747 

.000938 

.001142 

.001355 

4.74 

4.75 

000408 

000561 

000734 

.000923 

.001124 

.001335 

4.75 

4.76 

OOOKX ) 

.000550 

000721 

.000908 

.001107 

.001315 

476 

4 77 

.000392 

000540 

.000708 ' 

.000893 

.001090 

.001296 

477 

4 78 

.000384 

.000530 

.000696 

.000878 

.001073 

.001277 

478 

4 79 

000376 

000520 

000683 1 

000863 

.001056 

.001259 

4.79 

480 

000368 

.000510 

000671 

.000849 

.001040 

.001240 

480 

4 81 

.000360 

000500 

.000659 

.000835 

.001024 

001222 

4.81 

4 82 

000353 

.000490 

.000648 

.000821 

.001008 

.001204 

4.82 

483 

000346 

000481 

000636 

.000808 

000993 

.001187 

4.83 

4.84 

.000338 

000472 

.000625 

.000795 

.000977 

.001170 

484 

4.85 

000331 

000463 

.000614 

000781 

.000962 

.001152 

4 85 

4,86 

.000325 

000454 

000603 

000769 

.000947 

.001136 

4.86 

4 87 

.000318 

.000445 

.000592 

000756 

.000932 

001119 

487 

488 

000311 

000437 

000582 

000743 

.000918 

001103 

4.88 

489 

000305 

.000429 

000572 

000731 

.000904 

.001086 

4.89 

490 

000298 

000420 

.000561 

000719 

000890 

.001071 


4 91 

000292 

000412 

.000551 

000707 

.000876 

.001055 

4.91 

4.92 

000286 

.000404 

.000542 

000695 

.000862 

001039 

4.92 

4.93 

.000280 

000397 

.000532 

.000684 

.000849 

.001024 

493 

4.94 

.000274 

.000389 

.000523 

.000672 

.000836 

.001009 

4.94 

495 

.000269 

000382 

.000513 

.000661 

000823 

.000994 

4.95 

496 

.000263 

.000374 

.000504 

.000650 

000810 

.000980 

4.96 

4 97 

000257 

’.000367 

.000495 

.000640 

.000797 

.000965 

497 

4.98 

000252 

.000360 

.000486 

.000629 

.000785 

.000951 

4.98 

4.99 

000247 

000353 

.000478 

.000618 

.000773 

.000937 

4.99 
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PIiARSON'S TYPE III FVNCTION^ORDlNATES 



SKEWNESS 

t 

t 

0 

1 

2 

.3 

.4 

.5 

500 

.000001 

000007 

000021 

000048 

000093 

.000157 

500 

5 01 

OOOOOl 

000007 

000020 

000047 

000090 

000153 

501 

5 02 

.000001 

000006 

,000019 

000045 

000088 

000150 

5 02 

5 03 

000001 

000006 

000019 

000044 

000086 

000146 

5.03 

504 

OOOOOl 

000006 

000018 

000043 

.000083 

,000143 

504 

5.05 

OOOOOl 

000006 

000018 

000042 

000081 

000140 

5 05 

506 

OOOOOl 

000005 

.000017 

000040 

000079 

000136 

506 

5 07 

OOOOOl 

000005 

000016 

000039 

000077 

000133 

5 07 

5.08 

OOOOOl 

000005 

000016 

000038 

000075 

000130 

508 

5.09 

OOOOOl 

000005 

000015 

000037 

000073 

.000127 

509 

5 10 

.000001 

000005 

,000015 

.000036 

000071 

.000124 

5 10 

5 11 

.000001 

.000004 

000014 

000035 

,000070 

000121 

5.11 

5 12 

.000001 

.000004 

.000014 

000034 

000068 

000118 

5 12 

5.13 

OOOOOl 

000004 

.000013 

000033 

000066 

000116 

513 

5.14 

OOOOOl 

000004 

000013 

000032 

.000064 

000113 

5 14 

5 15 

.000001 

000004 

000012 

.000031 

000063 

.000110 

5.15 

5 16 

OOOOOl 

000004 

.000012 

000030 

000061 

000108 

5 16 

5.17 

OOOOOl 

000003 

000012 

000029 

000059 

000105 

5.17 

5 18 

OOOOOl 

000003 

000011 

000028 

.000058 

000103 

5 18 

5 19 

OOOOOl 

.000003 

000011 

000027 

000056 

000100 

519 

5.20 

OOOOOl 

.000003 

000010 

000027 

00005S 

000098 

520 

5.21 

OOOOOl 

000003 

000010 

000026 

000053 

.000096 

5 21 

5.22 


000003 

OOOOlO 

.000025 

000052 

000093 

5 22 

5 23 


000003 

,000009 

000024 

.000051 

000091 

5.23 

5 24 


000003 

000009 

000024 

000049 

000089 

524 

5 25 


,000002 

.000009 

000023 

.000CM8 

,000087 

5.25 

5 26 


.000002 

000008 

000022 

000047 

000085 

5.26 

5.27 


,000002 

000008 

000021 

000046 

000083 

5 27 

5 28 


000002 

000008 

000021 ■ 

000044 

000081 

528 

529 


000002 

000008 

000020 

.000043 

.000079 

5.29 

530 


000002 

000007 

.000030 

000042 

000077 

5.30 

531 


000002 

000007 

000019 

000041 

.000075 

5.31 

5 32 


000002 

000007 

000018 

000040 

,000074 

5 32 

5 33 


000002 

000007 

000018 

000039 

000072 

5 33 

5 34 


000002 

000006 

000017 

000038 

,000070 

534 

5 35 


000002 

000006 

.000017 

000037 

000069 

5.35 

5 36 


000002 

.000006 

.000016 

000036 

000067 

536 

5 37 


OOOOOl 

000006 

000016 

000035 

00006S 

5.37 

5 38 


.OOOOOl 

000006 

000015 

000034 

,000064 

5.38 

5.39 


OOOOOl 

.000005 

000015 

.000033 

.000062 

5.39 

5.40 


OOOOOl 

,000005 

.000014 

.000032 

.000061 

540 

5.41 


OOOOOl 

000005 

000014 

000031 

.000059 

S.41 

5.42 


OOOOOl 

OOOOOS 

.000014 

.000030 

.000058 

5.42 

5.43 


.OOOOOl 

.000005 

,000013 

000030 

000056 

5.43 

544 


OOOOOl 

.000004 

.000013 

.000029 

.000055 

5.44 

5 45 


OOOOOl 

000004 

000012 

000028 

000054 

5,45 

5 46 


OOOOOl 

.000004 

000012 

000027 

.000053 

5.46 

5 47 


OOOOOl 

.000004 

.000012 

.000027 

.000051 

5.47 

5 48 


OOOOOl 

000004 

,000011 

000026 

000050 

5.48 

5 49 


OOOOOl 

.000004 

.000011 

.000025 

000049 

5.49 



PEARSON’S TYPE III FUNCTION—ORDINATES 


SKEWNESS 


t 

6 

7 

8 

.9 

1.0 

1 1 

t 

soo 

000242 

.000346 

000469 

.000608 


000924 

5.0) 

SOI 

000236 

000340 

.000461 

.000598 


000910 

5.01 

5 02 

000232 

000333 

000453 

000588 

000737 

000897 

5.02 

5 03 

000227 

000327 

000444 

000578 

000726 

000883 

5.03 

5.04 

000222 

.000320 

.000437 

.000569 



504 

5,05 

.000217 

000314 

000429 

000559 


000857 

5,05 

506 

000213 

000308 

000421 

000550 

.000692 


506 

5 07 

.000208 

000302 

.000414 

000541 

.000681 

000833 

5 07 

508 

000204 

000296 

000406 

000532 

000671 

000820 

5.08 

5 09 

000199 

.000290 

000399 

000523 

.000660 

000808 

5,09 

5 10 

000195 

000285 

000392 

.000514 

.000650 

000796 

5.10 

511 

000191 

000279 

000385 

.000506 

.000640 

.000785 

5 11 

5,12 

000187 

000274 

000378 

000497 

000630 

.000773 

5 12 

5.13 

000183 

000269 

.000371 

.000489 

000620 

000762 

5.13 

5 14 

000179 

.000263 

,000364 

000481 

.000610 

000750 

5.14 

5 15 

000175 

000258 

.000358 

.000473 

000600 

000739 

5,15 

5 16 

000172 

.000253 

000351 

000465 

000591 

.000728 

5.16 

5 17 

000168 

000248 

000345 

.000457 

.000582 

000718 

517 

5 18 

000165 

000243 

.000339 

.000449 

000573 

.000707 

518 

S 19 

000161 

000239 

.000333 

000442 

.000564 

000697 

5.19 

520 

.000158 

000234 

000327 

.000434 

000555 

000686 

5,20 

5 21 

.000154 

,000230 

.000321 

000427 

000546 

000676 

5 21 

5 22 

.000151 

000225 

000315 

.000420 

.000537 

000666 

5.22 

5,23 

000148 

000221 

000309 

000413 

000529 

000656 

5 23 

5 24 

000145 

000216 

.000304 

000406 

000521 

000647 

5 24 

5.25 

000142 

.000212 

,000298 

.000399 

.000513 

000637 

5 25 

5 26 

000139 

,000208 

.000293 

.000392 

000504 

000628 

5.26 

5 27 

000136 

000204 

000288 

.000386 

000197 

.000618 

5.27 

5 28 

000133 

.000200 

000282 

000379 

.000489 

000609 

528 

5 29 

000130 

000196 

000277 

.000373 

.000481 

000600 

5.29 

530 

000127 

000192 

000272 

.000367 

.000473 

000591 

530 

5,31 

.000124 

000188 

000267 

.000360 

.000466 

000582 

5 31 

5 32 

.000122 

.000185 

000263 

.000354 

.000459 

.000574 

5 32 

5 33 

000119 

000181 

000258 

000348 

.000451 

.000565 

5,33 

5 34 

000117 

000178 

.000253 

.000342 

000444 

000557 

5.34 

5 35 

000114 

.000174 

000248 

000337 

.000437 

.000549 

5.35 

5 36 

.000112 

.000171 

.000244 

000331 

.000430 

000540 

5.36 

5 37 

000109 

000167 

000240 

000325 

.000424 

000532 

5 37 

5 38 

000107 

.000164 

000235 

000320 

000417 

000524 

538 

5.39 

000105 

.000161 

000231 

000314 

000410 

.000517 

5.39 

540 

000102 

000158 

000227 

.000309 

.000404 

000509 

540 

5.41 

000100 

.000154 

,000223 

000304 

000397 

.000501 

5.41 

5 42 

.000098 

000151 

000219 

.000299 

.000391 

000494 

5.42 

5 43 

.000096 

.000148 

000215 

.000294 

.000385 

000487 

5.43 

5.44 

000094 

.000146 

.000211 

.000289 

.000379 

000479 

5.44 

5.45 

.000092 

.000143 

000207 

000284 

000373 

000472 

5.45 

5.46 

000090 

.000140 

.000203 

.000279 

.000367 

.000465 

546 

5 47 

.000088 

000137 

000199 

000274 

000361 

.000458 

5 47 

548 

.000086 

000134 

.000196 

.000270 

000355 

.000451 

5.48 

5 49 

.000084 

.000132 

■000192 

.000265 

000350 

.000445 

5.49 


















PEARSON'S TYPE III FUNCTION—ORDINATES 


SKEWNESS 


t 

0 

1 

.2 

.3 

.4 

5 

t 

5.50 


000001 

000004 

.000011 

000025 

.000048 

5,50 

5 51 


000001 

.000003 

.000010 

000024 

000047 

5 51 

5 52 


000001 

000003 

.000010 

000023 

.000046 

5.52 

5.53 


000001 

000003 

000010 

000023 

000044 

5 53 

5 54 


.000001 

.000003 

000009 

.000022 

.000043 

5.54 

5.55 


000001 

.000003 

.000009 

000021 

.000042 

5.55 

5.56 


000001 

000003 

.000009 

.000021 

.000041 

5.56 

5.57 


000001 

.000003 

.000009 

000020 

.000040 

5.57 

5.58 


000001 

000003 

.000008 

.000020 

.000039 

5.58 

5.59 


.000001 

000003 

000008 

000019 

.000038 

5.59 

560 


.000001 

000003 

000008 

000019 

000037 

5.60 

5.61 


000001 

000002 

000008 

.000018 

000037 

5.61 

5 62 



000002 

000007 

000018 

000036 

5 62 

5 63 



.000002 

000007 

.000017 

000035 

563 

564 



.000002 

.000007 

.000017 

000034 

564 

S 6 S 



000002 

000007 

.000016 

000033 

5 65 

566 



000002 

.000006 

000016 

000032 

5.66 

5 67 



.000002 

000006 

000015 

000032 

5 67 

568 



000002 

000006 

.000015 

000031 

568 

5.69 



000002 

000006 

.000015 

.000030 

5 69 

5.70 



000002 

.000006 

000014 

000029 

5 70 

5.71 



000002 

.000006 

000014 

.000029 

5 71 

5.72 



.000002 

000005 

.000013 

000028 

5.72 

5.73 



000002 

000005 

000013 

000027 

5 73 

5.74 



000001 

.000005 

.000013 

000027 

5 74 

5 75 



.000001 

000005 

000012 

000026 

5.75 

5 76 



000001 

000005 

,000012 

000025 

5 76 

5.77 



000001 

000005 

000012 

.000025 

5 77 

5 78 



000001 

000004 

.000011 

,000024 

5 78 

5 79 



000001 

000004 

000011 

000024 

5.79 

5.80 



000001 

.000004 

000011 

.000023 

5.80 

5.81 



.000001 

.000004 

000010 

.000022 

5 81 

5.82 



.000001 

000004 

.000010 

.000022 

5 82 

583 



.000001 

000004 

000010 

000021 

5.83 

584 



000001 

000004 

000010 

000021 

5 84 

5 85 



.000001 

.000004 

.000009 

000020 

5 85 

586 



000001 

000003 

000009 

000020 

586 

5 87 



.000001 

000003 

000009 

.000019 

5 87 

5.88 



.000001 

,000003 

000009 

.000019 

588 

5.89 



.000001 

000003 

.000008 

.000018 

589 

590 



000001 

000003 

.000008 

,000018 

590 

5.91 



000001 

,000003 

000008 

000017 

5,91 

5.92 



000001 

.000003 

000008 

000017 

5.92 

5.93 



.000001 

,000003 

000007 

.000017 

5 93 

5.94 



.000001 

000003 

000007 

.000016 

5.94 

5.95 



000001 

000003 

.000007 

.000016 

5 95 

5.96 



000001 

000002 

.000007 

.000015 

596 

5 97 



.000001 

,000002 

000007 

000015 

5 97 

5 98 



000001 

000002 

000007 

000015 

5.98 

5.99 



.000001 

000002 

,000006 

000014 

5,99 






PEARSON'S TYPE III FUNCTION—ORDINATES 


109 


“—— 

SKEWNESS 


t 

6 

.7 

8 

.9 

10 

1.1 

t 

5 SO 

000082 

000129 

000189 

.000261 

.000344 

000438 

5 50 

S 51 

000080 

000127 

000185 

000256 

'.000339 

000432 

SSI 

5 52 

.000079 

.000124 

000182 

000252 

.000333 

000425 

5 52 

5 53 

.000077 

000122 

000178 

.000248 

.000328 

000419 

5.53 

5 54 

000075 

000119 

.000175 

.000243 

000323 

000412 

5 54 

5 55 

,000074 

.000117 

.000172 

000239 

.000318 

000406 

5 55 

5.56 

.000072 

,000114 

000169 

000235 

.000313 

000400 

5.56 

5.57 

.000071 

000112 

000166 

000231 

000308 

.000394 

5.57 

5.58 

.000069 

000110 

000163 

000227 

000303 

000388 

5 58 

5.59 

000067 

000108 

000160 

000223 

.000298 

000383 

5 59 

560 

,000066 

000106 

000157 

000220 

.000293 

.000377 

560 

5.61 

.000065 

000104 

000154 

000216 

000289 

.000371 

5 61 

5'.62 

.000063 

,000101 

.000151 

000212 

.000284 

000366 

.5 62 

5.63 

000062 

000099 

.000148 

.000208 

000279 

000360 

5 63 

564 

000060 

.000097 

000146 

000205 

000275 

000355 

564 

5 65 

.000059 

000096 

000143 

000201 

000271 

000349 

5 65 

5.66 

000058 

000094 

000140 

000198 

000266 

,000344 

5.66 

5 67 

.000057 

000092 

000138 

.000195 

,000262 

000339 

5 67 

568 

000055 

000090 

000135 

000191 

.000258 

.000334 

5.68 

5 69 

.000054 

,000088 

.000133 

.000188 

000254 

000329 

5.69 

5 70 

000053 

000086 

000130 

.000185 

000250 

000324 

5 70 

5 71 

000052 

000084 

000128 

000182 

.000246 

000319 

5 71 

5 72 

.000051 

000083 

000125 

i 000179 

000242 

.000314 

5 72 

5,73 

000050 

000081 

000123 

.000175 

.000238 

.000310 

5 73 

5.74 

.000048 

000080 

000121 

000172 

000234 

.000305 

5.74 

5 75 

.000047 

.000078 

.000119‘ 

000170 

000230 

000300 

5,75 

5.76 

000046 

.000076 

000116 

000167 

000227 

000296 

5 76 

5.77 

000045 

.000075 

.000114 

.000164 

.000223 

,000291 

5.77 

5 78 

000044 

000073 

.000112 

000161 

000219 

000287 

5 78 

5.79 

000043 

.000072 

.000110 

000158 

000216 

000283 

5 79 

580 

.000042 

.000071 

000108 

.000155 

,000212 

.000279 

5,80 

5,81 

000041 

.000069 

,000106 

.000153 

.000209 

000274 

5 81 

5.82 

000041 

000068 

.000104 

.000150 

000206 

000270 

5 82 

5.83 

,000040 

.000066 

000102 

.000148 

000202 

,000266 

5 83 

584 

000039 

.000065 

.000100 

000145 

.000199 

000262 

5,84 

5 85 

000038 

000064 

.000098 

000143 

.000196 

000258 

5 85 

586 

000037 

000062 

.000097 

.000140 

000193 

.000254 

5.86 

5 87 

000036 

.000061 

,000095 

000138 

.000190 

.000250 

5 87 

5.88 

.000035 

.000060 

.000093 

000135 

000187 

000247 

588 

5.89 

000035 

000059 

.000091 

.000133 

.000184 

.000243 

589 

5.90 

.000034 

000058 

.000090 

000131 

.000181 

.000239 

590 

5.91 

.000033 

.000056 

000088 

000128 

000178 

000236 

5.91 

5.92 

000032 

000055 

000086 

000126 

000175 

000232 

5 92 

5.93 

.000032 

000054 

000085 

.000124 

.000172 

000229 

593 

5 94 

000031 

000053 

.000083 

.000122 

000169 

.000225 

5.94 

5.95 

,000030 

000052 

,000082 

000120 

000167 

000222 

5 95 

596 

.000030 

000051 

,000080 

.000118 

,000164 

000218 

5,96 

5,97 

.000029 

.000050 

.000079 

000116 

.000161 

.000215 

5 97 

5.98 

000028 

000049 

000077 

.000114 

000159 

.000212 

5.98 


.000028 

.000048 


[■nil 














no 


PEARSON'S TYPE HI FUNCTION—ORDINATES 




SKEWNESS 



t 

t 

.0 

,1 

2 

.3 

4 

5 

6,00 



000001 

.000002 

.000006 


600 

6.01 



000001 

.000002 

.000006 

EijjV El 

601 

602 



.000001 

.000002 

.000006 

IujV H 

602 

603 



.000001 

000002 

.000006 

■oj!i kI 

6,03 

6.04 




000002 

.000005 

000013 

604 

6.05 




.000002 

.000005 

.000012 

6 0S 

6.06 




000002 

000005 

.000012 

606 

607 




000002 

.000005 

.000012 

6 07 

608 




.000002 

.000005 

000011 

608 

6.09 




000002 

.000005 

.000011 

6,09 

6.10 




000002 

000005 

.000011 

610 

611 




.000002 

.000005 

000011 

6 11 

6.12 




,000001 

000004 

000010 

6,12 

6.13 




000001 

000004 

.000010 

6,13 

6.14 




000001 

000004 

000010 

6 14 

615 




000001 

,000004 

000010 

615 

6.16 




.000001 

.000004 

000009 

6.16 

6.17 




000001 

.000004 

000009 

6.17 

6.18 




.000001 

.000004 

.000009 

618 

619 




000001 

000004 

000009 

6.19 

620 




OOOOOl 

.000003 

000008 

6.20 

6.21 




.000001 

000003 

000008 

6.21 

6.22 




.000001 

.000003 

000008 

622 

423 




000001 

000003 

.000008 ! 

623 

424 




000001 

,000003 

.000008 

624 

6.25 




,000001 

.000003 

.000007 

6 25 

626 




.000001 

000003 

.000007 

6 26 

627 




.000001 

.000003 

.000007 

6 27 

628 




000001 

000003 

.000007 

6 28 

6.29 




000001 

.000003 

.000007 

629 

630 




000001 

000003 

.000007 

6 30 

631 




,000001 

.000003 

.000006 

631 

6.32 




000001 

,000002 

.000006 

6.32 

6.33 




000001 

000002 

000006 

6 33 

6.34 




000001 

.000002 

000006 

6 34 

635 




000001 

000002 

.000006 

6,35 

6.36 




000001 

000002 

.000006 

6.36 

6.37 




,000001 

000002 

1^1 

6.37 

6.38 




000001 

,000002 

imxiii 

638 

639 




.000001 

.000002 

.000005 

639 

6.40 

1 



OOOOOl 

.000002 

.000005 

6.40 

6.41 




.000001 

.000002 

.000005 

6.41 

642 




OOOOOl 

.000002 

.000005 

6.42 

643 




.000001 

000002 

.000005 

6.43 

6 44 




XXXXWl 

000002 

.000005 

644 

6.4S 





000002 

.000004 

6,45 

6 Ai 

) 




.000002 

OOOOC.4 

646 

6 45 





.000002 

.000004 


6.41 

i 




.000002 

.000004 


64C 

> 




.000002 

.000004 

mM 










PEARSONS TYPE 111 ENVCriON—ORDINATES 


111 


" ' ' 

SKEWNESS 

t 

t 

6 

.7 

,8 

9 

1 0 

1 1 

600 

000027 

0ax)47 

000074 

000110 

0001.54 

ax)206 

600 

f)01 

,000027 

000046 

000073 

000108 

(XX)151 

ax)2n2 

6 01 

6 02 

,000026 

000045 

fXXX)72 

fXX)106 

(XX1149 

.0001')9 

6 02 

6 03 


000044 

.000070 

(XX11()4 

000146 

(XX)19(i 

60,3 

6(M 

.OOa)25 

00004,3 

(xxxy.'J 

««102 

000144 

000193 

6 04 

6 0S 

000024 

0000-12 

(XXXX>8 

OfXllOl 

000142 

(XXll'X) 

6 05 

6 Of) 

000024 

0(X)041 

(XXXX)() 

(XXX)99 

axil.39 

(XX) 1.88 

6.0(1 

6 07 


000041 

fXX)065 

fXXXX17 

0(X)I.37 

000185 

6 07 

608 

HSTijmI 

0(X)040 

0«K)M 

(XXX¥)6 

(XX)I35 

(XX) 182 

6 08 

6.0') 


000030 

0(XXX)3 

OlXXXM 

(XX) 133 

(XX) 179 

6,09 

6,10 

000022 

000038 

cmcHA 

mm2 

fXXll.ll 

000176 

610 

611 

,000021 

000037 

OOOOflO 

.(xxxxn 

0(X)I28 

aX)174 

6 11 

6.12 

,000021 

,000037 

000059 

(XXXW) 

(XX) 126 

000171 

6 12 

6 13 

000020 

00(X)3fi 

00(X)58 

(XXXI,88 

(XX)124 

000169 

613 

6 14 

000020 

000035 

00(X)57 

(XXXXSf) 

(XX) 122 

000166 

6 14 

6 13 

000019 

0aX)34 

(XXX)56 

(XXX)85 

(XX) 120 

00016.3 

6 15 

6 16 

000019 

000034 

(XXK)5S 

0(XX),83 

(XXll 18 

fXX)!()l 

6 16 

6 17 

OfXXllH 

00(K133 

0000-54 

(XXXXS2 

,0(X)1I6 

(XX)! 59 

6 17 

6 18 

000018 

(XKX)32 

OfXX)53 

(XXXX80 

(XX) 115 

0001.56 

6 18 

6 10 

.oax)i8 

000032 

000052 

000079 

000113 

000154 

6.19 

6 20 

000017 

000031 

000051 

000077 

000111 

000151 

6 20 

6,21 

oaxDi; 

(X)0030 

(XXXISO 

000076 

000109 

000149 

621 

6 22 

000016 

000030 

.000049 

000075 

000107 

000147 

6 22 

6 23 

,000016 

a)0029 

(XXXM8 

aXX)73 

.0(X)106 

000145 

6 23 

6 24 

00(X)16 

.00fX)29 

000047 

.CXXX)72 

.000104 

.000142 

6 24 

6 25 

,000015 

00(X)28 

.(XXX)46 

.000071 

000102 

.0(X)14O 

6 25 

6 26 

(XIOOIS 

(XXt027 

000045 

000070 

,000101 

0001.38 

6.26 

6 27 

000015 

000027 

000045 

0000f)8 

0000')9 

000136 

6 27 

6 28 

,000014 

.00(X)26 

000044 

.OOOOf.7 

.oooo';7 

000134 

6 28 

6 29 

000014 

.axx )26 

0(X)043 

,000066 

000096 

.000132 

6.29 

6 30 

,000014 

000025 

000042 

000065 

000094 

0001,30 

6.30 

631 

.000013 

000025 

.000041 

0(XXXi4 

.OOOOTS 

000128 

6 31 

6 32 

000013 

.000024 

000041 

OOOOf.3 

.000091 

.000126 

6 32 

6.33 

oaxii3 

000024 

000040 

0000f)2 

OOOCX) 

000124 

6 33 

6 34 

OC0013 

,000023 

000039 

000061 

000088 

,000122 

634 

6 35 

.000012 

000023 

000038 

000059 

000087 

000120 

6 35 

6 36 

000012 

,000022 

000038 

000058 

000085 

000118 

6 36 

6 37 

000012 

000022 

000037 

000057 

.000084 

,000117 

6 37 

6,38 

000011 

000021 

000036 

000056 

000083 

000115 

6.38 

6 39 

000011 

000021 

.000035 

000055 

.000081 

000113 

6.39 

6.40 

,000011 

.000021 

,000035 

,000054 

.000080 

000111 

640 

6.41 

.000011 

000020 

000034 

000053 

000079 

000110 

6 41 

642 

.000010 

.000020 

.000033 

000053 

000077 

000108 

6 42 

6.43 

000010 

000019 

.000033 

000052 

000076 

000106 

6.43 

6 44 

.000010 

.000019 

000032 

000051 

000075 

000105 

644 

6 45 

.000010 

.000018 

.000032 

000050 

000074 

.000103 

6 45 

6.46 

> .000010 

000018 

000031 

,000049 

000072 

000102 

6.46 

6.47 

000005 

000018 

.000030 

000048 

0(XX)71 

000100 


6,48 

1 000009 

,000017 

.000030 

000047 

000070 

000099 


6 49 

' 000009 

000017 

000029 

000046 

000069 

000097 














in 


PEARSON'S TYPE /// FUNCTION—ORDINATES 



.SKEWNESS 

t 

t 

0 

.1 

2 

3 

4 

.5 

0,50 





.000001 

000004 

650 

6,51 





,000001 

.000004 

6,51 

6 52 





.000001 

000004 

6 52 

6 53 





000001 

000004 

6 53 

6 54 





000001 

.000004 

6,54 

6,55 





000001 

.000)03 

6 55 

656 





.000001 

000003 

6 56 

6,57 





000001 

000003 

6 57 

6 58 





000001 

000003 

6 58 

6,59 





.000001 

.000003 

6 59 

660 





OOOOOl 

.000003 

660 

661 





.000001 

.000003 

6 61 

662 





.000001 

.000003 

6 62 

663 





.000001 

000003 

663 

6,64 





000001 

.000003 

6.64 

6,65 





000001 

000003 

6.65 

6,66 





000001 

000003 

6.66 

6 67 





.000001 

000003 

667 

6,68 





.000001 

.000002 

6.68 

6 69 





.000001 

.000002 

669 

6 70 





000001 

.000002 

670 

671 





000001 

000002 

671 

6 72 





.000001 

.000002 

672 

6,73 





.000001 

.000002 

6,73 

6 74 





.000001 

.000002 

6.74 

6 75 





.000001 

.000002 

675 

6,76 





000001 

000002 

676 

6 77 





000001 

.000002 

6,77 

6 78 





.000001 

.000002 

678 

6,79 





..000001 

.000002 

6,79 

680 





.000001 

.000002 

6.80 

681 





.000001 

.000002 

6.81 

682 





.000001 

.000002 

6.82 

6 83 





.000001 

.000002 

6.83 

6.84 





000001 

.000002 

6.84 

6 85 





000001 

.000002 

6.85 

6.86 





.000001 

.000002 

6.86 

6 87 






.000002 

687 

688 






.000001 

6.88 

6.89 






.000001 

6.89 

6.90 






.000001 

6.90 

6,91 






.000001 

6.91 

692 






.000001 

6.92 

6.93 






.000001 

6.93 

6.94 






.000001 

694 

6.95 






.000001 

6.95 

6.96 






.000001 

6.96 

697 






.000001 

6.97 

6.98 






.000001 

6.98 

6,99 






.000001 

6.99 



PEARSON'S TYPE III FUNCTION—ORDINATES 


SKEWNESS 


t 

6 

.7 

8 

9 

1.0 

1 1 

t 

6.50 

(XXXXW 

.000017 

.000029 

.000046 

000068 

.000(»6 

6.50 

6.51 

.000008 

,000016 

000028 

.000045 

.000067 

,000094 

651 

6 52 

.000008 

.000016 

.000028 

.000044 

.000066 

.000093 

6.52 

6.53 

.000008 

000016 

.000027 

000043 

.000065 

.000091 

6.53 

6 54 

.000008 

.000015 

.000027 

000042 

.000063 

.000090 

6.54 

6 55 

.000008 

.000015 

.000026 

.000042 

.000062 

.000088 

6.55 

656 

.000008 

,000015 

.000026 

.000041 

.000061 

000087 

6,56 

6.57 

.000007 

.000014 

000025 

.000040 

.000060 

.000086 

6.57 

6 58 

000007 

.000014 

.000025 

000040 

.000059 

.000084 

6.58 

6.59 

.000007 

.000014 

.000024 

.000039 

.000058 

.000083 

6.59 

660 

.000007 

000014 

.000024 

.000038 

.000057 

.000082 

6.60 

6.61 

.000007 

.000013 

.000023 

.000038 

000057 

.000081 

6.61 

6.62 

.000007 

.000013 

.000023 

.000037 

.000056 

.000079 

6.62 

6.63 

.000006 

.000013 

.000022 

.000036 

.000055 

.000078 

6.63 

6,64 

.000006 

000012 

.000022 

.000036 

.000054 

.000077 

664 

665 

000006 

.000012 

.000022 

.000035 

.000053 

.000076 

6.65 

6 66 

.000006 

.000012 

000021 

.000034 

.000052 

.000075 

666 

6.67 

.000006 

.000012 

.000021 

.000034 

.000051 

.000073 

6.67 

668 

.000006 

.000011 

000020 

.000033 

000050 

000072 

6.68 

6.69 

.000006 

.000011 

.000020 

.000033 

.000050 

.000071 

6.69 

6,70 

000005 

.000011 

.000020 

.000032 

.000049 

.000070 

670 

6,71 

000005 

.000011 

,000019 

.000031 

000048 

.000069 

6.71 

672 

.000005 

000010 

.000019 

.000031 

.000047 

000068 

6.72 

6 73 

.000005 

.000010 

000018 

.000030 

.000046 

.000067 

6.73 

6 74 

,000005 

.000010 

.000018 

.000030 

.000046 

.000066 

6.74 

6 75 

.000005 

.000010 

.000018 

.000029 

.000045 

.000065 

6.75 

6.76 

.000005 

.000010 

.000017 

.000029 

.000044 

.000064 

6.76 

6 77 

000005 

000009 

.000017 

.000028 

.000043 

.000063 

6.77 

6 78 

.000005 

.000009 

000017 

.000028 

.000043 

.000062 

6 78 

6 79 

000004 

.000009 

000016 

.000027 

.000042 

.000061 

6.79 

680 

.000004 

.000009 

.000016 

.000027 

.000041 

.000060 

680 

681 

.000004 

.000009 

.000016 

.000026 

.000041 

.000059 

6.81 

682 

000004 

,000008 

.000016 

000026 

.000040 

.000058 

6.82 

683 

000004 

.000008 

.000015 

.000025 

000039 

.000057 

6.83 

684 

000004 

.000008 

000015 

000025 

.000039 

.000056 

6.84 

6 85 

.000004 

000008 

.000015 

.000024 

.000038 

.000056 

685 

686 

.000004 

.000008 

.000014 

.000024 

.000037 

.000055 

686 

6.87 

.000004 

.000008 

.000014 

.000024 

.000037 

.000054 

6.87 

6.88 

.000004 

.000007 

000014 

.000023 

.000036 

000053 

6.88 

6.89 

.000004 

.000007 

.000014 

.000023 

000036 

,000052 

6.89 

6.90 

.000003 

.000007 

.000013 

000022 

.000035 

.000051 

6.90 

6.91 

.000003 

.000007 

.000013 

000022 

.000034 

.000051 

6.91 

6.92 

000003 

.000007 

.000013 

.000022 

.000034 

.000050 

6.92 

693 

000003 

000007 

.000013 

.000021 

.000033 

.000049 

6.93 

694 

.000003 

,000007 

.000012 

.000021 

.000033 

.000048 

6.94 

6.95 

000003 

.000006 

.000012 

.000020 

.000032 

.000048 

695 

6.96 

.000003 

.000006 

.000012 

,000020 

.000032 

,000047 

6.96 

6.97 

.000003 

000006 

.000012 

.000020 

.000031 

.000046 

6.97 

6.98 

.000003 

000006 

.000011 

.000019 

.000031 

.000045 

6.98 

6.99 

000003 

.000006 

.000011 

.000019 

.000030 

.000045 

6.99 















lit 


PEARSON’S TYPE III FUNCTION—ORDINATES 



SKEWNESS j 

t 

t 

.0 

.1 

2 

3 

.4 

.5 

700 

7,01 

702 

703 
7.04 
7.05 
7.06 

707 

708 
7.09 

710 

711 
7.12 

713 

714 

7.15 

7.16 

7.17 

7 18 

7 19 

7.20 

7 21 

7 22 

7.23 

7.24 

7.25 
726 

7 27 

7.28 

7.29 

7.30 

7.31 

7.32 
733 

7.34 

7.35 
736 
7,37 
738 

7.39 

7.40 

7.41 
742 

7.43 

7.44 

7.45 

7.46 

7.47 

7.48 

7.49 

_ 

i 

1 



000001 

OOCXIOI 

000001 

.000001 

000001 

OOOOOl 

000001 

.000001 

.000001 

OOOOOl 

.000001 

OOOOOl 

OOOOOl 

.000001 

.000001 

OOOOOl 

OOOOOl 

OOOOOl 

OOOOOl 

OOOOOl 

.000001 

,000001 

.000001 

OOOOOl 

OOOOOl 

OOOOOl 

■OOOOOl 

OOOOOl 

.000001 

7.00 

701 

702 
7,03 
7M 
705 
7.06 
7a7 
708 
7.09 

710 

7.11 

7.12 

713 

714 

715 
7.16 
717 
7.18 

719 

720 

721 

7 22 

7.23 

7.24 

725 

726 

7.27 

7.28 

7.29 

730 

7.31 

7.32 

7 33 
734 

7 35 

7.36 

7.37 
738 

7.39 

7.40 

7.41 

7.42 
743 

7.44 

7.45 

7.46 

747 

748 
7.49 



PEARSON'S TYPE III EUNCTION—ORDINATES 
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SKEWNESS 

l 

t 

0 

7 

8 

9 

1 0 

1 1 

700 

000003 

000006 

000011 

000019 

000030 

000044 

700 

7 01 

000003 

OOOOOf) 

000011 

000018 

000029 

000043 

7 01 

702 

000003 

000006 

000011 

000018 

000029 

000043 , 

7.02 

7 03 

(X)aX)3 

000005 

.000310 

000018 

000028 

000042 

7 03 

704 

fXXXX)2 

000005 

,00(X)10 

i 000017 

000028 

,000041 

704 

705 

.000002 

000005 

000010 

000017 

000027 

00004! 

7 05 

7 00 

000002 

000005 

000010 

000017 

000027 

.000040 

706 

7 07 

000002 

.000005 

.000010 

000016 

000026 

000039 

7 07 

708 

000002 

000005 

000009 

00Q016 

000026 

.000039 

708 

7 0<) 

.000002 

000005 

000009 

000016 

000025 

000038 

709 

7 10 

,000002 

000005 

,000009 

.000016 

000025 

000038 

710 

7,11 

,000002 

000005 

.000009 

000015 

000025 

.000037 

711 

7 12 

000002 

000004 

000009 

000015 

000024 

.000037 

7 12 

7 13 

.000002 

000004 

000008 

,000015 

000024 

000036 

713 

7 14 

.000002 

.000004 

.000008 

000015 

000023 

000035 

714 

7 IS 

,000002 

000004 

000008 

.000014 

000023 

000035 

7 IS 

7 16 

.000002 

000004 

000008 

000014 

000023 

000034 

.7.16 

7 17 

.000002 

000004 

.000008 

000014 

000022 

000034 

717 

7,18 

000002 

000004 

000008 

000014 

000022 

000033 

718 

7 19 

.000002 

.000004 

000008 

000013 

000022 

000033 

719 

720 

000002 

000004 

000007 

000013 

000021 

000032 

720 

7,21 

000002 

000004 

000007 

000013 

000021 

000032 

7,21 

7 22 

000002 

000004 

000007 

000013 

.000021 

000031 

7 22 

7 23 

000002 

000004 

000007 

,000012 

.000020 

.000031 

wjnnm 

7 24 

000002 

.000003 

000007 

000012 

.000020 

000030 


7.25 

.000001 

000003 

.000007 

.000012 

000019 

.000030 


7.26 

OOOOOl 

000003 

000007 

000012 

.000019 

000029 

7 26 

7 27 

000001 

000003 

000006 

000012 

000019 

000029 

727 

7 28 

000001 

000003 

000006 

000011 

000019 

000028 

7 28 

729 

000001 

000003 

000006 

000011 

000018 

000028 

7.29 

7 30 

000001 

000003 

000006 

000011 

000018 

.000028 

7.30 

731 

000001 

000003 

.000006 

000011 

.000018 

.000027 

7,31 

7 32 

000001 

000003 

000006 

000011 

000017 

000027 

7 32 

7 33 

000001 

000003 

000006 

000010 

.000017 

000026 

7 33 

7 34 

.000001 

000003 

000006 ! 

000010 

000017 

000026 

734 

7 35 

000001 

000003 

000006 

000010 

000016 

000025 

7.35 

7 30 

000001 

,000003 

000005 j 

.000010 

000016 

000025 


7 37 

000001 

000003 

000005 

,000010 

000016 

.000025 


7 38 

000001 

.000003 

000005 

000009 

000016 

000024 


7 39 

000001 

000003 

.000005 

000009 

000015 

000024 

'7 39 

7,40 

000001 

000002 

000005 

000009 

000015 

000024 

740 

7 41 

000001 

000002 

000005 

000009 

000015 

000023 

7 41 

7.42 

000001 

.000002 

000005 

000009 

.000015 

000023 

7 42 

743 

000001 

.000002 

000005 

000009 

.000014 

,000022 

7.43 

7.44 

.000001 

000002 

000005 

000008 

000014 

.000022 

7.44 

7 45 

,000001 

000002 

.000005 

000008 

.000014 

000022 

745 

746 

000001 

.000002 

000004 

000008 

.000014 

000021 

746 

7 47 

000001 

000002 

.000004 

000008 

000013 

000021 

7 47 

7 48 

000001 

.000002 

000004 

000008 

000013 

000021 

7.48 

7 49 

.000001 

000002 

.000004 

000008 

000013 

000020 

7.49 
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SKEWNESS 


t 

6 

7 

8 

9 

1.0 

1,1 

t 

7 so 

000001 

.000002 

.000004 

.000008 

.000013 

.000020 

750 

7 51 

000001 

000002 

000004 

000007 

.000013 

.000020 

7.51 

7 52 

000001 

000002 

.000004 , 

.000007 

.000012 

.000020 

7.52 

7 53 

.000001 

000002 

.000004 

000007 

000012 

.000019 

7.53 

7.54 

000001 

.000002 

000004 

000007 

.000012 

000019 

7.54 

7.55 

000001 

000002 

.000004 

000007 

000012 

.000019 

7.55 

7 56 

000001 

000002 

000004 

.000007 

.000012 

000018 

7.56 

7 57 

000001 

000002 

.000004 

.000007 

000011 

,000018 

7 57 

7 58 

.000001 

000002 

.000004 

000007 

000011 

000018 

7.58 

7.59 

000001 

000002 

000003 

000006 

000011 

000017 

7.59 

7.60 

000001 

000002 

.000003 

,000006 

.000011 

.000017 

7.60 

761 

.000001 

000002 

.000003 

.000006 

.000011 

.000017 

7.61 

762 

.000001 

.000002 

000003 

.000006 

.000010 

.000017 

7.62 

763 

000001 

000001 

.000003 

000006 

.000010 

.000016 

7.63 

7.64 

000001 

,000001 

.000003 

000006 

000010 

000016 

764 

7 65 

000001 

.000001 

.000003 

000006 

000010 

000016 

7.65 

766 

000001 

000001 

000003 

000006 

000010 

000016 

7.66 

7 67 

.000001 

.000001 

.000003 

000006 

000010 

000015 

7.67 

768 

.000001 

OOOOOl 

000003 

000005 

000009 

.000015 

7.68 

769 

.000001 

.000001 

.000003 

000005 

000009 

000015 

7.69 

770 

000001 

.000001 

000003 

.000005 

,000009 

000015 

7.70 

7.71 


.000001 

000003 

000005 

.000009 

.000014 

7.71 

7 72 


.000001 

,000003 

000005 

.000009 

.000014 

7.72 

7 73 


.000001 

,000003 

.000005 

.000009 

.000014 


7.74 


000001 

000003 

.000005 

.000009 

.000014 

ntxfl 

7.75 


,000001 

.000002 

.000005 

000008 

.000014 


7.76 


000001 

000002 

.000005 

.000008 

.000013 

7.76 

7.77 


.000001 

.000002 

.000005 

.000008 

000013 


778 


000001 

.000002 

000005 

.000008 

000013 


779 


000001 

000002 

.000004 

.000008 

.000013 

BBil 

780 


000001 

,000002 

.000004 

.000008 

.000013 

780 

7.81 


.000001 

000002 

.000004 

.000008 

.000012 

7.81 

782 


.000001 

.000002 

000004 

.000007 

.000012 

7.82 

7.83 


000001 

.000002 

.000004 

.000007 

000012 

783 

784 


.000001 

.000002 

.000004 

000007 

000012 

7.84 

7 85 


.000001 

.000002 

,000004 

.000007 

000012 

7.85 

7.86 


.000001 

,000002 

000004 

.000007 

000011 

786 

7.87 


000001 

000002 

000004 

.000007 

.000011 

7,87 

788 


000001 

.000002 

.000004 

.000007 

.000011 

7.88 

789 


000001 

.000002 

.000004 

.000007 

.000011 

7.89 

790 


000001 

000002 

000004 

.000007 

.000011 

7,90 

7.91 


000001 

000002 

.000004 

.000006 

.000011 

7.91 

792 


000001 

000002 

.000004 

000006 

.000010 

7.92 

793 


.000001 

.000002 

.000003 

000006 

.000010 

7.93 

794 


,000001 

000002 

,000003 

.000006 

.000010 

794 

7 95 


.000001 

.000002 

,000003 

.000006 

000010 

7.95 

7.96 


000001 

000002 

.000003 

000006 

.000010 

7.96 

7.97 


000001 

.000002 

.000003 

000006 

.000010 

7.97 

7.98 


.000001 

000002 

,000003 

.000006 

.000009 

7.98 

7.99 


.000001 

.000002 

.000003 

.000006 

.000009 
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sa-ES - 

SKEWNESS 

t 

t 

.6 

I 7 

8 

9 

10 

1 1 

8.00 


000001 

000002 

.000003 


000009 

800 

8 01 


000001 

000001 

,000003 


000009 

801 

8,02 


,000001 

000001 

000003 

000005 

.000009 

8 02 

8,03 


.000001 

,000001 

000003 

000005 

00)009 

8.03 

80+ 


000001 

000001 

000003 

.000005 

000009 

8 .0+ 

805 


.000001 

.000001 

.000053 

.000005 

.000008 

805 

806 


000001 

000001 

000003 

.000005 

000008 

806 

807 


000001 

000001 

000003 

000005 

000008 

8.07 

8.08 


.000001 

000001 

.000003 

.000005 

000008 

8.08 

809 


.000001 

000001 

000003 

000005 

000008 

809 

8,10 


000001 

.000001 

000003 

000005 

000008 

8 10 

811 


000001 

000001 

.000002 

000005 

000008 

ill 

8 12 


000001 

000001 

.000002 

000004 

000008 

812 

8 13 



.000001 

.000002 

.000004 

000007 

813 

814 



000001 

000002 

000004 

000007 

814 

8.15 



000001 

.000002 

000004 

000007 

815 

816 



.000001 

.000002 

000004 

000007 

8.16 

817 



000001 

.000002 

00(XXH 

000007 

8 17 

818 



.000001 

.000002 

000004 

000007 

8 IS 

819 



000001 

000002 

000004 

.000007 

819 

820 



.000001 

000002 

000004 

.000007 

820 

8,21 



000001 

.000002 

000004 

.000007 

8 21 

8 22 



.000001 

.000002 

000004 

000006 

8 22 

8.23 



.000001 

000002 

.000004 

000006 

8 23 

8 24 



000001 

000002 

000004 

000006 

8.24 

8,25 



000001 

.000002 

.000004 

000006 

8 25 

8 26 



.000001 

000002 

.000004 

.000006 

8 26 

827 



000001 

000002 

.000003 

000006 

8 27 

828 



000001 

000002 

.000003 

000006 

8 28 

829 



.000001 

000002 

.000003 

000006 

829 

830 



000001 

000002 

.000003 

.000006 

830 

8 31 



000001 

000002 

.000003 

000006 

8 31 

8 32 



000001 

000002 

.000003 

.000006 

8.32 

8 33 



.000001 1 

.000002 

.000003 

ooooos 

8,33 

834 



.000001 ! 

000002 

000003 

000005 

834 

8 35 



,000001 

.000002 

.000003 

000005 

835 

836 



000001 

.000002 

000003 

000005 

8 36 

8.37 



.000001 

000002 

000003 

000005 

8 37 

8 38 



.000001 1 

000002 

.ooooai 

000005 

8 38 

8 39 



000001 

000001 

000003 

000005 

8 39 

8,40 



000001 

OOOOOl 

000003 

000005 

8.40 

8 41 



.000001 

.000001 

000003 

000005 

841 

842 



000001 

,000001 

.000003 

000005 

8 42 

8 43 



000001 

000001 

.000003 1 

000005 

8 43 

844 



000001 

000001 

000003 

000005 

8.44 

8.45 



.000001 

000001 

.000003 

000004 

845 

846 



000001 

000001 

.000003 

.000004 

8.46 

847 



000001 

.000001 

000002 

.000004 

8.47 

8.48 



.000001 

.000001 

000002 

000004 

848 

8.49 



.000001 

.000001 

000002 

000004 

8.49 
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1 

SKEWNESS 


t 

0 

1 

2 

3 

4 

.5 

t 

850 

8,51 

8 52 

8 53 

8.54 

8.55 

8 56 

8.57 

8.58 

8.59 

8.60 
8,61 
862 

8.63 

8.64 

8 65 
866 

8 67 
8.68 

869 

870 

8.71 

8.72 

8 73 
874 

8 75 

8 76 
8,77 

8 78 

8 79 

880 

881 

8.82 

883 

884 

885 
8.86 
887 
8.88 

889 

890 
8.91 

892 

893 

894 

895 

8.96 

8.97 

8.98 

8.99 




1 

1 

1 


850 

8 51 

8 52 
8.53 

8 54 

8 55 
856 
8.57 

8 58 
8.59 

860 

861 

8 62 

863 

864 

8 65 
8,66 

8 67 
8.68 
8.69 

8 70 
871 

8 72 

8 73 
8,74 

8 75 

8 76 

8 77 

8.78 

8.79 

8.80 

8 81 

8 82 

883 

884 

8 85 
8.86 

8.87 

8.88 

889 

890 

891 

8 92 
8,93 
894 

8.95 

8.96 
897 
8.98 
899 
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t 

SKEWNESS 


.6 

.7 

8 

.9 

1.0 

1.1 

t 

8.50 



000001 

.000001 

.000002 

.000004 

8.50 

8 51 



000001 

000001 

000002 

.000004 

8 51 

8 52 



OOOOOl 

000001 

.000002 

.000004 

852 

8.53 



.000001 

.000001 

.000002 

000004 

8.53 

8 54 



,000001 

.000001 

.000002 

.000004 

8.54 

8 55 



.000001 

.000001 

000002 

.000004 

8 55 

8 56 




.000001 

.000002 

000004 

8.56 

8.57 




.000001 

.000002 

.000004 

8 57 

8 58 




.000001 

.000002 

.000004 

8.58 

8 59 

\ 



ooooOi 

.000002 

000004 

8.59 

860 




.000001 

.000002 

.000094 

860 

8 61 




.000001 

000002 

.000003 

861 

862 




.000001 

000002 

000003 

8.62 

863 




.000001 

000002 

.000003 

8.63 

864 




000001 

.000002 

000003 

8.64 

6 65 




000001 

.000002 

.000003 

8.65 

866 




000001 

.000002 

.000003 

8.66 

8.67 




.000001 

000002 

.000003 

867 

8,68 




000001 

000002 

.000003 

8.68 

869 




000001 

000002 

.000003 

8.69 

8,70 




.000001 

,000002 

.000003 

8.70 

8.71 




000001 

.000002 

.000003 

871 

8.72 




.000001 

.000002 

.000003 

B.72 

873 




.000001 

.000002 

000003 

8.73 

8.74 




.000001 

.000002 

.000003 

8 74 

8.75 




.000001 

.000002 

.000003 

8.75 

8.76 




.000001 

.000001 

.000003 

8.76 

877 




.000001 

OOOOOl 

000003 

8.77 

8 78 




.000001 

000001 

.000003 

8.78 

8 79 




.000001 

OOOOOl 

.000003 

879 

880 




.000001 

.000001 

.000003 

8.80 

881 




000001 

.000001 

.000003 

8.81 

8.82 




.000001 

OOOOOl 

.000002 

asz 

883 




.000001 

.000001 

000002 

8.83 

8,84 




000001 

.000001 

000002 

8.84 

8 85 




.000001 

.000001 

000002 

885 

886 




.000001 

.000001 

000002 

886 

8.87 




,000001 

.OOOOOl 

.000002 

8.87 

888 



1 

.000001 

.OOOOOl 

.000002 

888 

8.89 




.000001 

.000001 

.000002 

8.89 

890 




.000001 

OOOOOl 

.000002 

8.90 

8.91 




.000001 

.000001 

.000002 

a9i 

8,92 




.000001 

OOOOOl 

.000002 

892 

893 

1 



.000001 

.000001 

.000002 

893 

8.94 

i 



000001 

.000001 

000002 

8.94 

8.95 

1 



.000001 

.000001 

.000002 

8.95 

8.96 

1 



.000001 

.000001 

.000002 

8.96 , 

8.97 




.000001 

.000001 

.000002 

897 

8.98 




.000001 

.OOOOOl 

.000002 

&98 

8.99 





.OOOOOl 

.000002 

a99 
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SKEWNESS 

t 

t 

0 

1 

2 

.3 

4 

.5 

900 

9.01 

902 

9.03 

904 

9.05 

906 

9 07 
908 
9.09 

9.10 

9.11 
912 

9.13 

9.14 

9.15 

9.16 
917 
9.18 
919 

9.20 

921 

9.22 

9.23 
924 

9 25 

9 26 

9.27 

9.28 
929 

9.30 

9.31 

9 32 

9.33 

9.34 

9 35 
936 

9.37 

9.38 

9.39 

9.40 

9.41 

9.42 

943 

944 
9.45 
946 

9.47 

9.48 

9.49 

1 





1 

900 

9.01 

9.02 

9.03 

904 

9.05 

9,06 

9.07 

9.08 

9.09 

9.10 

911 

912 

9.13 

9.14 
915 

9.16 

9.17 

9.18 
919 

9.20 

92\ 

9.22 

9.23 

9.24 

9.25 

9.26 

9.27 

9.28 
939 

9.30 

9.31 

9.32 

9.33 

9.34 

9.35 

9.36 

9.37 

9.38 

9.39 

9.40 

9.41 

9.42 

9.43 

9.44 

9.45 

9.46 

9.47 

9.48 

9.49 
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m 




SKEWNESS 


• 


t 

6 

7 

8 

9 

1.0 

1.1 

t 

900 





.000001 

.000002 

9.00 

901 





000001 

.000002 

901 

9,02 





.000001 

000002 

902 

9.0.1 





000001 

000002 

903 

9.04 





.00000! 

.000002 

904 

9.05 





000001 

.000002 

9.05 

9.06 





.000001 

.000002 

906' 

9.07 





.000001 

.000002 

907 

9.08 





.000001 

.000002 

9,08 

9.09 





000001 

000002 

9.09 

910 





.000001 

000002 

9.10 

911 





.000001 

.000002 

911 

912 





.000001 

000002 

9.12 

9 11 





.000001 

000002 

9,13 

914 





000001 

.000001 

914 

915 





000001 

.000001 

9,15 

9 16 





OOOOOl 

OOOOOl 

9.16 

917 





.000001 

000001 

9.17 

9 18 

1 




000001 

.000001 

9.18 

9,19 





.000001 

.000001 

9.19 

920 

1 




.000001 

.000001 

9.20 

9,21 





.000001 

.000001 

9 21 

9 22 





000001 

000001 

9 22 

923 





.000001 

.000001 

9 23 

924 





000001 

.000001 

9.24 

9 25 





.000001 

.000001 

9.25 

9 26 





,000001 

1 .000001 

926 

9 27 


1 



000001 

,000001 

9.27 

9,28 





.000001 

.000001 

9.28 

929 


1 

1 


000001 

.000001 

9.29 

9 30 





.000001 

.000001 

9.30 

9 31 





.000001 

000001 

9.31 

9 32 





000001 

.000001 

9.32 

‘9 33 





000001 

.000001 

9.33 

9.34 





.000001 

.000001 

934 

9 35 





.000001 

.000001 

9 35 

9.36 





000001 

.000001 

936 

9 37 





.000001 

.000001 

9.37 

9.38 





000001 

.000001 

9.38 

9.39 





000001 

.000001 

9.39 

940 






.000001 

9.40 

941 






.000001 

9.41 

9.42 






.000001 

942 

9.43 






.000001 

9.43 

944 






.000001 

9.44 

9.45 






.000001 

9.4S 

9.46 






.000001 

9.46 

947 






.000001 

947 

9 48 






.000001 

9.48 

9.49 






.000001 

9.49 
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THE USE OP LINEAR FUNCTIONS TO DETECT 
HIDDEN PERIODS IN DATA SEPARATED 
INTO SMALL SETS 


By 


Edward L , Dodd 


I—INTRODUCTION 


Readers who have access to the Handbook of Mathematical 
Statistics' will hud m chapter XI a synopsis of a periodogram 
analysis by W. L Crum, with references to some of the important 
papers on period testing 

My own interest in this subject was aroused several years 
ago by Dr J. A Udden,^ Director of the Bureau of Economic 
Geology at the University of Texas, who had in his possession 
measurements of the thicknesses of snccessue layers of anhydrite 
(CaSO ) taken from a Texas oil well. The material, Dr. Udden 
noted, was "suggestive of cycles” (p. 351), but one difficulty was 
mentioned' "Probably 2 per cent of the layers are indistinct.” It 
was not always possible to tell whether the number recorded as 
the thickness of a layer repre.sents a single deposit or tw'o or more 
clepO'.its insufficiently separated by the usual bitiiminous demarca¬ 
tion, The analogous difficulty in distinguishing consecutue rings 
of big trees^ w'as met iiy comparison of the rings of tre6s from the 
same forest. But such companion records were not available for 
the rock lamina. 

A little reflection will show that the usual method of testing 


1 Rietz, Houghton Mifflin Co., 1924. 

2 ‘‘Lanunated Anhydrite m Texas." Biillehtt of the Geological Socich of Amer¬ 
ica. Vol. 3S (1924), pp 347-354 

3 A E Douglass, "Climatic Cycles and Tree Growth," Carnegie Institution o[ 
Washington, Publication No 289 (1919) 
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for cycles, from data arranged in columns becomes vitiated if in 
several instances merging of layers has taken place—not so much 
because of the exaggerated size of certain items, but because the 
items get into the wrong columns. When a step is lost, all subse¬ 
quent items are misplaced. 

My purpose is then to explain how tests for periods can be 
made by first using the data in small sets—thus minimizing the 
vicious effects of a merger—and then by suitably combining the 
results obtained from these small sets. 

We might as well admit at the start that a demonstration 
of a periodicity is in general impossible. Perhaps the revolution 
of the earth on its axis represents a demonstrated periodicity. 
But for the most part, announced periodicities are merely improb¬ 
able or probable. There is no absolute proof that they exist. We 
know that what we call "pure chance," typified by the throws of 
a coin, will sometimes yield irregularities of oscillation between 
two states, the minimum and the maximum, which to all appear¬ 
ances is a “periodicity," The question arises; About how often 
will pure chance thus deceive us^ All we can do is to compute 
certain relative frequencies or probabilities. If the probability 
found is very, very small, that the apparent periodicity had its 
origin m pure chance, we assert with some assurance that a real 
periodicity exists In this mode of approach, this paper will fol¬ 
low rather closely Arthur Schuster,' whose work is fundamental. 

Although Schuster’s main interest was in the quadratic func¬ 
tion, "intensity"—at first, in the square root of intensity. Terres¬ 
trial Magnetism, loc cit.—he pointed out (p. 27) how certain con- 

1 "On the investigation of hidden periodicities with application to a supposed 26- 
da;> jrenod of mcteoiolcigical irhcnoniena." Terrestrial Magnetism, Vol 3 (1808), 
pp 13-41, In my paper, "The probability law for the intensity of a trial period, 
with data subject to the Gaussian law,’’ Biiltctin of the American Mathemnhral 
Society, Vol, 33 (1927), pp, 681-684, I referred to Schuster's paper in the 
Proceedings of the Royal Society of London Reference should have been made 
also to the above paper in Terrestrial Magnetism, where the probability law 
is given for the square root of intensity (p 21), which can easily be thrown 
into the form given in my paper. Schuster, however, postulated (p 20) that 
"2 rr p is ^ submultiple of a right angle"—a condition which would not always 
' be satisfied—also (p. 21) that the vectors be distnbuted according to the law 
of errors centered at the origin, an inconvenient restriction, and his method did 
not bring out the different law of distribution needed for the case when the 
period is equal to two 
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elusions could be reached through integrals—substantially linear 
functions, if integration is regarded as summation. It is this ap¬ 
proach to period testing through linear functions that I am setting 
forth in his paper. Some special attention must be given to phase 
in the application of this methdd. 

Most of the methods for detecting periodicities make use of 
the trigonometric functions, with their well known properties, in 
particular, use is made of the Sines and cosines of an angle and 
its multiples, as in harmonic analysis and Fourier series. With 
the aid of these harmonic multipliers, linear functions are first 
formed; and from these, by squaring and adding, a quadratic 
function, which plays the central role, as “intensity." In the 
method set forth in this paper, however, the linear functions them¬ 
selves are the most important, not merely for graphical repre¬ 
sentation, but for determining probabilities. 

.Suppose, then, that a set of numbers is furnished us—perhap.s 
from an unknown source—for example a set of ten numbers con- 
si.sting of S’s and I’s alternating: 

S, 1. 5, 1, 5, 1, 5, 1, 5, 1 

Has this set of numbers the period two? If this question 
means: Is there a function of period two which takes on these 
ten values, the answer is: Yes, namely— 

3 + 2 cos rrr 0, 1, 2, .... 9 

Here, as usual, n means 180 * obtained from a complete re\ o- 
lution of 360° by dividing by iivo. If, in place of an integer r , 
we take a continuous variable x , and plot 

^13 + 2 COSTTSf 

from X ~ 0 to j:=- 10, a wave curve is formed with each upper 
crest at 5, and each dcpre.ssion at 1. 

But usually in period testing, something is desired beyond 
the mere possibility of making a mathematical curve fit the data 
Perhaps a farmer on each 10 acres of his farm has raised 5 bales 
of cotton, 1 bale of cotton, 5 bales of cotton, etc., alternately for 
10 years, under apparently the same conditions as to labor, fer- 
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tilizer, etc. He would like to know whether this is due to mere 
chance or to some recurrence at two-year intervals of droughts, 
pests, or adverse conditions. Stranger events do, indeed, occur 
by pure chance than the foregoing hypothetical yield of cotton. 
But the regularity postulated above would strike almost anyone 
as exceptional, and it would be prudent for our farmer to believe 
that there was some non-fortuitous cause of the regularity, and 
to try to discover it. 

Let us, indeed, set up a chance situation to correspond to the 
foregoing yield of cotton. If the two faces of a coin are marked 
5 and 1, and arc recorded as such, the probability for ten throws 
starting with S and alternating between 1 and 5 is only l/l024. 
A bet of $1,023 against $1 would measure the unusualness of the 
specified succession of 5's and I's. 

That this occurrence is unusual may be signalized by another 
test and method of approach Let X^ denote the result of the 
r th trial of an independent chance variable, which with equal 
likelihood ip, - l/^ “ ) takes on the values S or 1, and can 

take on no other value. The “mean value” of X^ is then, by 
definition, 


This would, indeed, be also the average value of the five S's 
and five I’s in the illustration. The “mean error" s of would 
be found from 


This would be also the standard de\iatioii 6 of the numbers 
in the illustration—that is 

6 * -!-(/-\ (5-.3) ■ tU- J) *] - 4 , rf-.2 

Now let 




Since the signs alternate, the mean value of 


X is zero; since 
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there are ten terms, the mean error of X is cjfd = 2(3.16)= 6.32. 
If now should take on alternately the values of 5 and 1, then 
X would become 20. It would thus exceed its mean value zero 
by more than three times its mean error, or more than four and 
one-half times its “probable error ’’ This is commonly regarded 
as “significant.” 

To see a little more clearly into the mechanism of the above 
result, let us pass from the numbers Xf. to their deviations from 
their mean value 3. 

Let 


Then the mean value of jr,, is zero, and its mean error is 2 
Now let 


jr = x- wTj-t- JTj- 


• -j: 




Then the mean value of x is zero and its mean error is £,J75 '; 
in both respects it resembles X Furthermore it takes on the 
same \alue 20 that X takes on when the 5 and 1 alternate; since 
A:,-[X,- 3] = X,- X, , etc. And here 

again 20 is a remarkable value for jc since it represents an excess 
of more than three times its mean error But let us now find x 
directly from the values taken on by , when X,. alternates 
between 5 and 1. 

x-1 (2) — 1 (—2) -I- 1 (2)~ —1 (—2) = 20 

The feature to be noted is that the successive values of 
andofcosT7(r—1) match m sign, for r=l,2, 3 .10. 


= .2 , 2 y 2 , * 

, -2 

CC5 /) =/, - / j /, —/, * 

■ .- / 


Each product or^cos rr (r —1) is then positive, and this 
accounts for the targe value of -x. This matching in sign of the 
deviations of the data with the successive terms of a test function 
cos 2 7r(r —1)/A; or perhaps cos 2 rrr /k. when k. is given 
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a particular \alue—here A,^ 2—U, indeed, fundamental Also 
the sinillanty between the properties of X and jc will be found 
to be maintained in more f^cneral cases, 

The Foregoing; illustrates the method of period testing to be 
set forth in this paper A general a.ssimiption is at first made, that 
the data contain no periodic constituent, but on the contrar\ rep¬ 
resent mere chance fluctuations. Certain linear functions of the 
dat.a are found with coefficients which arc the cosines or sines of 
multiples of the angle associated with a given period For these 
functions, the fluctuations usually to be expected are to be com¬ 
puted—assuming that the measurements represent chance data 
If the actual \'alues which these functions take on are greatly in 
excess of what is expected of them, the initial assumption that the 
data are due to chance is called into question It may be more 
reasonable to suppose that to some extent the data conform to 
the period associated with the cosine multipliers involved in the 
test These "harmonic’' multi|)licrs, indeed, pass through a suc¬ 
cession of positise and negative values in a regular way If the 
positive and negative fliictiintions of the measurements fium their 
average value are well ‘'timed" with those of the harmonic mul¬ 
tipliers, we get a sum of products nearly all positive, thus a much 
larger result than if positive numbers vv'ere not matched with pos¬ 
itive. negative with negative numbers. 

As pieliminary to all tests the data may be divided into faiily 
large groups of consecutive measurements—sav with 120 measure¬ 
ments in a group: for 120 is a multiple of 2, 3, 4, 5, 6, 8, 10, 12, 15, 
20, 24, 40, 60, mimhcr.s quite suitable for trial periods The arith¬ 
metic mean and standard deviation of each such group may be 
computed. These may usually be accepted as close atiproxima- 
tlons to the mean value and mean error of the measurements of 
the gi oup 

To illustrate further the nature of the tests to be applierl, let 
us imagine that the 120 measurements of a group are recorded on 
slips of papers, these slips put into a bag, drawn at random, and 
recorded as drawn. This set of numbers would have the same 
arithmetic mean and standard deviation, noted above, no matter 
in what order they are drawn and recorded But periodicities de¬ 
pend upon the order of the measurements. A chance order of meas¬ 
urements such as established by drawdng from a bag, would 
very seldom match sufficiently well a periodic function like 
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cos 2Trr/l with period 2, or cos iTTr/l with period 3, etc., to 
make a test function C^/i:)=£JC^ cos 2 irr/k noticeably 
large. Thus, if for some particuler the function C{R), com¬ 
puted from the data in their actual given order, turns out to be 
significantly large, the indication is that the data contain a con¬ 
stituent with period M . 

We mean here that each measurement of the set may be 
thought of as the sum of certain constituents, one of which is 
periodic with period k ■ Another constituent may perhaps have 
a different period k' Still another constituent may be a chance 
\ariable with no regularity which can properly be called periodic. 


II Trigonometric Formulas. 


Oi Considerable ii.se arc the simple lornuilas: 



stn ^ siDb~^cos (a-Al-jco5 

(a + d| 

(-'1 

cos a cos b= cos (a- 2 )|+J cos 

[a + b] 


InrJeea, b} using (1 ) in summing the product sin (rS-t- of ) 
sin 6/z from r^O to (r?-/ ) there is obtained,'in case & is 
ncu a rinitiple of 360 ° 


(3, 

i.ikew ise, tor & Ofmod 360"); i e., 6 not a multiple of 360 * 

<4) E I, 9,.I. 


.A.S important .special cases, we have when 71 ^ is a multiple 
of 360 " 


1 For formulas suitable for period testing and for a historical review of this sub¬ 
ject with references, the reader is referred to the article of H, Burkhardt in 
Encyklopathe dcr Maihaualisclicti Wisscnschaftcn, II A 9a. pp. 642-694. 
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^5) 


•w / 

L (/'■o' * 


h / 

(r Diix) , 


6'$tJ [mod j6o°) 

nQ=o [mod sea") 


Ai an a[;ijiicat'>jii jt (i), let , X^, X, ' 

aii.v set of n miinliL'is, let C be aii)- constant. Then 


1.6) 


^ UrQ 


Cos [rii>i a] - Cos Irdia:) , 

^•0 


9^-0 [/7}0d 
n9^o \iTiod 390°) 


Likewise loi sin ( a u ) 

The abo\e signifies that if the i-cpieseiu data to be sub 
jeettd to tests with liainionie iiiiilti|ilicrs, ssherc an integral nnin- 
ber of complete cycles is taken, it is immaterial where the otigin 
for the data is taken. In the theory, the C will be usually taken 
as the arithmetic mean of the data, in computation, the C may 
be some simple number w hich will reduce the number of significant 
figures in the data. 


111. Chance Daca in Distributious, with close 
contact at extremities 


Chance data distributed normally will be considered first 
Cixen n nlnllbcr.^ or \ariates X,, , , , X^, the arithmetic 

me,in M and slandartl dcwiation d aic determined by 


( 7 ) , 6^-^\[XrM)^' •[X^-M)\ 


Let 

( 8 ) 

The data will be said to be noiinally distributed if the number 
of variates lying between A/+A, and /Vi-A^is approximately 
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{^i/6)-0 (a, for all ^alues of 

n is supposed to be at least moderately large. To express this 
in the language of probability, suppose the n numbers , 

are recorded on slips and jiut into a bag, and suppose a slip is 
drawn out Then, for the thus drawn— 

(9) Probability that ,s 

cJZtt 

where, if dA is taken rather small, the n is to be thought of as 
rather large. 

The important theorem needed here—substantially explained, 
if not proven, in most books on probability—is that if sets of k. 
of these variates are drawn at random, and linear functions with 
fixed coefficients, such as 

(10) F(.k)^ ■ ■ +a,.X« 

are formed, these functions F" (AJ as determined in sets of draw¬ 
ings will be normally distributed with standard deviation , 
where 

(11) +ai) . 

If, in particular a^=Cos[re^a) making 
Z3^“-^+cos {!3r9 + Zo() and if further 360° with k^2, 

it follows from (5) that 

(121 

Let us now in (6) set , or rather, what amounts to 

the same thing, change the origin for the data so as to make 
. Then the "mean value" or "expected value" of F{fdi 
in (10) is zero. Then, with the use of (8) and (12), it follows 
that 

(13) Probability that [/'^ (X:) I > 36 -Jk/Z is 1 — ^ (3) 

=0 0027 

This small probability by no means implies impossibility 
However, if the computed ■ l^(o| exceeds 3 6 .JiTfz , there 
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is some grouiul for doubting the orignul hypothesis that the data 
under consideiation exliibit a chance arrangement Sometimes 
such e\idcnce gathered from different seetions of the data can be 
made cunnilatue A comparatively large value for F {k) in 
(10) Is likelv to result when flic signs of the X^ match the signs 
of the taken as in (11) and (12) as cos ( r & + o(- ), giving 
a cycle or period of ^ items 

To what extent evidence is thus afforded for the specific period 
01 k nieds further consideration Hut, until we have found an 
avlet|iiate luiinber of instances in wdiich some inequality like (13) 
is satisfied we have obtained little evidence of any periodicity at all. 

'rims far vve have considered normally distributed data, con¬ 
forming to the well-known symmetric bell-shaped probability 
curve, lint this is more restrictive than necessary Re.sults siib- 
staiitially the same can usually be obtained for distributions—even 
tho-e not sv mmctiic and not incsoknrtic—w hich at both ends taper 
oft in slemlei tail.-- .Mihough the particular numerical value of 
the probahility giv on in (13) is no longer aivplicable to these cvirv es, 
the probabilitv nevertheless is usuallv very small, as presented 
geometrically as slices ol the two tails. 

Moreover, the equations (11) and (12) arwe from the general 
theory of exiiected values Suppose that is the probability 
th^,! the chance variable X will lake on the value , where 
p,+ p^+ ■ ■ P p, = 1. 'I'heii the expected value of J[ is, by 
definition 

(141 f{J0-p, S. + Pz • +P. ^5 > 

and its mean eiwir <f (X) is defined by 

(\5) £UX) ~p, (X-4 ^ (x~£) * 


It IS common to identify expected value and mean error with 
arithmetic mean and standard deviation as approximations. In 
applying (6), the supposition was made that the origin be taken 
SO as to make M=0 . With this adjustment, vve may take 
^{X)— Q = £ , in (14) and (15). As the Kj are regarded as 

imlcnendent, the theory of expected values applied to (10) leads 
first from to » 0, as mentioned before, 
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and then to ('ll)—noting that when j , £ (jfi Xj) ~ 

in the expression for £ *. 


IV. Data with Periodic Constituents. 


We now consider data of the form 


(16) = 

where Jf^-is, as before, a chance variable; but 

(17) b cos{re^/5) X 2^= c cos (^r 6 + -/) , 

(18) k6~ 2tt= 36o'= k'e' 

Here and Zr are (leriodic with periods k and k ', not neces¬ 
sarily integral, amplitudes 6 an c , phases /5 and /, respectively. 
Dealing first with , kt m and w'be whole numbers such that 
n^mk . Then, in analogy with (10), but applied to n of the 
Y .r take 

(19) F{Ti\=Z Y-cos {re\o()cos{(X-/i) ; k>Z 

as may be shown from (2) and (5). The magnitude of 
depends materially upon the phase difference (<x-/0) But 

(20) \cos {c^-/5)\> O 9^ , if 

Thus if the phase a( of the test function cos ( r^+oC ) differs 
from the phase /d of the data, taken now as Yf in (17), by not more 
than 22j^*, the absoluc value of A f;j ) in (19) will fall below its 
maximum, nS/2, by less than R^c. The pha.se /5 of the Y con¬ 
stituent of data would m general be unknown; but if for oC we take 
eight consecutive multiples of 45 ”, one of these would fall within 22)^* 
of any designated angle (mod 360*) Moreover, if in (19), 
is increased by 180*, £(n) merely changes its sign, and thus gives 
no essentially new information. Hence, instead of eight multiples of 
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45 the four multiples—90°, 0 ° -45°, 45°—will be adequate. These, 
taken in the above order, give 


(21) 5=2^ Yp sm rQ ; C=Z Yp cos r6 

r^o (-*6 

(22) 3'=X y s/Jj (r<9 + 45'“) ; c'=t‘ Yr <^os[re^45'‘\ . 

t’O r"4 ' 

Furthermore, it is not necessary to compute 3 and C in (22) 
directly from the data, since 

(23) s' ^{Ci-5) ; C' '^[C-S) ; 

but a direct computation of S or C would serve well as a check 
upon (21) Thus, if in (19) we assign to c4 the four values men¬ 
tioned above, we get 3, C , S', C', m (21), (22) such that for 
one of these quantities (20) is satisfied, which makes P(n) in (19) 
take a value almost equal to nb/2. This increases as n itself—not 
merely as the square root of n, an increase typical for 2A,. cos(r S+cif), 
see (12), (16), with k replaced by n 

Let us now consider the function. 


(24) 0 (n)=^ Ip cos {r6\-oc)=-C Y, Cos (r6roC)' Cos (r9ry). 


By (2), the terms above have the form 
(25) cos'^r (&+e)t cos^r[0-^ + c^-y^ , 

In order to use (5), we postulate that neither 91-9 nor 
is zero or any other multiple of 360 ° in particular 9'=^ e . With 
•n - 777 /(, as before, (18) gives -nO^Tn k&=^ m (Zfr). Hence, 
it follows that 


sin n /z^ tsin n B/2=. ±sin mkn/k'. 
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Likewise, 3tn n - ^siri mktr/k'. 


Hence, from (4), (25) it follows that 0{n) in (24) contains 
the factor sin mknjk . Thus O{n)-0,'^ 


(26) t 


mk 


/nk 
5 ’ 


This may also be written 


mk mk nk 
Tn~I ^ Tii-ki ’ ' 


(27) 


qk^mk , 


q=. an\ whole numljcr f m . 


Thus, if rn cycles of a period k are u-^ at iriLlt'pl cs m the 
form (24) upon a set of mk numlx-ri 7, v.:th TxrK/I k - mk/t^ . 
where q is any whole number except yn the result n zero It should 
be noted that m order to appl\ 14; to i24) (2: i, gei i26t. it was 
necessary to require that A'+/4' , which would make m(27j 

To illustrate 2 cycles, each with period A=4, will "annihilate" a 
set of 12 numbers if these are the successive terms of Ccod/tZrrr/k') 
with period A'equal to 12, or 12^ 2. orT2y 4, or 12/3, etc., but not 12 3 

Indeed, G (n), instead ot vanishing when k is set equal to k. 
in (241, making 6'= Q ^ takes on just about its maximum value 
77 c/2 in this cpse when the phase oc is properlv chosen—see (19), 
(20) Inasmuch as 0(n^ in (24) is a continuous function of &, 
It follows that if 'A'ia taken very close to k.O [n) would be ahiost 
as large as for k'^ k Tut from (26) we learn that 0{n) goes 
down to zero if A' is allowed to be as small as rnk/{m-\-l ) or as 
large as mk ( w-/ ) 

Thus, if sigiiilicaiitlv large results are obtained when using the 
test function cos ( rff+oi ) with period A = 2rr/6 , the individual 
period A itself is not necessarily indicated. But rather, the test fur¬ 
nishes evidence that soiiir period dose to A is present in the data, this 
proximity being expressed by the inequality (see 26) 


(28) 


fn 


Vl' 


k < k'< 


m 


I- / 
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The relations in\olved here can jierhaps be set forth in greatest 
simplicity by using integration to effect summations—cf (34). In 
the test function cos ( r- 0 -t- ot ), set the phase ci!i= 0, and take x=rd, 
where &-2Tr/k Suppose k is lational, and take an even in¬ 
teger m such that ?i= /«^is an e\en integer Consider the test as 
cinciing the data, from Jc^-mTTto x - m v . Also, m (24), take 
/- O , &~t6, =1 This leads naturally to 

/ mTT 

Cos X ■ oos i-x dx 
tr 

where the coeflicient ! /w/r is chosen to make g(l, m)=1 ^^'lth 
the aid of (2), it is easny seen that 


(M) 4 rti 

fin a gneii ?rt, the plot ui .is a function of i consi>-ts of 

a ciest abine the iiitorxal tiom d = \- ijmto l/;77| flanked 

on each .side by depressions only about one-fourth or one-fifth as great 
111 ■.i/e or amphttide followed by waves ot still smaller size—a ‘hibra- 
timi" strongly “damped” on each .side of /=■ 1 It has essentially the 
•..line characteristics a.s curves frequently occurring in penodngram 
analjvis,' Only the interval from I jm to l-r l//?? has m 

gciieial much sigmlicance .Soiiietimcs the two adjacent wa\es^ need 
a little attention Ilut as d'^tQ , the above interval is described by 


(31) 




< 





whicii Is .mother way of writing (28). 

As .111 Illustration, sujipose that 4 cycles of 12 terms e.ich of 
cos (/■ 30 4- o<.) are used in .i test with a significantly large result. 
Here ^-=4 Then (2H) would recommend to our considera¬ 

tion jienods between 9,6 and 16 Perhaps only those between 10 and 
15 would deserve serious attention Since at ixiints if=li ys,m, the 
cuive (30) is less than half as high as at if= 1, Another interesting 
form’ of (28) is 


1 Rietz-Handbciok Loc, cit p, 172, Figure 17 

2 .Schuster, Terrestrial Magnetism, Vol. 3 (1898), p. 30 

3 C( the Schuster cnterion, Rietz Loc cit p. 173, Schuster, Loc. cit, p. 30 
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(32) 




m 


Before leaving (30), it may be well to note that ^ ( i ,m.) does 
Hoi take its maximum exactly at /■=!, but at 


(33) 


t — ! -\- 


3 4 2/r>^rr^ 


as may be seen by setting t= \ +T in (30), expanding sin mnt ~ 
sin mir T in powers of 7 , and setting the first derivative equal to 
zero When >n=l, t = 1.13, when m-^2, ^ = 1 04; when m is mod¬ 
erately large, i is very close to 1. In all cases, however, the test 
function which yields the largest result, when applied to a cosine func¬ 
tion with period k' is not that one which exactly fits, but one with 
period k^k'i , where in the ideal case represented by (29) this 
value of i is given by (33). Inasmuch as t> 1, there is some 
danger, then, of nvcrestiiuating the siec of the nnkuoivn period k ', if 
the attempt is made to get a close approximation to k ' by using sev¬ 
eral te.st periods k m the immediate vicinity of k', and selecting the 
k giving the maximum result This is not due to the fact that &(n) 
in (24) is a linear function of the 2^ s . For, if in (29), we should 
change cos x to sin x , to get the mate of J ( ^ , m), this mate would 
be zero. Thus, the usual quadratic function w'ould reduce to the square 
of g ( ^ , w), and w'ould have its maximum at the same place given 
by (33) If the main purpose of an investigation is merely to locate 
with fair precision those periods whose existence have high probabil¬ 
ities, it may not be necessary to refer to (33). 

Going-back to the constituents of in (16) we see that if a 
terms of iJ cos ( r O-r- a ) are taken, the y contribution to this 
sum increases directly as n , the X contribution, being of chance 
origin, increases usually about as the square root of n ; while the 2 
contnbvition oscillates about zero 


V Convenient Forms for Test Functions 


The main points of the theory needed for testing data for periods 
with the aid of linear functions have now been set forth. In the first 
place, it appears impossible to demonstrate a periodicity. At best, we 
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can merely make certain suppositions appear more or less probable 
or improbable The method oiitlmecl here starts with the assumption 
that the order of the sizes exhibited in the data is a chance arrange¬ 
ment Certain functions are to be com[HUed s', Inch under chance con¬ 
ditions would ordinarily keep generally within a certain range If 
these funct ons show no marked tendency to jump the bounds, then 
the tests yield no [lositise evidence of peritxlicity On the other hand, 
if these functions take on extremely high values, it appears reasonable 
to relinquish the supposition that the order of sizes is a chance arrange¬ 
ment and to suppose, rather, that such a periodicity exist,s as would 
naturally make the function lar^e. If the data have as a constituent 
a cosine fluctuation and this is matched by a test cosine curve of the 
same period and phase, it is easy to see that the sum of products all 
positive obtained from similarly placed ordinates may be abnormally 
large Any E which gives these large results is to be regarded as 
apiiroximatmg a probable period 

That the tests may all be conducted in a systematic and uniform 
manner, some furthei properties and details may well be noted, 

In the first place, only values of 2 need be considered if the 
data are regarded as representing a sequence of discrete values, cor¬ 
responding to values of the time (or other aigiiment) spaced at unit 
intervals. For suppose that p/q^ the penod of cos [^2 v rq/^ 
is less than 2 Then for each integer r, cos [2 Trrq\^ - 
cos[^2 TTr{,p-q ) , the latter vvitli ppnod pj { p-q ) > 2 This 

applies, indeed, to the case whcie the discrete values are integrated 
values. In fact, since 

(34) f''cL(^^^p)dt=Aco5(^-^E/3'y 

where A = ( k j it ] sin nf k , /3= ( rr/ k)\- /5 .\t follows that 

if there is growth or deposit of K-^cos[_ Znt j k -y /5'\di 
in time d i —thus, with period jc —then the total dejxisjts in time 
inteiwals 0 to 1, 1 to 2, 2 to 3, etc, form a sequence with the same 
period k . 

In the .second place, it ^should be noticed that the case of /fc= 2 
is peculiar. In place of (12), we have 
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as follows directly from the fact that when ^=2, 5 = 180*, and 
cos (180 "+-« ) = - cos a . With the phase a small, we have approx¬ 
imately 

Let ns now suppose that the data in given order are divided into 
sets of convenient size—say sets of 120 measurements Let the arith¬ 
metic mean and standard deviation of each set be found. If these 
quantities—in particular, the standard deviation—show violent fluc¬ 
tuations as we pass from one set to the next set, it may be necessary 
to handle the material in different sets. But suppose these fluctuations 
appear to keep within reasonable bounds 

In (6), the data were represented by X^. . Later, in order to 
emphasize the possibility of different constituents, was used in 
(16). But, for simplicity, let us now return to as a symbol for 
the cth element of the data In the first tests, let the period ^ be 
a whole number. Moreover, in place of the functions (21), (22) let 
us introduce the following, for k->2. 

— jk-l 

(36) {!()•- rf Estn r& , j^l, 2, 

(37) V=v^{k)--^J^ cos re, ke= 360’ 

(38) ^ - a; Xr 

(39) v'= vj 

In the case of 2, replace the radical by ij -J2. If tests for 
fractional k are desirable, replace k m (36) to (39) by n , where 
n = ‘mk , m and n whole numbers as in (21), 

Here for each individual set—say of 120 measurements—it is 
assumed that each measurement has the same "expected value" or 
“Probable value," approximated by the arithmetic mean, and the same 
“mean error," approximated by the standard deviation a . In this 
case, u , V , Cl', and v' all have the same expected value, zero, by (5), 
noting that the distributive law holds for expected values Moreover, 
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when k>2 —see (11), (12), (14), (15)—the mean error of u , v , 
u', and i'' is in each case unity. This is also true when A:=« 2, if the 
phase has been properly matched—see (35). 

To make tlie tests, then, the functions u , v , u', and v' are 
comimted for certain \alues of k —perhaps for the sub-multiples 2 , 
3, 4, 5, 6 , 8 , . of 120 In this svay, for k— 6 , twenty values 

would be found for each of the four functions. The information thus 
found may not be veiy significant But if not, we may combine results 
as follows. Let 5 = 9 * , where 9 is a whole number Let 

(40) ta,) ; - 

etc., and form similar expres.sions for V, ,1^,. . <5^ , ifjj ■ ■ ^ • 

Each of these function.s has expected \ahie scro and mean error iiiiity. 
To illustrate—.supixise that a, ( 6 ) = 18. u^(6)=^2l; Uj(6)=^l.7; 
a, ( 6 )= 1 8 These results taken indnidually would not furnish 
strong evidence for a period of 6 . Some statisticians regard a varia¬ 
tion equal to three times the "probable error" or two times the standard 
deviation as "significant"—in vliich case ( 6 ) 2 1 would be sig¬ 

nificant. But such evidence is not overwhelming. But, by (40), 
— 3.7. Here U, , with mean value zero, has jumped up to an 
absolute lalue 3 7 times its standard deviation, unity. On a pure 
chance basis, in normal distributions, this would happen only about 
twice in 10,000 trials, on the average Altho C/,’=3 7 affords no 
cleinnnstration of a period of 6 , the result is at least highly significant. 
If such high values occur rciieatcdly in using k=6, we would be jus¬ 
tified in asserting that the data contain a constituent with period some¬ 
where near 6 . 

Moreover, the proce.ss (40) is subject to iterat'on—as long as the 
data hold out If 3= <f'* , then ( CI,-t C/^ -i- ... C/^ )/ 9 'ls a 

function with mean value zero, and mean error unity 

When the change in standard deviation is fairly gradual from 
set to set, the values of u,, . . . can be computed without inter¬ 

ruption, using proper adjustments for those values of whose terms 
arise partly from two sets, such as Ug (16). 

.Such a result as u^(6)= 2.1 w'ould furnish evidence onlv for 
the six measurements from which it was computed; and in the light of 
(28), with fn=l, the implication at most would be for some period 
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greater tlian 3. Ijiit U, = ^7 would furnish strong evidence that in 
the 24 measurements covered there was a constituent with period be¬ 
tween 4R and 8—taking »a= 4 in (28) 

The technique of computation would present a few problems. In 
some cases (6) would be utilized Certain tables' of products with the 
harmonic factors as multiplicands may be of assistance. Or certain 
tables may be constructed for use with the aid of an adding machine— 
with complements listed to take the place of negative numbers Only 
u and V in (36), (37) need be computed directly; for a' and v' 
may be found at once—sec (23). I’ut it would seem advisable to 
compute u'ov if-' as a check. Gra) is showing the progress of the 
functions u, y , dc, mai he constructed 

The interpretation of the results would often be difficult because 
diffeiciit sections of the data would ficqucntly gi\c different'indica¬ 
tions .‘\pain, if two lasers <il tock are counted as one, an error would 
be intiorluccd Dut this would affect the y,, . imoKed. not 

the pieccdiiig or following u,, . Indeed, if an actual period is 
picsent, as indicated by the u 's, an eirnr of merging may merely shift 
the "burden of proof" to one of the other function^ i/ , u', or /. 
Certain culic changes, bringing U , u', v , v' into prominence in 
rotaiiiui. ina\ indicate that the test period k is close to an actual 
pt'riOv'l but with a chscrciiruin large enough to produce a sistemalic 
ad\aiicc of phase Main similar principles commonly employed in 
period testing could be used to adiantagc m the method here outlined 


] K g I. W. Poliak "Reclicntafcln 7iir Harnioiii'itlien \nal\5c' 






SYfjOPSiS OF HIJ-EJMENTaRY MATHEMATICAL 
STATISTICS' 


li l bHiftiK 


U’ fill' C/<a(‘IiKM H t I’H I a ( IC. r. til-’ 

DisPRinurtoNS 


Tilt iiixfshj^'attoti of A frcqucnty disUi'b\iliori is guau^ laiVl 
iiAitJ by presenting the ilata graphifally by means of either zFre- 
qHcniy Polygon or <i Histo<)iuiii, rieptnding upon the nature of the 
distribution, 

For a distnbiitioii uf disertte lanates tlie fiequeneies are repre¬ 
sented by ()rdin<ites wfiose lengths are proijortional to the various fre¬ 
quencies and whose abscissae coi respond to the variates of the distribu¬ 
tion The shape of the distribution is rendered more apparent by either 
connecting the tops of the orilinateb by straight lines, thus forming a 
Frequency Polygon, or drawing a Frequency Curve that approximately 
passes through the vei tires of the polygon. Figure I presents the 
Frequency Polygon derived from the data of Table XI. In addition 
a curve has been drawn to illustrate the general trend of the distribu¬ 
tion. 


If the frequency dislnlmtion under examination lie one of groujicd 
discrete or continuous variates it will be found that the Histogram is 
best suited for graphical representation A Histogram is a series of 
rectangles erected on bases,that are proportional to the class intervals 
and with altjtudes proportion.il to the respective class frequencies. Thus, 
in this ca.se, the frequencies are represented by areas. The shape of 
the distribution may be emphasized by constructing a continuous fre- 

1 A roiUimiatinnn of an arti.-le lycaiiiiE itw. s.an\c caption apyxiaring in Vol. I, 
No, 1, of the As’ivcis 
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quency curve such that the areas under the curve between the ordin¬ 
ates at the lower and upper boundaries of the various rectangles should 
equal approximately the areas of the corresponding rectangles. Two 
examples are presented, both the distributions are composed of con¬ 
tinuous variates, one exhibiting positive skewness and the second neg¬ 
ative. The numerical data and corresixinding Histograms are pre¬ 
sented in Tables XII and XIII and Figures II and III respectively 


TABLE XI 

Distribution of Frequency of glands in the right 
fore-leg of 2,000 female swine’ 


V 


t 

St 

0 

15 

-2.083 

013 

i 

209 

-1 488 

176 

2 1 

365 


.307 

3 

482 

- 298 

405 

4 

414 ' 

297 ' 

.348 

3 

277 

1 .892 

.233 

6 

134 

1 1487 

.113 

7 

; 72 


061 

8 

22 

2 677 


9 

8 

1 3 in 

j .007 

10 

2 

\ 3.867 

1 

.002 


3.501 


N - 2000 

= 

1 68077 


^ = .594965 

^3 

508462 


^ = .000840385 


26 It has previously been stated that the thiee fundamental sta¬ 
tistical functions are the Mean, Standard Deviation, and Skewness. 
The Mean has been defined as a convenient average, and the Standard 


1 Davenport, “Statistical Methods," page 35 
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FIGURE I 

Frequency Distribution of glands in the right 
fore-leg of 2,(XX) female swine 


'too 


300 


20o 


lOO 


0 
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Deviation measures the concentration of the variates about this aver¬ 
age. Skewness has not, however, been so clearly explained. If the 
variates of a distribution be symmetrically arranged about their mean, 
then /.i, „ or the third moment about the mean will be zero. Undei 
these conditions , or the coefficient of skewness, must also b< 

zero Thus oc ^ ^ measures the degree to w«hich a frequency dis 
tribution is symmetrical. If o(g ^ is zero, then from the standpoim 


TAllLE XII 

Weights of White Boys - 30 to 33 months 
(Correct to nearest pound) 


Cla'iS Mark 

/ 

t 

ft 

21 

3 


009 

22 

3 

-2.50 

009 

23 

11 

-2.09 

.032 

24 

27 

-169 

.079 

25 

65 

-1.28 

191 

26 

101 

- .88 

.297 

27 

135 

- 47 

.397 

28 

136 

- .07 

400 

29 

128 

34 

.376 

30 

105 

.75 

.309 

31 

59 

1.15 

.173 

32 

30 

1.56 

.088 

33 

15 

l.% 

044 

34 

7 

2.37 

.021 

35 

5 

2.77 

.015 

36 

8 

3.18 

024 

37 

1 

3.58 

.003 

38 

1 

3,99 

.003 

-28.16190 

N = 

840 

- 2 46837 

! = 
6 

.405126 

r 

427969 

6 

N 

.00293854 
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of the present synoptiis the distribution iii.i) be considered normal, for 
if such a distribution be graphed in standard units it will follow the 
locus of the well known Normal Cur\e ot Error Accordingly it would 
seem logical to espect that for each \alue of CC ^ there is one standard 
curve which is the locu-' toward which all distributions with that degree 


TMUdC XIII 


Barometric Heights for Daily Ohsersations During Thirteen Years 
at Idaiicludno, England’ 


(Original iiie.isiirenients to nearest millimeter) 


Class Mark 

1 

t 


fi 

28 35 

-4 38 

1 

1 


28 5 s 

-3 82 

2 

001 

28 75 

-3 26 

8 

005 

28.95 

-2.71 

30 

018 

29.15 ; 

-2.15 

74 

045 

29.35 1 

-1 59 

166 

102 

29.55 

-1 04 

368 

.226 

29 75 

- 48 

509 

.313 

29.95 

08 

656 

403 

30.15 

.63 

580 

356 

30.35 

1 19 

353 

,217 

30.55 

1 75 

140 

086 

30 75 

231 


018 

3095 

286 

L 5 

003 


29.9221 A/ =. 2922 

d-,. .359014 ^ = 2.78541 

of, ^=-.32919 _000614329^ 


1 Karl Pearson and A Lee, "Philosopliic Transaci ons," ,p 42& (1897). 

2 This (ormula assumes that the class mtenal Is unity, the proper value of ^ 
is therefore 5 limes the value as ordinarily computed 
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trie Heiglits Recorded Daily at Llandudno, Elngland 
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29 35 29 55 29 75 2^95 30 15 30 35 30 53 3 0 73 3 0 95 
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of skewness approach. The one essential is that the unit of measure¬ 
ment must be removed from the data, that is each distribution should 
be expressed in terms of the standard variates t and the corresfiond- 
mg frequencies /, As before, the standard variate corres- 
IX>nding to y; is obtained from the following formula: 



Similarly, the frequencies for each of the standard variates is de¬ 
fined as follows. 

(26) ^ 

These two formulae will enable one to analyze all distributions 
entirely independent of the unit involved In Figure IV the three 
distributions graphicall) presented in Figures I, II and III are shown 
contrasted with the Normal Curve The numerical values of t and 
ft for each distribution are given in the corresponding table. The 
\allies may be obtained in each case by employing the continuous pro¬ 
cess described in Section I It will be noticed that the two distribu¬ 
tions with positive skewness of .5 and .4 respectively reach their max¬ 
imum in advance of the Normal Curve and approach the zero limit 
more gradually for positive values of the standard variates Accord- 
ingly, for the distribution exhibiting negative skewness, the positions 
are reversed and the more gradual approach to the zero limit cxcurs 
for the negative values of the standard variates In general, a dis¬ 
tribution having skewness within the limiu ± 3 will exhibit very little 
deviation from the normal curve when presented graphically in this 
manner. 

Summary of Section IV — 

It is usually found very advantageous in the investigation of fre¬ 
quency distributions to present the data graphically A distribution of 
discrete variates should be represented by a Frequency Polygon and 
one of continuous variates by a Histogram. In either case a free hand 
curve may be drawn indicating the general trend of the distribution and 
IS called the Frequency Curve. The Standardized Curve is obtained 
by plotting the variates and their corresponding frequencies in standard 
form by means of the following fOTmulae; 




Weig’hts of white boys (30 to 33 months) of 3 = .^ 
■ Freq. Dist. of glands in right-foreleg of 2000 swine 
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FIGURE IV 
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Section V. The Inverse Problem 


27. From the standpoint of Elementary Mathematical Statistics 
we may say that the Mean, Standard Deviation, and Skewness together 
with its total frequency completely characterize a distribution. If this 
statement were accurate it would be possible to reproduce any distribu¬ 
tion if Its three elementary functions and total frequency were known. 
A tabulation of Pearson’s Type III Curves for various degrees of 
skewness affords, for the purposes of Elementary Statistics, the most 
satisfactory representation of freciuency distributions from the point 
of view of both effectiveness and'facility in using' In order to illus¬ 
trate the method several numerical examples are included. In Table 
XIV the illustration is one of discrete variates 


1 L. R. Salvosa, "Tables of Pearson's Type 
Mathematical Statistics, May, 1930. 


Ill Fu.iction." TJie Annals of 
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tLtMENlAkV MATHSMaTICAL STATiSTICS 


TARLE XIV 


FrctjLietiC) Disci ihuuCiii of Number of Glands iti ibe Right Foreleg 
of 2,000 F'emalc Swine 


V 

(1; 

t 

( 2 ) 

ie 

(3) 

Predicted 

Frequenev 

(4) 

Observed 

Frctiucncy 

(5) 

0 

-1 08 

.026952 

32 

l.S 

1 

-1 49 

141661 

169 

209 

2 

- 89 


381 

365 

3 

- 30 

409193 

487 

482 

4 

,30 

353689 

421 

414 

5 

89 

229770 

274' 

277 

u 

1 -19 

118287 

141 

134 

7 

?.08 

.0516.3,8 

62' 

72 

8 

2,68 

.019220 

23 

22 

9 

3 27 

.006459 

8 

,8 

10 

3 87 


2 

2 

Total 



2000 

2000 


A/ “ 3 501 
ff ^ 1.680/7 
= S08462 


N - 2000 

^ = S9496S 

^ - 1189.93 

6 


Explanation Tn every case the 101116 of is taken to the nearest 
tenth and the value of i to the nearest liundieclth. In the examples 
included no interpolation has been made for any value 

Columns (1) and (2) of Table XIV contain the variates and the 
corre,sponding values of i obtained by means of the continuous pro¬ 
cess, Column (3) is obtained directly from the Table of Ordinates 
of the Pearson Type III Function. All values may be found in the 


1 In order to obtain A/=2000 it was necessary to inciease these frequencies by 
1, although the fractional value was slightly less than than the necessary S. 















B. L SHOOK 


23S 


column with skewness = .5 and opposite the respective value of t . 
Since these are the Standard Frequencies , the predicted fre¬ 

quencies for each variate may be obtained from the following formula. 


(27) 


" fv 

A 


The predicted frequencies in column (4), therefore, are obtained 
by multiplying column (3) by the value 1189.93 These values are 
the graduated frequencies. The actual observed frequencies are giver 
in column (5). 
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TABLE XV 


Distribution of Weights of White Buys - 30 to 33 Months 


(Me.isureinents coi rcct to nearest pound) 


Lower Limit 
of Class 

(1) 

t 

at Lower 
Limit 

(2) 

Accumulative 

Percent 

Frequency 

(3) 

Percent 

Frequency 

(4) 

Predicted 

Frequency 

(5) 

Observed 

Frequency 

(6) 

20 S 

-3.10 

.000021 

000357 

0 

3 

21 5 

-2 70 

.000378 

002990 

3 

3 

22.5 

-2 29 

.003368 

.013174 

11 

11 

23.5 

-1 89 

016542 

,039440 

33 

27 

24 5 

-1.48 

055982 

079399 

67 

65 

25 5 

-108 

135381 

127331 

107 

101 

26.5 

- 67 

262712 

154908 

130 

135 

27.5 

- 27 

417620 

163707 

138 

136 

28,5 

14 

.581327 

,140357 

118 

128 

29 5 

54 

.721684 

.110157 

93 

105 

30.5 

95 

831841 

073061 

61 

59 

31.5 

1 35 

904902 

045897 

39 

30 

32 5 

1 76 

950799 

.025019 

21 

15 

33 5 

2 16 

975818 

,013225 

11 

7 

34 5 

2 57 

.989043 

006176 

5 

5 

35 5 

2 97 

.995219 

.002845 

2 

8 

36,5 

3 38 

998064 

001172 

1 

1 

37.5 

3,78 

999236 

000483 

0 

1 

38.5 

419 

999719 

000218 

0 

0 

Total 




840 

840 


M =28.16190 
a =■ 2.46837 
oi, = .427%9 


A/ =■ 840 

^ = 404126 
o 
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Explanation: 

28 Since Table XV is a distribution of continuous variates, it 
IS necessary to use the Table of Areas of the Pearson Type III Curve. 
The values in this table are the accumulated percent of the standard 
curve helotu a specified value of & The method of prediction is there¬ 
fore to estimate the per cent of the distribution lying between the 
consecutive lower limits of each class. In column (1) of Table XV 
are given the lower limit of each class and in Column (2) the value of 
t at this lower limit Column (3) is taken directly from the Table 
of Areas of the Pearson Type ITT Function, 4, and represent 

the percent of the distribution lying below the particular value of if. 
In order to find the percentage of the distribution in each class, it is 
merely necessary, therefore, to difference column (3). For example, 
the first value, .0003.S7, is found by subtracting 000021 from .000378. 
In order to find the predicted frequencies in column (5), /V, or the 
total frequency, should be multiplied by each value in column (4). 
The observed frequencie.s are given in column (6). 
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TABLE XVI 


Barometric Heights for Daily Observations During Thirteen Years 
at Llandudno, England 

(Correct to the nearest millemeter) 


Lower Limit 
of ClasB 

(1) 

t 

(2) 

Accumulative 

Percent 

Frequency 

(3) 

Percent 

Frequency 

K) 

Predicted 

Frequency 

(5) 

Observed 

Frequency 

(6) 

28.25 

-4.66 

999956 

000171 


1 

28.45 

-4.10 

999785 

.000739 


2 

28.65 

-3 54 

999046 

.002716 

8 

8 

28 85 

-2 99 

996330 

009081 

27 

30 

29 05 

-2 43 

.987249 

.025770 

75 

74 

29.25 

-1.87 

.961479 

.061380 

179 

166 

29.45 

-1.31 

.900099 

.117068 

342 

368 

29.65 

- .76 

.783031 

.185122 

541 


29.85 

- .20 

.597909 

.222074 

649 

656 

30.05 

.36 

.375835 

.192952 

564 


30.25 

.91 

.182883 

.121528 

355 

353 

30.45 

147 

.061355 

.048526 

142 

140 

30.65 

2.03 

012829 

.011285 

33 

30 

30 85 

2.58 

001.544 

.001468 

4 

S 

31.05 

3.14 

.000076 

.000076 

0 


Total 




2922 

2922 


M =29 92207 
a - .359014 

-32919 


N - 2922 
^ = 2.78541 


Explanation : 

29. Although the data of Table XVIjs also a distribution of con¬ 
tinuous variates, it will be noticed that in this case the coefficient of 
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skewness is negative Since the Tables include only positive values 
of a ^3 , it seems desirable to explain the procedure for such a distribu¬ 
tion If a frequency curve having pronounced positive skewness be 
graphed on rather fine paper and then held to the light or in front of 
a mirror, it will be seen that the distribution will seem to show nega¬ 
tive skewness to the same degree in which it formerly displayed posi¬ 
tive. This being true, it is possible to use the Tables for all cases of 
negatiie skewness by merely changing the sign of t , and if an area 
is desired it is necessary to rei-erse the order of differencing. Three 
examples are given in order to cover as many different cases. 

Illustration 1, oi^= -5, required the percentage of the area of 
the standardized curve lying between ^ =-2 43 and ^=-1.98. From 
the tables under the column for skewness = 5. 

d =-1-2.43, percent of area^^ 983883 
its 1.98, piercent of area® 964416 

The percentage lying between these two values of t is therefore 
.983883-.964416 = .019467 

Illustration 2, if oCj,= -8, required the percentage of the area 
lying between if=-.02 and 6= 25 Using the Table of Areas in 
the column for skewness of .8, 

If if=+.02, percent of area - ,561064 
if= - 25, p)efcent of area ® .450687 

To find the percent of the area merely subtract as before, 
.561064- 450687= .110377. 

Illustration 3, if oCj= -.2, required the piercentage of the area 
lying between t = -S2 and if= 1.63, Again referring to the Tables 
of Areas, we find for Uj= .2 

If ^=- .52, percent of area= 310015 
If -1.63, percent of area® .045108 

Accordingly, the required percentage is .310015 - .045108 = 
.264907. 
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TABLE XVII 
Expan'«ion of 


V 

fn 

t 

(2) 

ft 

f3) 

Pred. Freq. 

(4) 

Obs. Freq. 

(S^ 

14 

-3 21 

001468 

0 

0 

15 

-3.01 

003013 

1 

1 

16 

-2 81 

005919 

1 

1 

17 

-2 61 

010954 

2 

2 

18 

-2.41 

.019227 

4 

4 

19 

-2 21 

032053 

7 

6 

20 

-2 01 

,050807 

10 

10 

21 

-1.81 

.076658 

15 

16 

22 

-1 60 

112095 

23 

23 

23 

-1 40 

.153377 

31 

31 

24 

-1,20 

200401 

40 

41 

25 

-100 

250281 

50 

51 

26 

- 80 

.299057 

60 

61 

27 

- .60 

342196 

69 

69 

28 

- .40 

375301 

76 

75 

29 

- .20 

394857 

80 

79 

30 

01 

.398640 

80 

80 

31 

21 

.386166 

78 

77 

32 

.41 

359746 

72 

72 

33 

.61 

322535 

65 

64 

34 

.81 

.278510 

56 

56 

35 

1,01 

231792 

47 

46 

36 

1.21 

186059 

38 

37 

37 

1 41 

144144 

29 

29 

38 

1 62 

.106201 

21 

22 

39 

1.82 

.076661 

15 

16 

40 

2 02 

.053513 

11 

11 

41 

2 22 

036145 

7 

8 

42 

7 4? 

.024163 

5 

5 

43 

2 62 

014975 

3 

3 

44 

2 82 

009196 

2 

2 

45 

3 02 

.005476 

1 

1 

46 

3.23 

.003077 

1 

1 

47 

3.43 

001723 

0 

0 


A/, = 29,973 - 1000 

tf, _ 4,96853 4 - .201267 V/ -6.032569 

.108097 ^- 201.267 _ 
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TABLE XVIII 


Expansion of (S/6 +1/6) 


Class 

(1) 

Lower 

Limit 

(2) 

t 

(3) 

Accumula^d 
Percent Preq 

(4) 

Percent 

Preq 

(5) 

Prod. 

Freq. 

(6) 

Oba 

Froq. 

(7) 

11- 


-3.92 



0 

0 

14^ 

13 5 

-3.32 



2 

2 

17- 

16 5 

-2.71 

002355 


mm 

12 

20- 

19.5 

-2.11 

014916 



49 

L- 

22 5 

-1 50 


.120876 

121 

123 

26- 

25 5 

- 90 




205 

29- 

28.5 

- .30 

387889 

239543 

239 

236 

32- 

31,5 

31 

627432 

191988 

192 

192 

35- 

34 5 

91 

.819420 


112 

112 

33- 

37.5 

1.51 

931908 

.048675 

49 

49 

41- 


2.12 



15 

16 

44- 

43.5 

in 



4 

4 

47- 

46.5 

3.33 

999258 


1 

0 


=29.973 //=1000 

ff, ’ 4.96848 = 201269 

.105899 


30. As further numerical examples the three illustrated problems 
used in Section III have been graduated. The complete numerical solu¬ 
tion will be found in Tables XVII, XVIII and XIX. 

Summary of Section V — 

Knowing the three fundamental functions and the total frequency 
of a distribution, it is possible to obtain predicted or graduated fre¬ 
quencies for that distribution with a surprising degree of accuracy. 
This is accomplished through the use of tables of the standard ordin¬ 
ates and accumulated percentage areas of the Pearson Type III Cur^fcs. 
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TABLE XIX 

Weights of 1000 Female Students 
— (Original 

., Lower 

Limit t 

fl) (2) (3) 


A/,-118.74 /Y- 1000 

<T,= 16.9175 0591104 

a!, ,= 976424 


It should be remembered that in advanced statistics moments higher 
than the third are necessary to characterize a distribution, but from 
the elementary viewpoint, the Mean, Standard Deviation and .Skew¬ 
ness are considered to completely characterize a distribution. 



to nearest .1 lb ) 


Accumulated 
Percent Freq 

(•^) 

' Percent 
' Frtq. 

(5) 

Pred 

Freq. 

(6) 

Oba. 

Freq 

(7) 

000000 

.000000 

0 

2 

000000 

003358 

4 

16 

.0033.58 

.102159 

102 

82 

105517 

.238290 

238 

231 

,343807 

249585 

250 

248 

,593392 

183665 

184 

196 

,777057 

111093 

111 

122 

888150 

.059338 

59 

63 

.947488 

,029412 

29 

23 

9769G0 

013209 

13 

5 

,990109 

.005791 

6 

7 

.995900 

.002445 

3 

1 

.998345 

.001002 

1 

2 

,999347 

.000400 

0 

1 

.999747 

000157 

0 

1 

999904 

.000096 

0 

_1 

0 
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Section VI Bernoulli's Theorem 


31 Factorials For convenience, the product of the first n con¬ 
secutive integers is called “factorial n " and is designated by the sym¬ 
bol [n . Thus 

L3 = l-2 3 = 6, [5= 1 2-3 4-3 = 120, JB = 8 7 6 = 336. 

[5 

Coiiibitiaiions. The niiniber of combinations, each of r things, 
that can be formed from n things, is represented by the symbol . 
Texts on elementary algebra show that 


(28) 


_ la _ n (n-Z) ■ 

”\r_ \ n-r ~ / - Z ■ 3 r 


For example, supirose we desiic to find the number of different 
committees, each of three persons, that can be selected from five indi¬ 
viduals. If we designate the five individuals by the letters A, B, C, D 
and E, we observe that committees of three may be systematically 
enumerated as follows ■ 

ABC. ADD,'ABE, ACD, ACE, ADE, BCD, BCE, BDE, CDE 

The number of committees, which we just enumerated as 10, 
agrees with the value found by formula (28), for since here «'=5, 
r=3, 


n 






5-4 

fZ 


= /0 


Another illustration: The number of different committees, each 
composed of seven individuals, that can be selected from ten candi¬ 
dates is 


^ _\ig . /0 3 8 _ 
" 17 12 ■ /-Z 3 


JZO 


and the number of combinations, each of three, that can be formed 
from ten items is 
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C - 

" ^ ^ [7 


=/SC 


It should be noted that,„C, =,<,^3 > and in general that 


(29) 


rt 




n 


c 


n-t- 


This follows from the fact that the number of ways of selecting 
K items from n i.s equal to the number of ways of rejecting [n- r ) 
from T) Thus, every time three are selected from ten, seven are 
rejected Therefore the number of ways of selecting three from ten, 
, is also equal to C, ■ 

We shall have occasion to refer to the following tabulation of 
values of „ C^- 


TABLE XX 
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32 Binomial Theorem By repeated multiplication we find that 
(a+ b)a+ b 
a* 

(a+A)*- a^■ 5a*b^5ab** 

(a+A)*» a\‘^a*b-^6a%\4ab\ b* 

etc 

By mathematical induction it can be shown that for positive in¬ 
teger values of n 


(30) (a+A)”. 


ft 

a ^ na 




l~r^ " ^ hZ 3 


a 


n-i 


b 


a 

t ■ 


This equation is known as the binomial theorem and may be writ¬ 
ten more compactly, if n is an integer, in the following form: 


(31) (a^bf=a''^„C, a^'b^ „C^a"-"b\„C,a'"’b‘ + 


Using Table XX, we may write down at once that 


/* /* H /a. fl ^ —•/ 9 

(avb) -a b+66a b -r-ZZOab + 


66a l>^ b 


Bernoulli’s Series. If ^ denote the probability that an event will 
happen in a single trial, and 9 the probability that it will not happen 
in that trial, = 1 , then the probability that the event will happen 

exactly 0 , 1 , 2 , . x times during r trials is given by the respec¬ 
tive terms of the binomial expansion 


{2>2) (q+p)''- 
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To illustrate. If a coin be tossed, we may assume a prwrt that the 
probability that heads will turn up is p=^/z ^od the probability that 
heads will not turn up is • If an individual tosses the coin 

twelve times in succession, it is jiossible that heads may turn up on no 
occasion, or heads may turn up exactly 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 
or 12 times, respectively. Ry formula (32), these chances ^are equal 
respectively to the successive terms of the expansion of^+^) , namely 


(i)" 




Denoting the probability that heads will turn up on exactly x 
occasions by , and reieniiiK' to Table XX for ^allies of Cj, . 
we have that 


P I p= 

4Q9e ' " 4096 


p - p _ 22 0 


TABLE XXI 


Values of the Terms in the expansion of ^ 


Number of 
Successes 

H) 

a-=12, o 

= .S, p=.5 

Observed 

Frequencies 

f4) 

Probability 

' 

f2) 

Expected Fren. 
4096 

(3) 

0 

1/4096 

1 

0 

1 

12/4096 

12 

7 

2 

66/4096 

66 

60 

3 

220/4096 

220 

198 

4 

495/4096 

495 

430 

S 

792/4096 

792 

731 

6 

924/4096 

924 

948 

7 

792/4096 

792 

847 

8 

495/4096 

495 

536 

9 

220/4096 

220 

257 

10 

66/4096 

66 

71 

U 

12/4096 

12 

11 

12 

1/4096 

1 

0 

Total 

1 

4096 

4096 



B L SHOOK 


247 


33 Expectation If p denote the probability of success for each 
of n trials, then pn is defined as the expected number of successes 
in n trials. For example, we have just shown that the a priori prob¬ 
ability of throwing heads twelve successive times with a coin is equal 
to ^i’p4ose> ■ Therefore if twelve coins be tossed simultaneously 
on 4096 occasions, we expect that all twelve coins will turn up heads 
on only one occasion Likewise, the expected numbei of times that 
exactly ten heads and two tails would turn up is equal to 4096 
and that exactly half of the cens would turn heads only 4096 -P^ = 924 
times. 

It will be seen that the sum of all the probabilities in cohinm (2) 
is unity This follows from the fact that these values are the several 
terms of the expansion of (q + p )'", and since 1, therefore 

{q+p )'■= 1 


TABLE XXII 


Values of the Terms in the Expansion of (^•^+ 


Number of 

Successes 

(1) 

r=l2, q=5/6 p=l/6 

Observed 

Frequencies 

(4) 

Probability TJ 
(2) 

Expected Freq 
(3) 

0 

11216 


447 

1 

26918 


1145 

2 

.29609 

1213 

1181 

3 

.19739 

808 

796 

4 

08883 

364 

380 

S 

02843 

116 

115 

6 

.00663 

27 

24 

7 

.00114 

5 

7 

8 

.00014 

1 

1 

9 

00001 

0 

0 

10 

00000 

0 

0 

11 

00000 

0 

0 

12 

.00000 

0 

0 

Total 

1 00000 

-4096 

4096 
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A second illustration. StipiMse twelve dice are thrown and that 
only a throw of 6 is to be considered a success By formula (32), 
therefore, the expansion of 


^(i) 


are eiiiial rcspectnely to the piiibabilities thar exactly 0, 1, 2 
successes will be obtained in a single throw of the twehx dice, or i nai 
is,the same thin^', m twelve successive throws with a single die. 

In this case the probabilities are expressed as decimals, since 
the expansion contain-' values of (6)'" in the denominators Iheic- 
fore 6'^ is the sii'allcst \alue of N tliat will produce integer expected 
frequencies. 


34 VVe shall now attack a more important problem Let us con¬ 
sider a hyixitheticnl rroup of 100,000 individuals, all of the same age 
and all exposed to the same haraid-. of life Mureovei, let us assume 
that the probability that each individual will die within one year is 
p- .008, or that the probabilit\ that any specified individual will sur- 
vi\e a year is ^ = .902 


H> formula (32) the terms of the e.xpansion of (? + /D 
(,992+ 008)"^'°"” , naniel>. ( 992)^“'^°° c,l ( OgZ)”'"”® 

(.008)'+ C (.992)^"'”" (008)* . ! “.'“t” '. C 

(.992)"°' °*‘'' ( 008)* . represent the probabilities that 

exactly 0, 1, 2, . ,jc,, . . indiiiduals will die within the year. 


The value of ( 992) ' is \ery small Thus ( 992)'°°'”°° = 

( 992 \ 

\lOOO-J 

log 992 = 2.996sll7 log 992^“”'””° 299051.17 

log 1000 - 3 log 1000'°°"”””= 300000.00 

tCO.OCO ~ TC- ~ — 

log ( 992) ' = 349.17 

Therefore .992'°°^ = 000,000,(XX) . .15, where 15 is pre¬ 

ceded by 348 zeros The probability that all would die f 008)^°°'°*® 
is far less than this value 


The ^alues of in Table XXIII are gi\en to the nearest fourth 
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decimal place Thus to six decimal places .000005 and + 

P,'^Pi+. . . ^ “ .000035, These values appear in 

Table XXIII, therefore,‘as .0000. An inspection of Table XXIII 
shows that for our hypothetical population 

(a) The chance that exactly 800 will die within a year is .0142 

(b) The chance that 800 or less will die within a year is ..5094. 

(c) The chance that 850 or less will die within a year is .9625. 

(d) The chance that at least 750 will die within a year is 

= I- t P,-I-0355- .3645 


Obviously the sum of all terms from to equal 

to unity. It is interesting to note that although 9 is relatively much 
greater than p , nevertheless the values of P^ are very symetrically 
arranged about their mean For example, the first significant term 
of IS Pj^j = . 0001 , and the last significant term is /’g,j=. 0001 . 
Thus there are 93 significant terms above and % terms below . 
However, there are 707 insignificant terms before and 99,104 

insignificant terms after . We have arbitrarily rejected as in- 

.significant any value less than .0001 Had we taken .0000001 as the 
limit of significance, we would have found that the limiting significant 
values of P^ are fit, = ^^4 = .0000001. Here again the sig¬ 
nificant ranges above and below the expected Pgeo are almost the 
same. 

In general it may be said that unequal values of 9 and p when 
associated with large values of r are reflected in an unequal number 
of insignificant terms in the upper and lower ranges The significant 
terms form a distribution which, to the eye, is rather symmetrical. 

35 Let us now retrace a few steps. Theoretically, formula (32) 
enables one to compute the probability that exactly X individuals out 
of any population of r will die within a year, provided, of course, q 
and p are knowm. Actually, however, such computation is very labor¬ 
ious. Thus, it is not easy to show that 

p = C [.992]“^'^'^0029554 



250 


ELEilEXrARY MATHEMATICAL STATISTICS 


K 

V''alneh of A and I 

XvO 


X 

P, 


690 

.0000 

,0000 

691 

0000 

0000 

692 

.0000 

cooo 

693 

0000 

,0001 

694 

.0000 

0001 

695 

.0000 

.0001 

696 

.0000 

.0001 

697 

.0000 

.0001 

698 

.0000 

.0001 

699 

.0000 

.0001 

700 

.0000 

0002 

701 

.0000 

.0002 

702 

.0000 

.0002 

703 

0000 

.0002 

704 

.0000 

.0003 

70S 

.0000 

.0003 

706 

.0000 

.0004 

707 

.0001 

.0004 

708 

.0001 

0005 

709 

.0001 

0005 

710 

.0001 

.0006 

711 

.0001 

.0007 

712 

.0001 

.0008 

713 

.0001 

.0009 

714 

.0001 

.0010 

715 

.0001 

.0012 

716 

.0001 

.0013 

717 

.0002 

.0015 

718 

.0002 

.0017 

719 

.0(X)2 

.0019 

720 

.0002 

.0021 

721 

.0003 

.0023 

722 

.0003 

.0026 

723 

.0003 

,0029 

724 

.0003 

.0033 

725 

,0004 

.0037 

726 

.0004 

.0041 

727 

.0005 

.0046 

728 

.0005 

.0051 

729 

.0006 

.0056, 


TABLE XXIII 




^ Cj, p'* and /’= 100.000, 

,099. p-.00f< 




4px 


Pk 


A ^ 


730 

731 

732 

733 

734 

735 

736 

737 

738 

739 

740 

741 

742 

743 

744 

745 

746 

747 

748 

749 

750 

751 

752 

753 

754 

755 

756 

757 

758 

759 

760 

761 

762 

763 

764 

765 

766 

767 

768 

769 


.0006 

.0007 

0007 

.0008 

.0009 

0010 

.0010 

.0011 

0012 

.0013 

0014 

,0016 

.0017 

.0018 

0019 

.0021 

.0022 

.0024 

.0026 

0027 

.0029 

.0031 

.0033 

.0035 

.0037 

.0040 

.0042 

.0044 

.0047 

.0049 

.0052 

.0055 

.0058 

.0060 

.0063 

.0066 

.0069 

0072 

.0075 

.0078 


0062 

.0060 

.0077 

0085 

0093 

0103 

0113 

.0125 

.0137 

.0150 

.0165 

.0180 

.0197 

.0215 

.0234 

.0255 

.0278 

0302 

.0327 

.0355 

.0384 

.0415 

.0448 

.0484 

.0521 

.0561 

.0603 

.0647 

0694 

,0744 

.0796 

0850 

0908 

.0968 

.1032 

.1098 

.1167 

.1239 

.1314 

.1392 


770 

771 

772 

773 

774 

775 

776 

777 

778 

779 

780 

781 

782 

783 

784 

785 

786 

787 

788 

789 

790 

791 

792 

793 

794 

795 

796 

797 

798 

799 

800 
801 
802 

803 

804 

805 

806 

807 

808 
809 


.0081 

.0084 

0087 

.0091 

0094 

.0097 

.0100 

.0103 

.0106 

0108 

.0111 

.0114 

.0117 

.0119 

.0122 

.0124 

.0126 

.0128 

.0130 

.0132 

.0134 

0135 

.0137 

.0138 

.0139 

.0140 

.0141 

.0141 

.0141 

0142 

.0142 

.0141 

.0141 

.0141 

.0140 

.0139 

.0138 

.0137 

.0135 

.0134 


1474 

1558 

.1645 

.1736 

.1830 

.1926 

2026 

.2128 

.2234 

.2342 

.2454 

.2568 

.2684 

.2803 

.2925 

.3049 

.3175 

.3303 

.3433 

.3565 

.3699 

.3835 

.3971 

.4109 

.4248 

.4388 

.4528 

.4669 

.4811 

.49.52 

.5094 

,5235 

.5377 

.5517 

.5657 

.5796 

.5934 

.6070 

.6206 

.6340 
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TABLE XXIII (Continued) 


X 


K 

A ^ 

H 

D 

m 


P. 

a 

V* 

810 

0132 

6472 

850 


9625 

890 

0001 

9992 

811 

.0130 

660? 

851 

■iiijvifl 

9652 

891 

0001 

9993 

812 

0128 

.6731 

852 

Ri!i%n 


892 

.0001 

9994 

813 

0126 

6857 

853 

Kv)^l 


893 

.0001 

.9994 

814 

.0124 

.6981 

8.54 


.9725 

894 

0001 

.9995 

815 

0122 

.7103 

855 

■I. ml 

.9746 

895 

;0001 

.9996 

816 

0119 

7222 

856 

m$UrIn 


896 

0001 

.9996 

817 

.0117 

.7339 

857 

■iTiiul 

B*. 

897 

.0000 

.9997 

818 

0114 

.7454 

858 

KvItI 


898 

.0000 

.9997 

819 

.0112 

.7565 

859 


miim 

899 

.0000 

.9997 

820 

0109 

7674 

860 


.9833 

900 

.0000 

.9998 

821 

.0106 

7781 

861 

■i:nEl 

.9847 

901 

.0000 

9998 

822 

.0103 

.7884 

862 

KWrl 


902 

.0000 

.9998 

823 

0100 

.7984 

863 

HlTlikl 


903 

.0000 

.9998 

824 

.0097 

.8082 

864 

HMllI 


904 

.0000 

.9999 

825 

,0094 

.8176 

865 

■iJlllR 

9893 

905 

.0000 

.9999 

826 

0091 

8267 

866 



906 

.0000 

.9999 

827 

0088 

.8356 

867 


.9911 

907 

.0000 

.9999 

828 

.0085 

.8441 

868 


.9919 

908 

.0000 

.9999 

829 

.0082 

.8524 

869 


.9926 

909 

.0000 

.9999 

830 

.0079 

.8603 

870 


.9933 

910 

0000 

.9999 

831 

.0076 

.8680 

871 

■riVi 

.9939 

911 

.0000 

.9999 

832 

.0073 

.8753 

872 


.9945 

912 



833 

.0071 

.8824 

873 

ViViV 

.9950 

913 



834 

.0068 

.8891 

874 


9955 

914 



835 

.0065 

.8956 

875 

BKiTtS 

.9959 

915 



836 

.0062 

.9018 

876 

ICmj? 

.9963 

916 



837 

.0059 

.9077 

877 

IfMJg 

.9967 

917 



838 

.0056 

.9134 

878 


'9970 

918 



839 

.0054 

9188 

879 


.9973 

919 



840 

.0051 

.9239 

880 


.9976 

920 



841 

.0049 

.9288 

881 

i 

.9978 

921 



842 

.0046 

.9334 

882 

1 

.9981 

922 



843 

.0044 

.9378 

883 

IKm i 

.9983 

923 



844 

0042 

.9419 

884 

iKt 11 1 

.9984 

924 



845 

.0039 

.9459 

885 

■rij 1 


925 



846 

0037 

9496 

886 

■frt 


926 



847 

.0035 

,9531 

887 

Km!i 

9989 

927 



848 

.0033 

.9564 

888 

ItllM 

.9990 

928 



849 

0031 

.9595 

889 

■Ktt 

.9991 

929 
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It can be done, provided an extensive table of logarithms are avail¬ 
able, by using the so-called Stirling's formula 

where rr-3.14159 26S3S 89793 .... 

2.71828 18284 59045 

We shall now proceed to develop a method which will enable us 
to find approximately the value of any term of the expansion of 
(<? + P ) ^ the sum of any number of consecutive terms of this 
series, 

In Section V we made use of the fact that the mean, standard 
deviation, and skewness may be regarded as satisfactorily describing 
any distribution. We shall now show that for any distribution whose 
frequencies are proportional to the terms of the expansion of {q-i-p ) , 

M rp 

(33) a -^rpXFp) 

of » 7 ~ 

■» <r 


Thus, for the expected distribution of Table XXI, column (3), 
since /• = 12, p- q^yi, 

M ^ rp- -^=6 
^ i i’-/3 = !■ 73^ 
c^,= O 


Similarly, for the expected distribution of Table XXII, colutnn 
(3), since r=\2, q = i/6, p=l/6, 


M = ^-2 




l-'/3 

TTzWJ 




/, ^9/ 
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Values for these expected distributions may be calculated from 
the frequencies in the usual manner. The results'will then 

be found to agree with those obtained as above by means of formulae 
(33). Since the column in Table XXI is composed of integers 
they will, agree exactly, but since in Table XXII both the probabilities 
and expected frequencies are approximations, the values of these func¬ 
tions obtained by the two methods may differ slightly, Theoretically 
tho.se obtained by employing formulae (33) are the more correct. 

If, as before, q_ denote the probability that each individual will 
die within a year, and the probability that exactly x out of r 
individuals will die within one year, then the values of /i , ^ , Pz , • ■ 
are equal to the terms of the expansion of (q+P )'" which are 
shown in frequency distribution form in Table XXIV. 

The total of column (2) is obviously equal to /V since the values 
of are merely the expansion of A/ ( q-^p )Since 1, 

therefore ( )''= 1, and hence 

If one takes the common factor Nrp aai of every term in col¬ 
umn (3) of the previous table, it is noted that the sum of this column 
may be written 

/\f£ a:/,-- Nrp V(r-/) < 7 p+J 


But the expression within the bracket is merely the expansion of 
the binomial + p ')'"*• Hence E Nrp \l'\~Nrp 

Likewise the sum of the terms in columns (4) and (S) may be factored 
as follows; 


Lx {x-J)/^-Nr (r- /)p*\q'''^ (r-z)q ""’p ] 

= Nr{r-r) p* (^+p)^ ^ -m. r {f-!')p 

Lx{x-ltx-Z)f^’^Nr{r-l^-2\p*\^''Mr-3\q •] 


= Nr ir-/){r-Z)p’{q^p)''~’‘^ (r-/)fr- 2)p‘ 



far-/) 



-“ Nr{r-/)p'‘(q-^p)'~"‘= N/-ir-/)(r-^ p (q-rp) 

Total Nlq^pY Nrp{q-vp-) =Nrp pfr{r-/)p" f^r{r-Air- 2 ) p‘ 
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But we may write 

X (X-/) (Jt-2)f^= X %- 3X y.+ 2x/, » 

.'. I x{x-/){x-.^/,^ • L xy^~3£xy^^Z£x/^ 
So we have 

IL'N 

Zx/^-Nrp 

£x{x-/)/^'‘£x'‘f^~ £ x/je - Nr(p-f)p * 

£ X (x- /){x-2)/^- £ x%~ 3£ x%+ 2£x/x 

^ Nr{r-!)[(■-Z) p* 


Therefore 

L X 5^-1 J/. + f^r {r-t) p '» Nrp 4 Nr {r- l)p ' 

= Nrp + Nr p '-Nrp * 

Lx%^ 3Zx %- 2£x/,^Nr{r-l)\r-Z) p * 

= 3N(rp-krp- rp ‘)-ZNrp*Nr{r-f){j^Z) p* 


= Nrp+3Nr*p*-3Nrp*Nr*p*- 3Nr p\ ZNrp* 
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Hence 


>4 


.1^- 




"p^-rp* 

p.'i‘^pf-=rp-y3r^p*- 3rp\ r“p*- Jr^p*-* Zrp* 


Mi rp-rp*- rp{j-p) 

Mb“ rp-3rp *^Zrp* 


- rp (/-Jp+^p y rp (/-p) {/-2p) 


The reductions follow since {q + p )■ 1. 

We have finally, that 
M- rp 

a %/7J^B'^rp{/-p) 

rp (/-/?) {I-2P'1 l-2p 

ij?Tv=W ^ 

Formulae (33) are therefore established. 

The equation M~ rp show's that for a Bernoulli series the “mean” 
value is also the “expected” value, since, from our definition of expec¬ 
tation, the expected number pf deaths from a group of r individuals 
is rp . 

36. For the distriDiuion of the values of shown in Table 
XXIII,.since r-100,000, q-.992, p-.008 

A4 = rp=QOO 

=Jrp (/-p) -J793.S - jza. /709 
* .0354976 


» = - ~ . 93 ^^ .005 =,9S4Co35497^“>03493 
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If as before we let i , and designate the ordinates of 

the standard frequency curves by 4 i we can compute any value of 
Pj. with a reasonable degree of accuracy by the formula 

( 34 ) P,^i f. 

For example: Required the probability that exactly 762 individ¬ 
uals will die within one year in a population of 100,000 for which 

p= .008. 

As before, we must first express the number of deaths under con¬ 
sideration in standard units, that is since “800, 

f 0354976)--1.3489 


That is, 762 deaths is 38 less than the mean, or ^^^^-1.3489 
standard units less than the mean. 

With CKy" 0 and using the Table of Ordinates of the Pearson 
Type III Curve, the value of corresponding to -1.35 id found 
to be .160383. 

4=. 160383 

.■. 4=. .0354976(.160383)’ .005693 

We shall now consider the following problem: Required the prob¬ 
ability that not more than 780 individuals will die within one year, 
where as before r - 100,000, p ».008. This means that we must 
obtain the sum of the 781 terms. P*+ P, t + . . , , 
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Suppose we represent the sum of the probabilities ^ t + 

. . . .+P^ by a series of ordinates erected at unit intervals along 
the Jf axis, and then construct a series of rectangles having these 
ordinates as altitudes which bisect the bases of the respective unit 
bases. Then the area of the first rectangle is = 1 - , etc. Thus 

the sum of the series .... + /* is equal to the total 

area of all the rectangles and is therefore approximately equal to the 
area under the frequency curve from to . Therefore 

the sum of all the probabilities, ^ +^5 + . . . ^ ^ 

putcd readily by calculating by means of the Tables of Areas of the 
Standard Curves, the per cent of the area of the standard curve lying 
below a: - 780.5, that is below -19.5, or f = = -.6922. For 

£)f, = 0, the per cent of the area of the frequency curve lying below 
t= -.69 is 24.5097. Since the sum of all probabilities from to 
P„e,c»o inclusive is 1, and /^+ . . . • + represents ap¬ 

proximately 24.5097 per cent of the total area under the frequency 
curve, therefore we estimate that P,+ P,+ Z^«+. . . 245097. 

By Table XXIII the correct value is .2454, or the error of our 
approximation is .0003. Using the values c4,= 0, the per cent of the 
area lying below t = -.70 is found to be 24.1964, using straight line 
interpolation the per cent below if = -.6922 is found to be 24.4408. 
In the same manner, only using cCj=.l, the per cent of the curve 
lying below if= -.6922 is found to be 24.7105. By using straight 
line interpolation again for the value of of, , it is found that the per 
cent of the distribution lying below ^ = -;6922, skewness - .035, is 
24.5352. The error of our approximation is now zero. In general,, 
however, a sufficient degree of accuracy may be obtained without in- 
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terpolating for either the value of t or of, . 


Next let it be required to find the probability that less than 840 
but more than 780 will die within the year, that is, required the value 


of 


^ 7BI 7e>^ 


P 


We require therefore the per cent of the area of a standard fre- 
(luency curve lying between ar- 780.5 and js- 839.5, that is between 
jE" -19.5 and i" 39.5 or -.69 to ^ - 1.40. 


As has just been shown, 24.5097 per cent of the area of the 
curve lies below -.69. Likewise for 0 the per cent lying 
below t= 1.40 is 91.9243. Consequently 91.9243% - 24 5097%, or 
67.41467oi of the area lies between t » -.69 and t ■ 1.40. There¬ 
fore the probability that less than 840 but more than 780 will die 
within the year is .674146. 

By Table XXIII, the correct value is .9188-.2454 = 6734. 


Summary of Section VI. 

If ^ represent the probability that an event will happen in a 
single trial, then the probability that the eve'nt will happen either 0, 
1 , 2 ,.... times during r trials are given by the respective terms 
of the expansionn of (9 + p )'* . The distribution of these prob¬ 
abilities or the corresponding expected frequencies is adequately de¬ 
scribed by the three fundamental functions as follows: 

M-^rp 

a-^rpXI-p'\ 


The probabilities or expected frequencies may be regarded as a 
distribution that can be reproduced at will by utilizing the Tables of 
Pearson’s Type III Ctirve.s, with the fundamental functions computed 
from the above formulae. In this way the values of isolated prob¬ 
abilities or the sum of any number of consecutive probabilities may be 
obtained. 
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FtJNDAMENl'ALS OK THE THEORY OF SAMPLING 

HI, DisikiBUTiON 01' Sample m th Moments about 
THE Origin of the Parent Population 


Ab in bectioii 1, we shall be concerned with the possible 
satiiples, each consisting; of r variates, that can be selected from the 
parent population of 3 variates x,, ... ... The m th 

moment of each sample, computed in each case about the origin of the 
parent population, may be written 

i i m m m /Pf 1 


I / / /W M m «•] 


If we write »'t will be observed that the above dis¬ 

tribution may be written 

- y,* ‘ 

*,»“ y» + yj ^ Pa + •' '*yr.,, 


yi-r-ti*yt~rf» ■ ■ ^y» 


and therefore may be regarded as a distribution of the algebraic sums 
of the respective samples withdrawn from the parent population 
yj > y^i ■ ■ • ya . >• ^ ■ • • • - Consequently, since 




’ J^a » ~ > ^ I 

. Zyt _ Lr ^ - J- 

N ~ r 


mitix 
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it follows from formulae 1, 2, ... of section I that 




m X 


( 2 ) 



= ^ *“ (««,»)*) 


( 3 ) A,= 




etc. 

For the case of sampling from an unlimited supply, we have, 
permitting a toapproachinfinity, that corresponding to formulae (18) 

of section I 
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^ Ml,! ^ [ 

etc 

The distribution of samiile means may be obtained by placing 
,m= 1, yielding 

{ M. = 


( 6)1 


/^iy“ f Mfx 




\ U — u + ^ w ■* 


etc. 


These results may be written correspojiding to formulae (19) of 
section I, 

Mi\i“ "p Mfx 
Mix'" T"* 

aimMi 

etc. 


The distribution of sample means withdrawn from an infinite par¬ 
ent population is therefore characterized by means of the semi-inVariant 
relation 
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( 8 ) 



and the standard semi-iiunriants by the relation 

(8-a) K., 

An interesting result is obtained by considering the special case 
of formulae (8) for which n - 2. and assuming that the parent popu¬ 
lation is normal. Since for a normal distribution 


.3.5 . . (2n-l)cr 


and for any distribution 


(9) 


Mr 


it follows that for a normal distribution 


r Mr 


z 


etc. 


(10)^ 


Mg = 3 M<t \ M ^ 


Mr 5<r 


L Mr IS ^ 

etc. 

and therefore for the distribution of sample second moments about a 
fixed point in the case of withdrawals from an unlimited "normal” 
supply, we have, from (5) 


1 See formulae 23 and 24, page 117, Vol. I, No, 1, of Annals. 
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pi / ) 




Hr 

[ + ! 

1 />* 



Hr 1 ^ '^sf 

1 /•* 

Mpf — p-*|cr,+6/V^ 

l.^' 

/20<J^ t a 

a )-J 



■e » . , i ■» * 


/ 60 <S, f _» „ .^a If i 


In terms of semi-invariants' 

' /%=> a-^+/VJ 

A,.= ^rcr>3/^;) 

» 


1 Formulae (21), Section I. Page 116, Vol. I, No 1, of Ankals 



EDITORIAL 


265 


Apparently the general expression is 


(13) 




g '"'{n-I]' dj" 



If the parent population be normal, and if furthermore M^-0, 

then 


(14) 




and the standardized semi-invariants would likewise be 


Again, since 




oc 


s z 



formula (13) may be w rilten. 
(16) 


On page 196 of Vol I, No 2 of the Annals it was shown that 
the standard moments for Pearson’s Type III function 


y 




-Sr,* 


are defined by the recurring relation 
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SO that 





a,. s(3*IS 

etc, 

The standard semi-iin ariants of Type III are 



etc. 

Comparing these results with formula (16) it appears, therefore, 
that if the parent poinilation he normal and its mean zero, the distribu¬ 
tion of sample second moments computed about the fixed mean of the 
parent population will be Pearson't Type III, for r finite. As r 
approaches infinity, the Tyjx: III distribution will approach the Normal 
Curve as a limit 


To illustrate: If from an infinite population of spherical balls 
whose diameters formed a normal distribution characterized bv Mj. 
and er^ , samples of r balls each were withdrawn, then if the average 
area be determined for the balls in each sample, the distribution of these 
areas, from formula (13), would be described by the relation 


in-f) 



1 


and if one could conceive of negative diameters of the balls .so that 
0. then the distribution of areas would be Type III. 

If one were to succeed in finding the function whose n th semi¬ 
invariant agrees with the above expression, then the law of dlstribu- 
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tion for the sample areas would be available. Again by likewise inves¬ 
tigating the cases of formulae (5) where m ^ 3, 4, S, etc., other semi¬ 
invariant relations can be found, and these in turn may lead to the 
discovery of new and imjxirtant frequency functions. At all events, 
such sample moments and semi-invanants will generally permit one 
to express as an infinite series, such as the Gram-Charlier series, the 
unknown law of distribution 


‘'ECTION IV 


The problem of the distributiori of sample moments about the 
origin of the parent population' is unfortunately often confused with 
the problem of the distribution of sample moments computed about 
the means of the respective samples The latter problem is more briefly 
termed sampling abont tfle mean If A/, and designate the means 
of the first two samples respectively, and z, and z^the second mo¬ 
ments of these two samples computed about M, and respectively, 
then for /«* 2 


>/ = 


r 


_ _ 

r 


where, as before, L indicates that the summation extends over the 
r variates occurring in the i th sample 

In order to sum all values of and z"it is necessary to obtain 
first another expression for the second moment about the mean, which, 
although of value in algebraic manipulations, is practically of no value 
in arithmetic computation Thus, 

_ , fCx-A/,)" 
r 

Z x*-ZMl Zx^rMi 


1 Also referred to as the distribution of saiii[>le moments about a fixed fiotnl 


268 


IWNDAMEXTALS OP THE THEORY OF SAMPLING 

- ^ “ r 


r 

r I r n 


rL x^- \L P ZLx^ .a:,] 


(17) 


Hz = ^[('■^ l)L x’^- zt X,] , 


where £ x, Xj designnates the sum of all the terms formed by tak¬ 
ing the products of all the variates in the i th sample two at a time. 


Then 


r^J’' ^ s gtt) ^ •^J 


by employing the method employed in section I. The above reduces 
easily as follows; 




(18) 


. siiniii , f f x^ ^ ) 


r(s-t) ( s 
s{r- I ) 

ria-n 


{■ 

a.'ac 


Whereas the expected value of a sample mean is equal to the mean 
of the parent population and the expected value of a sample n th 
moment about a fixed point is equal to the n th moment of the parent 
population', it appears that the expected value of a samole second mo¬ 
ment is less than the second moment of the parent population. 

A slight digression at this point is desirable. In formula (6) of 
Section HI we found that for the distribution of sample means with¬ 
drawn from an infinite parent population, 

M 3. a~ a ac 


That is, the standard error of the mean 


I Formula (1), Section III. 
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(19) cr,= ^ . 

where O"* denotes the standard deviation of the infinite parent popula¬ 
tion By formula (18) above it appears that the expected value of the 
second sample moment is for s = oo 






Designating the square root of the expected sample moment by 
0 "^ , we have that 

■' fr^ > rr 


and therefore formula (19) may be written 


( 20 ) 



Since the probable error is defined as 6745 cr , we have that the 
probable error of the mean 


( 21 ) 


= .6746 



6 746 




It should be observed that the expressions for both the standard 
and probable errors of the mean are expected v-alues when <r' is 
employed. If one obtains but a single sample and computes its mean 
and standard deviation, he still has no accurate knowledge regarding 
the true value of the standard deviation of the parent population. Con¬ 
sequently even the expression 


.6746 


Jr- /' 


is merelv an approximation. .So far as 1 know, the true value of the 
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probable error of the niean has never been found—even upon the as¬ 
sumption that the parent population is normal. Since we have shown 
that for 5 - oo the skewness of the samples is only times the 
skewness of the parent population, the fact that the parent population 
IS not normal is of no importance compared to the fact that where 
only functions of the single sample are available, these must be sub¬ 
stituted as the expected values of the corresponding functions of the 
unknown parent population 

Returning to our problem of describing further the distribution 
of sample second moments about the mean: 

Corresponding to formula (17), one can show by employing sym¬ 
metric functions that 

+ 2r-^3)£ X*xj 

( 22 ) 

- 4 (r- 3) £ Xt Xj + 24 E X, x, 1 


and therefore 

(23) 


+ 3- tf3 + 5r+j 


For 5=00 this becomes 
r-t 


(24) 


In a thesis, C. H. Richardson' has shown that when 


1 Submitted in 1927 to the University of Michigan, The balance of this section 
is a synopsis of one part of this thesis, 



EDITORIAL 


m 


( 25 ) ^ 

-Z {3r-6r^5)o^lfZ (r*-/^r + /5)J 

+(3r*-Ur\42r-6Qr ^3g)c»*^-4{r- U ^ ^ 

- 6 (r"*-? r 49 r*~ lOS r-^70) Ct ^ a 

+ 16 {6r*-2750r-3B) ^ 

+ 3 (r “*-9 r*^ 93 r‘-25S r^Z/o)'] 

(27) ^ " [ir-D ^ 5 (r-/) ‘ (r-9) « ,,, 

- - 2r+3)qf^ , 

+ /0{r-l)(r- 4r %iar*~ 26r'-^Z/) , of, jc 

- /0(3r^-27r\l6Zr-450r\59Sr-3l5)a^ , 

- ^0(r-^)('Jr-2^/-^+ 80r*-l40r\/0B\cC^ , 

+ to {Sr-64A57Zr-20 70r‘+32SSr-/a90) X* ^ 

- 4 {S r- 66 r\1060 A-4bZ0r\8506 r-5670) 

- 10 (r-l) {r*-7r^^ 65 r Z6)o(^ ^ 

- Z 05 r'*-6oA+730r’-/40r+63) OC ^ ^ 

-do {6r-36A+97A- /26r^6i) otg , Qfg.jj ] 
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,*= ^ \r-if 6 (r -15r “+ 50r‘-70r%45t-ll') 

- Z0{3r‘'-l6A5&r^~54 r*^39r-li)oi^,^ cx.^ ^ 

+ /5(r-6r^f3/r^-d4r*+/27r^-/G^r*33')o(^,^ OC, 

- /5(r-9A96A394r‘'^729r^-6P/r+/90)»^ ^ 

+ 2 (£r‘--30r^+/&5r^-4S0r^+735r-630r+^3/)o( t ^ 

- UOi^r ‘-n A8lr‘*-Z94r*L567r ^-667r+23l)oCf,,ai4,^ 

+ fSir ' <9a *^5/r ^~Z56r\8l3r-/540 A/646 r -770) «j,^ 

■t 20iSr'-7'5Aa26A-3933A^B009A-989lri4IS8)a^ ^ 

+ 5 (9r-J59r*^2436A-2Ct/30 A+136885A-35941 r ' 

^ 474390r-24960) ^ 

- 5{9r~/26A-^/4/3A-ll2/4A+47355A~l07730 r * 

t/2 7675r-62370)»*^ 

- 24{5A-2SA^70r "-//Or 95r-33)o(, ^ 

*460 {2r‘’-/5r'**52r"-96A90r-33)olr^ , 

-40 oA-39A-i-Z06r-6/6r"+ll/3r*-ll/3r+46Z)oit ^ 

+ 24 (30r"-22Sr\82pr*-/<i/Or"*/638r-693)ul * 

- /20{3r *-33r"*/72r-530r"*t&e 7r"-J029r*46Z)o(^jCt^^^U,^ 
+ 40 (Sir-435r^*<l89er*-SZ/ar%9/9lr-938 7n,4l56)ci^ ,oC„ 
^ 600 (Jr *- 45r"**294r^-/076r \Z3)7 r"-275/r\/38b)(x, 

- 80 (2/r*- 55ar\50/2r''-22d20r\ 57445r "‘-76230 r 

41560) ot] ^ 

+ 4O(9r-/05r%364r-/d30r*3745r-4445r*r23/O) 

- 5 (3r-59r*-*//36r-/6642 r\ 96/35r 2901/6 r* 

+ 429030r-Z494aoj\ 
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If the parent population be normal, that is if 


cc 


ini! 


= 0 


dr 


zn 


~ 2'‘ r)> 


the preceding formulae yield on reduction 


(29) 


= 

f,» f^3X. 

(30) 


.ij£zi)u^ 

^3 X 

(31) 


/ 2 (^/) ( /■ 4 J) ^ 

fr4 i 

(32) 

MfHf ‘ 

. 5X{r'l\ (5t+ 7) 

(33) 


_40 (r-/)(3/-*+46r447) ,, « 

« 6 ^2 jt 


These may' be written in turn 


(34) 


Otr 




. 5) 




d. 


S 3 


r-I 
5 (Sr+7] 

J2 


^ 5{3r\46r*47') 

■■—FT?— 


For the corres|xinding standard semi-invariants 

4 




J2 (r-I) 
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96 






9 

■ 4/ 


rroi^-zsix^'/ODi^+dO'^ 


4d0 , 
[r-lf 



These results show that so far as the sixth standard semi-invariant 
the distribution of sample second moments about the mean is Type 
III, irresi)ectiYe of the mean of the parent population. 


It is to be regretted that many of the results presented here have 
ne\er been generalized for moments of any order. The methods pre* 
sented have been chosen for two reasons' first, they permit one with 
no bowledge of calculus to achieve somewhat of an understanding 
into the theory of sampling; and secondly, they yield results of sampling 
from a finite parent population—a- problem of considerable practical 
importance, 

The results of sampling from an infinite iwpulation may be ob¬ 
tained more readily and with far greater elegance and rigor by employ¬ 
ing the method of semi-invariants. 


H. C. C. 



.^9 PEJRSOh”S TYPE III FUNCTION—fIRST DERIVATl]' E 



SKEWNESS 

t 

t 

0 

,1 

2 

3 

,4 

,5 

-9,90 







-990 

-9 80 







-9 80 

-9.70 







-9 70 

-9.60 







-9 60 

-9.50 







-9.50 

-940 







-9 40 

-9 30 







-9,30 

-920 







-9,20 

-9,10 







-910 

-9.00 







-9.00 

-890 







-8.90 

-K.sn 







-8.80 

-8,70 







-8 70 

-8.60 







-8.60 

-8 50 







-850 

-8 40 







-840 

-8,30 







-8.30 

-8,20 







-8.20 

-810 







-8,10 

-8.00 







-BOO 

-7,90 







-7.90 

-7.80 







-7.80 

-7 70 







-7.70 

-7,60 







-760 

-7.50 





1 


-7 50 

-7.40 







-7.40 

-7,30 







-7,30 

-7,20 

1 






-7 20 

-710 


1 





-7,10 

-7.00 







-7 00 

-690 



1 




-6 90 

-6 80 







-6 80 

-6.70 







-6 70 

-6 60 







-6 60 

-6 50 







-6.50 

-640 







-6 40 

-6.30 







-6.30 

-6 20 







r>20 

-6.10 







-6 10 

-6.00 








-5.90 







- j 

-5.80 







- 5 80 

-5,70 







-5.70 

-5.60 







-5,60 

-S.SO 

OOOOol 






-5 50 

-5 40 

000001 






-5.40 

-5.30 

.000002 






-S.30 

-5.20 

.000003 






-5 20 

-5 10 

000005 

000001 





-510 

-500 

000007 

,000001 

- 




-5 00 
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SKEWNESS 

t 

t 

.0 

.1 

.2 

.3 

.4 

.5 

^.90 

.000012 

,000002 





^.90 

- 4.80 

,000019 

, 0000)3 





-4 80 

-4 70 

000030 

.000006 





- 4.70 

- 4.60 

.000047 

.000011 

,000001 




- 4.60 

- 4 . S 0 

.000072 

.000019 

.000002 




- 4 . S 0 

-4 40 

,000110 

.000032 

.000005 




- 4.40 

-4 30 

.000166 

.000055 

000009 




- 4..30 

- 4.20 

,000248 

.000090 

000019 

000001 



-4 20 

- 4.10 

.000366 

000147 

.000036 

000003 



- 4.10 

4.00 

.000535 

000235 

.000066 

.000008 



^,00 

- J 90 

.000775 

.000370 

,000120 

000018 



- 3.90 

- 3.80 

.001109 

.000573 

000212 

000040 

000001 


-3 80 

- 3.70 

, 001.572 

.000874 

.000364 

000087 

.000005 


-3 70 

- 3.60 

.002203 

.001313 

,000609 

.000177 

.000017 


- 3,60 

- 3.50 

.003054 

.001941 

000995 

000344 

.000049 


- 3.50 

- 3.40 

.004190 

.002825 

001586 

000641 

.000128 

.000003 

- 3,40 

-3 30 

.005684 

.004049 

002470 

.001146 

000302 

.000017 

- 3.30 

- 3,20 

.007629 

.005717 

003760 

.001974 

000661 

000069 

- 3,20 

-3 10 

,010127 

.007950 

,005598 

003277 

.001344 

,000234 

-3 10 

- 3.00 

.013296 

010890 

008154 

.005256 

.002561 

000662 

-3 00 

- 2,90 

.017262 

.014698 

011630 

008159 

,004601 

,001623 

-290 

-2 80 

.022163 

.019545 

,016246 

012275 

.007834 

,003540 

-2 80 

-2 70 

,028136 

,025608 

022239 

017924 

,012700 

.006991 

-2 70 

- 2,60 

,035316 

,033062 

029844 

.025438 

,019681 

.012686 

- 2.60 

- 2 . i 0 

, W 3821 

.042064 

039276 

035127 

.029254 

021390 

- 2.50 

- 2.40 

.053747 

,052738 

,050708 

.047251 

,041831 

,033818 

- 2,40 

- 2,10 

, 06.5152 

,065158 

.064244 

061970 

.057693 

.050508 

- 2,30 

-3 20 

,078044 

079330 

.079895 

.079313 

.076923 

071689 

- 2,20 

-2 10 

.092366 

095172 

097548 

.099136 

099346 

,097186 

-210 

- 2.00 

.107982 

112500 

.116952 

.121097 

.124495 

126364 

- 2,00 

- 1,90 

124670 

,131014 

,137704 

141643 

,151607 

.156125 

- 1,90 

-180 

142110 

,150291 

159241 

169016 

.179627 

190976 

-180 

-1 70 

159883 

.169790 

,180854 

.193275 

207285 

223136 

-I 70 

-1 00 

.177473 

188856 

201707 

.216340 

233159 

.252688 

- 1.60 

-1 50 

,194276 

206743 

.220876 

.237054 

255782 

277745 

o 

) 

- 1.10 

,209618 

222645 

237390 

254249 

.273749 

296608 

-140 

-130 

222779 

235726 

.250291 

266832 

,285824 

,307909 

-130 

- 1,20 

233023 

,245172 

,258688 

.273853 

.291033 

.310712 

- 1.20 

- 1.10 

,239637 

.250235 

.261823 

,274582 

288736 

304576 

- 1.10 

- 1.00 

.241971 

.250281 

,259120 

,268557 

278673 

.289564 

-100 

- 90 

.239477 

,244839 

250233 

,255628 

.260978 

.266223 

- .90 

- .80 

.231753 

233638 

,235076 

235963 

,236165 

23 S 512 

- ,80 

- .70 

.218578 

,216634 

.213840 

.210049 

,205082 

,198720 

- .70 

- .60 

.199935 

,194029 

,186988 

178657 

,168852 

.157358 

- .60 

- ,50 

.176033 

,166270 

.155237 

142796 

128795 

113055 

- .50 

- .40 

.147308 

,134036 

119517 

103653 

086338 

067454 

- .40 

- .30 

.114416 

.098208 

,080927 

062522 

042938 

022119 

- .30 

- ,20 

,078209 

.059827 

.040672 

,020733 

,000000 

-.021537 

- .20 

- .10 

.039695 

,020043 

.000000 

-020417 

-.041192 

-.062305 

- 10 

.00 


-.019943 

-.039861 

-.059729 

-.079523 














PRARSON'S TYPE HI FUNCTION—FIRST DERIVATIVE 131 



SKEWNESS 

1 

t 

.6 

,7 

8 

.9 

1.0 

1.1 

^90 







-4 90 

- 4.80 







-480 

'-4 70 







-4 70 

-4 60 







-460 

-4 50 







-4 50 

-4 40 







-440 

-4 30 







- 4,.30 

-4 20 







- 4,20 

-A 10 







^10 

- 4.00 







-400 

-3 90 







-3 90 

- 3.80 







- 3,80 

-3 70 







- 3,70 

-3 60 







-360 

- 3.50 







-3 50 

-3 40 







-3 40 

- 3.30 







- 3.30 

-3 20 







-3 20 

-3 10 

000001 






- 3,10 

-3 00 

,000019 






- 3.00 

-2 90 







-2 90 

- 2,80 







-280 

-2 70 

,002066 

.000036 





- 2,70 

-2 00 

005395 

000536 





- 2,60 

-2 50 

011851 

.002918 





-2 50 

- i 40 

022763 

009573 

000364 




- 2.40 

-2 30 

,039266 

.023160 

005119 




-2 30 

- 2,20 

,062013 

.045673 

.021161 

,000121 



-2 20 

- 2.10 

090955 

.077731 

052860 

013697 



- 2.10 

-2 00 

125234 

118306 

100022 

.059683 



- 2.00 

-190 

.163228 

164867 

.158494 

.133204 

061132 


- 1.90 

-1 SO 

202703 

,213833 

221819 

.219728 

185902 

,031381 

- 1.80 

-170 

241060 

261146 

,282948 

304226 

,316115 

.277318 

- 1,70 

-1 60 

275619 

,302858 

3355.59 

375014 

,421770 

470105 

-160 

-1 ..50 

303895 

335595 

374866 

424825 

.490506 

58 W 01 

-1 .50 

-1 40 

.323832 

356881 

.397950 

4505)8 

520464 

618649 

- 1,40 

-1 30 

333974 

365290 

403738 

.452231 

515552 

602164 

-1 30 

- 1.20 

333548 

360455 

392746 

.432376 

,482398 

547863 

- 1,20 

-1 10 

,322482 

342963 

366717 

.394732 

428455 

470099 

-1 10 

- 1.00 

..301350 

314173 

.328212 

343691 

,360894 

380193 

- 1,00 

- .90 

271274 

.276005 

,280235 

283702 

286020 

286608 

- .90 

- ,80 

.233788 

,230710 

.225910 

,218898 

,209014 

195355 

- 80 

- 70 

.190694 

.180672 

168238 

. 1.52867 


110444 

- .70 

- 60 

HEESQ 

128225 

109914 

.088542 


034327 

- 60 

- .50 


.075522 

.053226 

028174 

000000 

-.031726 

- 50 

- .40 

046869 

,024439 

,000000 

-026629 


-087304 

- 40 

- .30 

.000000 

-.023484 

-048406 

-074843 

IBlGi »\ * 

-.132606 

- 30 

- 20 

-.043888 

-.067064 

-.091075 

- 115932 

-.141646 

- 168230 

- .20 

- 10 

- 0837.38 

-105473 

- 127489 

- 149766 

I -.172285 

-.195025 

- 10 

,00 

-.118789 

-138212 

- 157465 

-176524 

-195367 

-213972 

: .00 












PEARSON'S TYPE 11! FUNCPION- PfRST DERlV4'in h 



SKEWNESS 

t 

t 

0 

.1 

.2 

.3 

.4 

.5 

00 

.000000 


-.039861 

-059729 

-079523 


00 

10 

irVlifl 

-058941 

-077764 

-096151 

-114088 

^BiKilfTind 

10 

20 

Sir/: ilrisl 

-095827 

-112693 

-128817 

- 144210 

- 158882 

.20 

30 

SiE JKI 

^.129600 

-.143805 

-.157072 

-.169444 

- 180957 

30 

.40 

-147308 

-.159421 

-.170454 

-.180482 

-.189571 

- 197783 

.40 

.50 

- 176033 

-184644 

-192211 

-198827 

-204577 


50 

.60 

-.199935 


-208859 

-212093 

-214627 

-. 2165.36 

60 

70 

-.218573 

-.219795 

-.220388 


-220032 

-210219 

70 

.80 

-231753 


-.226967 

-224189 

-221217 

-.218089 

.80 

.90 

-239477 

-.234167 

-.228926 

-223762 

-218684 

- 213694 

.90 

100 

-.241971 

-.234132 

-226714 

-.219676 

-212981 

- 206 S 9 S 

1.00 

110 

-.239637 

-.229889 

-.220873 

-212494 

- 204-674 

-.197346 

1 10 

1.20 

-.233023 

- 222022 

-.211994 

-202799 

-.194322 

-.186470 

1.20 

130 

-.222779 

-.211174 

-200694 

-191168 

-.182458 

-.174450 

1.30 

1.40 

-209618 


-.187582 

-178152 

-.169571 

-.161717 

1.40 

1 50 

-.194276 

-183183 

-.173236 

- 164256 

-.156099 

-.148647 

1 SO 

1.60 

-.177473 

-.167315 

-.158186 

-.149931 

-.142423 

- 135559 

1.60 

1.70 

-.159833 

-150967 

-.142899 

- 135563 

-.128862 

- 122712 

170 

180 

-.142110 

-134628 

-.127773 

-.121475 

-115674 

-.110315 

1 80 

1.90 

-124670 

-.118709 

-113132 

-107924 

-103063 

-.098523 

1.90 

200 

-.107982 

-.103534 

-.099229 

--095105 

- 09 li 77 

-.087449 

2.00 

210 

-092366 


-.086249 

- 0831 S 6 

-080118 

-077165 

2 10 

2 20 

-078044 

-.076312 

-.074312 

-072165 

-069947 

-067712 

2.20 

2 30 

-065152 

-064527 

-.063487 

-062176 

-060692 

-.059103 

2.30 

2 40 

-053747 

-.054029 

-053795 

-053200 

-.052351 

-.051327 

240 

2 50 

-043821 

-044806 

-045221 

-045215 

-044900 

- 044359 

2.50 

2,00 

- 035316 

-036811 

-.037720 

-.038180 

-.038300 

-038160 

2,60 

2 70 

-028136 

-.029964 

-031226 

-032039 

-032498 

-032681 

2,70 

280 

-022163 

-024172 

-.025661 

-026723 

-027436 

-027870 

2,80 

2.90 

-017262 

-019326 

-.020937 

-.022158 

-023050 

- 023670 

290 

300 

-.013296 

-015318 

-.016964 

-.018268 

-019273 

- 020023 

3.00 

310 

-010127 

-012037 

-013651 

-014978 

- 016042 

-016874 

310 

320 

-007629 

-009379 

-010911 

-012214 

-.013293 

-.014168 

320 

3 30 

-.005684 

-007247 

-008665 

-009908 

-010969 

-011854 

330 

3 40 

-004190 

-005554 

-006837 

-007996 

-.009013 

-000884 

340 

3 50 

-003054 

-004222 

-005361 

-006422 

-.007376 

-008214 

3,50 

360 

-002203 

-.003184 

-004178 

-005132 

-006013 

-.006805 

3.60 

3 70 

-.001572 

-.002382 

-.003236 

-004082 

- 0048 S 3 

-.005620 

3 70 

380 

-.001109 

-001768 

-002492 

-003232 

-003951 

-004627 

380 

390 

-000775 

-001303 

-.001908 

-002547 

-003185 

-.003799 

3,90 

4.00 

-000535 

-000952 

-001452 

-.001999 

-.002559 

-003110 

4.00 

410 

-.000366 

-000691 

-001100 

-001561 


-002539 

4 10 

4.20 

-.000248 

-000498 

-.000828 

-.001215 

-.001635 

-.002067 

420 

430 

-000166 

-000356 

-.000620 

-.000941 

-.001301 

-.001679 

4 30 

4.40 

-000110 

-.000253 

-000462 

-000726 

- 001031 

-001360 

440 

4 50 

-000072 

-000178 

-000342 

-000558 

-.000815 

-001099 

4 50 

460 

-.000047 

-000125 

-.000252 

-000428 

-.000642 

-.000886 

460 

4.70 

-000030 

-.000087 

-.000185 

-000326 

-000505 

-.000713 

4.70 

480 

-.000019 

-000060 

-000135 

-.000248 

-,000396 

-000572 

480 

490 

-000012 

-000041 

-.000098 

-000188 

-.000309 


490 



























PEARSON’S TYPE I FI FUNCTION—FIRST DERIVATIVE 133 



SKEWNESS 

c 

t 

6 


8 

.9 

1.0 

11 

.00 

sn 


IBS 

-.176524 

-195367 

-213972 

00 

10 

SHI 



-.196613 

-.211618 

-226104 

.10 

20 

- 172846 

-186112 

- 198692 

-210598 

- 221843 

-.232441 

20 

30 

-191649 

-201555 

-210707 

-219137 

-.226877 

-.233955 

30 

40 

-.205174 

-211799 

-.217704 

-222936 

- 227536 

-231545 

40 

,50 

-213769 

- 217340 

-.220302 

-.222707 

- 224598 

-.226019 

SO 

,60 

-.217887 

-218739 

- 219142 

-219142 

- 218780 

-.218092 

60 

70 

-218055 

-216587 

-214854 

-212890 

- 210726 

- 208386 

70 

.80 

-.214834 

-.211479 

-.208044 

-204548 

-201006 

-197431 

80 

.90 

-208794 

-.203987 

-.199272 

-.194648 

-.190114 

-185671 

.90 

100 

-200493 

-194649 

-189043 

-183655 

-.178470 

-173473 

1,00 

1 10 

-190456 

-183956 

-177806 

-171972 

-.166424 

-161137 

no 

1 20 

-.179166 

-172343 

- 165948 

- 159935 

-154263 

-.148900 

120 

1 30 

- 167053 

-.160191 

-153798 

-147823 

-142218 

-136946 

1,30 

1 40 

-154494 

-147820 

- 141627 

- 135859 

-130469 

-125416 

140 

1 50 

-141806 

-135497 

-129653 

-.124221 

-119153 

-.114410 

1.50 

1 60 

- 129254 

-123437 

-118049 

-113040 

-.108368 

-103997 

160 

1 70 

-.117047 

-111807 

-.106944 

-102415 

-098185 

-094223 

1 70 

1 80 

-105348 

- 100733 

-.096431 

-.092411 

-088645 

-.085109 

1 80 

190 

-.094278 

-090302 

-086573 

-083069 

-079770 

-076660 

1.90 

200 

-083916 

-080572 

-.077405 

-074407 

-.071565 

-068870 

200 

2 10 

-074314 

-071572 

-068944 

-066428 

-.064021 

-.061721 

210 

220 

-065493 

-063313 

-061186 

-059120 

-.057120 

-.055189 

2 20 

2 30 

-.057456 

-.055786 

-054116 

-.052462 

-050835 

-.049243 

2 30 

240 

-050187 

-048971 

-047709 

-.046425 

-045135 

-043849 

240 

2 50 

-043655 

-042835 

-041933 

-040977 

-039985 

-.038973 

2 50 

2.60 

-.037824 

-.037342 

-036750 

-036078 

-035348 

-.034578 

260 

2 70 

-032648 

-032449 

-032119 

-031691 

-031187 

-.030627 

2 70 

280 

-028079 

-028110 

-027999 

-.027776 

-.027464 

-027084 

280 

290 

-024066 

-024280 

-024346 

-.024293 

-024143 

-023915 

2.90 

300 

-020558 

-020913 

-021120 

-.021204 

-021187 

-021087 

3,00 

3.10 

-017505 

-017965 

-.018279 

-.018472 

-018563 

-018568 

3 10 

320 

-.014860 

-015393 

-015787 

-016063 

-016238 

- 016329 

3.20 

3 30 

-012578 

-.013156 

-013606 

-013944 

-014184 

-014342 

3.30 

3 40 

-010616 

-011218 

-011703 

-.012084 

-012373 

-012582 

340 

3 50 

-008935 

-009543 

-010046 

-010455 

-010778 

-011026 

3.50 

360 

-007501 

- 0081 G 0 

-008609 

-009032 

-.009377 

-009652 

3.60 

3 70 

-006280 

-.006862 

-007364 

-007791 

-008148 

-008440 

3 70 

3 80 

-005246 

-005800 

-.006288 

-.006711 

-007071 

-007374 

3.80 

390 

-004371 

-004893 

-005361 

-005773 

-006130 

-.006436 

3.90 

4.00 

-.003634 

-.004120 

-004563 

-004959 

-005309 

-005612 

400 

4.10 

-003014 

-003463 

-.003878 

-004255 

-004592 

-.004889 

4.10 

4,20 

-002495 

-002906 

-003291 

-003646 

-.003969 

-004256 

420 

4 30 

-.002061 

- 002434 

-002789 

-003121 

-003426 

-.003702 

4.30 

4.40 

-.001699 

-002035 

-002360 

-.002669 

-002955 

-003218 

440 

4 50 

-.001397 

-001699 

-001995 

-002279 

-002547 

-002795 

450 

460 

-.001147 

-001416 

-.001684 

-.001944 

-002193 

-002425 

4.60 

4 70 

-000940 

-001179 

-.001420 

-001657 

-001886 

-002104 

4 70 

480 

-000769 

-000979 

-001195 

-.001411 

-001621 

-001823 

480 

490 

-000628 

-000813 

-OOlOOS 

-001200 

-001393 

-001579 

490 












U4 PEARSON’S TYPE III FUNCTION—FIRST DERIVATIVE 



SKEWNESS 


t 

0 

.1 

.2 

.3 

.4 

'.5 

t 

5.00 

-.000007 

-.000028 

-.000071 

-.000142 

-000241 

-.000366 

s.oo 

510 

-.000005 

-,000019 

-.000051 

-.000106 

-000187 

-.000292 

5,10 

520 

-000003 

-.000013 

-000036 

-.000080 

-000145 

-.000232 

520 

530 

-000002 

-.000008 

-.000026 

-000060 

-000112 

-.000184 

5,30 

5,40 

-.000001 

-,000006 

-.000018 

-000044 

-000087 

-.000146 

5.40 

5.50 

-.000001 

-,000004 

-.000013 

-000033 

-000067 

-000116 

S.SO 

s.eo 


-.000002 

-.000009 

-.000024 

-OOOOSl 

-000091 

5.60 

5 70 


-.000002 

-000006 

-000018 

-.000039 

-000072 

5 70 

580 


-.000001 

-.000004 

-.000013 

-000030 

-000057 

580 

5.90 


-.000001 

-.000003 

-.000010 

-.000023 

-000044 

590 

6.00 



-.000002 

-000007 

-000017 

-.000035 

6.00 

6,10 



-.000001 

-.000005 

-.000013 

-000027 

6,10 

6.20 



-.000001 

-.000004 

-OOOOlO 

-000021 

6.20 

6,30 



-.000001 

-000003 

-.000008 

-000017 

630 

6,40 




-000002 

-000006 

-.000013 ' 

6.40 

6,50 




-.000001 

-000004 

-000010 ' 

6 50 

6,60 




-.000001 

-.000003 

-000008 1 

6,60 

6 70 




-000001 

-.000002 

-000006 1 

6,70 

6,80 




-000001 

-.000002 

-000005 

6.80 

6,90 





-.000001 

-000004 

6.90 

7,00 





-000001 

-.000003 

7.00 

7,10 





-.000001 

-.000002 

7 10 

7,20 





-.000001 

-000002 , 

7.20 

730 




t 

i 


-.000001 

7.30 

7 40 




1 


-000001 

740 

7.50 






-.000001 ' 

7.50 

7 60 






-000001 ' 

760 

7 70 







7.70 

7,80 







780 

7.90 







7.90 

8.00 







800 

8.10 







8.10 

8,20 



1 




820 

830 







8.30 

840 







8.40 

8 SO 







8 50 

8,60 







860 

870 







870 

880 







880 

8.90 







8.90 

9.00 







900 

9.10 







9 10 

9.20 







9.20 

9.30 

9.40 







9.30 

940 

9.50 







9.50 

9,60 







9.60 

9 70 
9.60 
990 







9 70 
9 . S 0 













PEARSON'S TYPE III FUNCTION—FIRST DERIVATIVE US 


X 

SKEWNESS 

t 

.6 

7 

8 

.9 

1.0 

11 

500 

- 

|[S!!S!B 

-000845 

-001020 

Bn 

-.001367 

500 

5 10 




-000866 


-001182 

5.10 

5,20 

B*!Vrr * 


HVi*hVrl 

-000735 


- 001022 

5,20 

5.30 




-000623 

-000752 

-.000883 

5.30 

5.40 




-.000527 

-.000644 

-000763 

540 

5.50 

-.000180 

-000258 

-.000348 

-000446 

-000551 

-.000658 

550 

560 

BMiocn 

BUM An 


-000377 

-.000471 

-000568 

560 

5,70 


BiXi rim 


BITITAilffl 

-.000402 

-.000490 

5 70 

580 


81x1 HI 


BiTiTimvI 

-000343 

-000422 

580 

590 


m 



-000293 

-000364 

590 

600 





-000250 

-«)0313 

600 

610 

sixiMiPi 


BlVlllhl 


-000213 

-.000269 

610 

6.20 

9 iVi:i 


8iyiii//B 


-000181 

-.000232 

620 

6.30 

sijyi' til 

HIjViv 

-.000080 


-000154 

-000199 

630 

640 

ifiTiVi J*l 

Bisyii t 



-000131 

-000171 

640 

6 50 

aijyi 

bmVix ■' 

BfiVi.iMil 

- OC '3081 

-.000112 

-.000147 

6 50 

660 

aiViV iM 

BlVllV I 

HAyiira 


-000095 

-000126 

660 

6 70 

Sl.oV (tl 

bixijV^ t 

WiiVixl:l 


-000081 

-000109 

670 

680 

BiNyi M 

BiyAiu 

RiViiVil 


-000069 

-000093 

6,80 

690 





-000058 

-000080 

690 

700 





-.000049 

-000069 

700 

7 10 




HiSyi' ikI 

-000042 

-000059 

710 

720 

SiyiViii 


BSlixiiEl 

BiViV Eel 

-000035 

-000050 

720 

7 30 

BiyriV il 


BSStS 

8 x 111 sfii 

-000030 

-.000043 

7.30 

7 40 

01:1:1.1:1 il 

-000005 

-.000010 

BtiiVi III 

-000025 

-.000037 

740 

7 50 

HiViyi j 



Hri.iSi II 

-000022 

-000032 

7 50 

7.60 

81x11 : 1 ' j 

HMTiywl 

RiiiiiyAJ 

BiiiV M 

-000018 

-.000027 

760 

7 70 

-.000001 

H'iViVM 

BMIlIOlil 

BitAV M 

-000015 

-.000023 

7 70 

780 



KiyiViti 


-000013 

-.000020 

780 

790 


-.000002 



-OOOOll 

-000017 

7.90 

800 



-.000003 


-000009 

-000014 

8,00 

8 10 



B'V VrI 


-.000008 

-000012 

810 

820 





-.000007 

-000011 

820 

8 30 




HAii:ir 

-000006 

-.000009 

8.30 

840 




HiVA.A 

-000005 

-.000008 

8.40 

8 SO 




BAiVA 

-000004 

-.000007 

850 

860 




BAii.A 

-000003 

-000006 

8.60 

8.70 




BFiiiiik 

-000003 

-000005 

8.70 

880 




BA.iVti 

-.000002 

-.000004 

8.80 

8.90 





-.000002 

-000003 

8.90 

9.00 





-000002 

-.000003 

9.00 

PIO 




BiliVA' 1 

-000001 

-000003 

9.10 

9,20 




BlAiiV I 

-.000001 

-000002 

920 

930 




^liViii 1 

-000001 

-000002 

930 

9.40 





-000001 

-.000002 

940 

9.50 





-.000001 

-.000001 

9.50 

960 





-.000001 

-.000001 

9.60 

9 70 





-.000001 

-.000001 

9.70 

980 






-.000001 

9.80 

990 






-.000001 

9.90 



































136 PEARiOl^’S TYPE III FUNCTION-FIRST DERIVATIVE 
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ISS PEARSON'S TYPE III FUNCTION—SECOND DERIVATIVE 



SKEWNESS 

- 

t 

0 


.2 

.3 

4 

.5 

t 

- 9,90 







-9 90 

- 9,80 







-9 80 

- 9,70 







-9 70 

-900 







-9 60 

- 9,50 







- 9.50 

- 9,40 







- 9.40 

-9 30 







-9 30 

- 9,20 







-9 20 

- 9,10 







- 9,10 

- 9,00 







- 9.00 

-«,90 







- 8.90 

- 8,80 







-8 80 

-870 







- 8.70 

- 8,60 







-8 60 

- 8,50 







- 8,50 

-840 







-8 40 

-8 30 







- 8.30 

- S ,20 







-8 20 

- 8,10 







-810 

- 8,00 







- 8,00 

-790 







- 7,90 

-7 80 







- 7.80 

- 7,70 







-7 70 

-7 00 







-7 60 

-7 >0 







-7 SO 

-7 40 







- 7.40 

- 7,30 







-7 30 

- 7,20 







-7 20 

-7 10 







-710 

- 7,00 







- 7.00 








- 6,90 

-Cl so 







-6 80 

- u 70 







- 6,70 

-OoO 







- 6.60 

-6 50 







-6 50 

- 6,40 







- 6,40 

-6 30 







-6 30 

- 6,20 







- 6.20 

-6 10 







- 6,10 

-600 







-600 

- 5,90 







-5 90 

- 5,80 

OOOuOl 






- 5,80 

- 5.70 

.000001 






- 5,70 

-5 60 

.000002 






- 5.60 

-5 50 

.000003 






-5 SO 

- 5.40 

.000005 






-5 40 

- 5,30 

.000009 

.000001 





- 5.30 

- 5.20 

.000014 

.000002 





-5 20 

- 5,10 

.000022 

000003 





-5 10 

-500 

.000036 

,000006 





- 5.00 
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SKEWNESS 

t 

t 

.6 

.7 

.8 

5 

1.0 

1.1 

- 9.90 

- 9,80 

-970 

-960 

-^ l.SO 

- 9.40 

- 9.30 

-920 

- 9.10 

- 9 . 0 ) 

-890 

- 8.80 

- 8.70 

- 8.60 

- 8.50 

-840 

- 8.30 

-820 

- 8.10 

-800 

-790 
- 7.80 
- 7.70 
- 7.60 
- 7 . S 0 
-740 
- 7.30 
- 7.20 
-7 10 
- 7.00 

-6 90 
- 6.80 
- 6.70 
-660 
-6 SO 
- 6.40 
- 6.30 
- 6.20 
- 6.10 
i 6.00 

-590 

- 5.80 

- 5.70 

- 5.60 

- 5.50 

- 5.40 

- 5.30 

- 5.20 

- 5,10 

- 5.00 







-990 

- 9.80 

-970 

- 9.60 

- 9.50 

-940 

-930 

-920 

- 9.10 

-900 

- 8.90 

- 8.80 

- 8.70 

-860 

- 8 . S 0 

- 8.40 

- 8.30 

-820 

- 8.10 

- 8.00 

- 7.90 
- 7.80 
- 7.70 
- 7.60 
-7 50 
- 7.40 
- 7.30 
- 7.20 
- 7.10 
- 7.00 

- 6.90 
- 6.80 
-6 70 
- 6.60 
- 6.50 
- 6.40 
- 6.30 
- 6.20 
- 6.10 
-600 

-5 90 
- 5.80 
- S .70 
- 5.60 
- 5.50 
- 5.40 
- 5.30 
- 5.20 
- 5.10 
- 5.00 
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SKEWNESS 

t 

1 

0 

.1 

.2 

.3 

.4 

.5 

- 4.90 

000056 

•OOOOll 

.000001 




-4 90 

- 4,80 

.000087 

000020 

,000002 




-4 80 

- 4,70 

000134 

.000036 

000004 




- 4.70 

- 4,60 

.000204 

,000061 

,000008 




- 4.60 

-4 50 

.000308 

.000103 

.000017 




-4 50 

- 4,40 

000458 

.000171 

.000034 




- 4.40 

-4 30 

000674 

.000279 

000066 




- 4.30 

- 4,20 

000981 

000446 

000124 




-4 20 

- 4,10 

.001411 

,000702 

000227 




- 4.10 

-400 

002007 

,001085 

.000404 




^.00 

-.390 

.002823 

P 01650 

.000698 




-3 90 

- 3,80 

003924 

,002465 

,001174 




-3 80 

- 3,70 

005390 

.003622 

.001921 




- 3.70 

-3 60 

.007318 

,005233 

003063 

.001216 



- 3 f )0 

-3 SO 

.009818 

.007435 

.004759 



■OlirOKM 

-3 50 

-3 40 

013012 

,010387 

,007210 




- 3,40 

- 3,30 

.017036 

014272 

010658 

.006445 

002482 

.000259 

-3 30 

- 3,20 

,022029 

.019282 

.015376 

010.360 

004921 

000914 

-3 20 

-3 10 

028127 

.025617 

.021661 

.016039 

009087 


-3 10 

- 3,00 

035455 

.033464 

.029805 

.023959 

.015732 

■TOTS M 

- 3,00 

-290 

044108 

,042977 

,040072 

034578 

.025682 

.013353 

-2 90 

- 2,80 

.054142 

,054254 

052649 

.048276 

.039717 

.025751 

- 2.80 

-2 70 

.065547 

067309 

067607 

065269 

,058421 

,044473 

- 2,70 

- 2,60 

,078238 

082041 

0848 S 3 

.085530 


.070719 

- 2.60 

-2 50 

092024 

098208 

.104081 

.108701 

,110147 

,104574 

-2 50 

- 2,40 

.106598 

115397 

.124739 

134041 

.141874 

.144908 

-240 

-2 30 

121523 

133016 

.146010 

.160398 

.175522 

189277 

- 2.30 

- 2,20 

136222 

,150286 

166813 

.186228 

.208791 

.234060 

-2 20 

-210 

149984 

,166250 

.185835 

,209664 


274831 

- 2.10 

-2 00 

.161973 

179808 

.201589 

228635 

.262822 

306883 

-2 00 

-190 

171257 

.189761 

212507 

,241024 

.277610 

325833 

-I 00 

-180 

.176848 

194883 

217043 

.244859 

.280668 

328187 

-1 80 

-170 

177753 

193997 

.213810 

,238508 

270098 

.311788 

- 1,70 

-160 

173036 

186074 

201707 


244914 

276085 

-1 60 

-1 50 

161897 

170327 

.180042 

.191456 

205187 

.222196 

- 1.50 

-1 40 

,143738 

146302 

.148634 

.150619 

.152083 

,152768 

-1 40 

- 1.30 

118244 

,113955 

.107884 

.099440 

087784 


-1 30 

- 1,20 

,085442 

073710 

.058793 

039758 

.015318 

BllflUsI 

-1 20 

-1 10 

.045749 

.026480 

002942 

-025961 

-061696 

-.106262 

-1 10 

- l.OO 

,000000 

- 02634 S 

-.057582 

- 09478 S 


- 193043 

- l.OQ 

- .90 

-.050556 

-082945 

-.120304 

-.163523 

-213693 

-.272169 

- .90 

- ,80 

- 104289 

-.141156 

-.182513 

-.228950 

-.281149 

-.339887 

- .80 

- 70 

-.159250 

-198588 

-. 2414.33 

-288031 

-.338624 

-.393425 

- .70 

- 60 

-213264 

-.252765 

-.294407 

-.338118 

-.383756 

-.431081 


- .50 

-264049 

-301276 

-.339069 

-.377114 

-415005 

-.452220 

Hi'iB 

- .40 

-309347 

-.341929 

-.373489 

-.403584 

-.431690 

-.457186 


- .30 

-347063 

-372891 

-.396290 

-.416811 

-433951 

-.447153 


- 20 

- 375401 

-392803 

-.406717 

-.416794 

-.422664 

-.423938 

mm 

- .10 

- 392983 

-.400862 

-.404661 

-.404202 

-.399307 

-389805 

- 10 

.00 

-.398942 

-.396865 

-390638 

-380276 

-.365806 

-347261 

.00 
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SKEWNESS 

t 

t 

6 

.7 

00 

9 

10 

1 1 

^,90 







- 4.90 

-4 80 







-4 80 

- 4.70 







-4 70 

^,60 







-460 

-4 50 







- 4.50 

-440 







- 4,40 

^.30 







-4 30 

-4 20 







-4 20 

-410 







- 4.10 

-400 







- 4.00 

-3 90 







- 3.90 

- 3.80 







- 3.80 

-3 70 







- 3,70 

-3 60 







-3 60 

-3 50 







- 3,50 

-3 40 







- 3.40 

-3 30 







- 3.30 

-3 20 

000008 






-3 20 

- 3.10 

.000036 






-. 3,10 

-3 00 

.000442 






-.00 

-2 90 

002377 






- 2,90 

-2 80 

008.378 






-2 80 

- 2.70 

.021975 

001288 





-2 70 

-2 60 

.046701 

011088 





- 2.60 

-2 SO 

084682 

040658 





- 2.50 

- 2.40 

.135492 1 

097040 

014364 




- 2,40 

-2 30 

.195696 

.178156 

093291 




- 2,.30 

-2 20 

.259189 

273180 

235123 

015680 



- 2,20 

-2 10 

318205 

366237 

.398395 

290543 



- 2.10 

-2 00 

.364653 

440957 

.537617 

618006 



- 2.00 

- 1.90 

391464 

,484203 

.620767 

826786 

1 0557 D 9 


-1 90 

-180 

393656 

488248 

.633769 

.878055 

1,.344215 

2,171541 

-1 80 

-1 70 

368970 

.451364 

578139 

792281 

1 211776 

2,318708 

-1 70 

-1 60 

318022 

377196 

.466054 

6114,36 

881883 

1 5 U 052 

-1 GO 

-1 SO 

244037 

273391 

315228 

379697 

.490506 

, 71,5683 

-1 50 

-1 40 

152272 

.149950 

,144709 

134579 

.115659 

.079111 

- 1,40 

-1 30 

.049275 

.017638 

-.028037 

-.096151 

-202538 

-.380314 

-1 30 

-1 20 

-.057908 

- 113328 

-188820 

-294517 

-447941 

-.681730 

- 1.20 

-1 10 

-162444 

-.234218 

- 327426 

-450951 

-618879 

-854725 

-1 10 

- 1.00 

-258300 

-.338340 

- 4.37616 

- 562403 

-721788 

- 929.360 

-100 

- 90 

-.340641 

-421241 

-516683 

-630449 

-767053 

-.932389 

1 - 90 

- 80 

-.406052 

-.480646 

-.564776 

-.659627 

-766385 

-886072 

1 - 80 

- 70 

-452596 

- 516205 

-.584160 

-656102 

-.731248 

-808124 

- - .70 

- 60 

-.479724 

-.529131 

-578496 

-626664 

-.671992 

- 71215 C 

( - 60 

- .50 

-488097 

-.521789 

- 552221 

-578022 

-597445 

-.608256 

i - ,.50 

- .40 

- 47934 S 

-.497304 

-.510042 

-516352 

I -514799 

' -, S 0367 f 

1 - .40 

- 30 

-455795 

-.459186 

-.456554 

-.447036 

i -429670 


> - .30 

- 20 

-.420207 

-.411038 

-.395979 

- 374 S 5 C 

1 -.346246 


) - .20 

- 10 

-375528 

-356312 

-332002 

-302445 

i - 26749 ! 

i -. 22701 ; 

3 - 10 

.00 

-324689 

-298144 

-267691 


t -.195367 

' -.153671 

lLJL 











1 fZ I^EARSON'S TYPE III PUNCTION—SECOND DERIVATIVE 



SKEWNESS 


t 

.0 

.1 

2 

3 

.4 

5 

t 

00 

-398942 

-.396865 

-.390638 



-.347261 

.00 

,10 

- 392983 

-381208 

-.365722 

-346712 

-.324368 

-.298881 

10 

.20 


- 354845 

-.331450 

-305516 

-.277327 

-247150 

.20 

.30 


-.319212 

-.289703 

-258865 

-.226991 

-.194347 

30 

,40 

-.309347 

-.276121 

-242569 


-.175528 

-.142459 

.40 

,50 

-.264049 

-227632 

-.192211 

-.157924 

-.124871 

-.093127 

.50 

.60 

- 213264 

-175927 

ssssm 

-.107668 

-.076652 

-.047627 

.60 

.70 

-.159250 

-.123170 

-.090112 

-059849 

-.032168 

-006874 

70 

.80 

-.104289 

-.071396 

-.042031 

-015803 

007628 

.028559 

,80 

.90 

-050S56 

-.022408 

.002100 

023470 

.042119 

058401 

.90 

1.00 

000000 

022298 

.041221 

.057307 

.070994 

.082638 

100 

1,10 

045749 

.061582 

.074619 

.085362 

094207 

.101468 

1.10 

1.20 

.085442 

,094674 

.101920 

.107574 

.111937 

.115246 

120 

130 

118244 

,121175 

,12.3055 

124117 

.124535 

.124440 

1.30 

1.40 

143738 

.141025 

138219 

135360 

132477 

129592 

1.40 

1 50 

,161897 

.154462 

.147816 

.141807 

136322 

.131273 

1 SO 

IGO 

.173036 

,161963 

152411 

.144058 

136668 

,130063 

1.60 

1,70 

,177753 

.164185 

152670 

.142759 

.134125 

126521 

1 70 

180 

.176848 

161901 

.149315 

138570 

129283 

.121170 

180 

190 

,171257 

.155944 

,143079 

132127 

.122694 

114484 

190 

2,00 

161973 

147151 

134668 

124028 

114859 

106882 

2.00 

2,10 

149984 

136328 

122839 

114809 

106219 

.098724 

2,10 

2,20 

,136222 

.124207 

.113878 

.104940 

097149 

,090313 

2 20 

2.30 

,121523 

111433 

,102586 

.094814 

087962 

081894 

230 

2.40 

106598 

098547 

,091279 

.084754 

078907 

.073662 

240 

2 30 

.092024 

,085981 

,080285 

075012 

.070177 

065763 

2 50 

260 

073238 

074064 

.069851 

065773 

.061913 

058305 

260 

2 70 

.065547 

063024 

060152 

057169 

054212 

051357 

2 70 

2.80 

054142 

.053008 

.051295 

049280 

.047134 

044963 

280 

2.90 

044108 

044085 

043335 

.042146 

.040707 

039139 

2,90 

3,00 

035455 

,036269 

036285 

.035776 

.034933 

.033885 

3.00 

3,10 

028127 

,029527 

0.30122 

030152 

.029797 

029186 

3.10 

3.20 

,022029 

023795 

024799 

.025238 

.025271 

025017 

320 

3 30 

017036 

018986 

020254 

.020987 

021315 

,021343 

330 

3,40 

,013012 

015004 

016415 

017341 

017883 

018129 

3,40 

3,.50 

009818 

011746 

,013204 

014242 

014928 

,015334 

350 

3,60 

,007318 

009111 

.010544 

011628 

012402 

012917 

360 

3.70 

.005390 

,007004 

008361 

009440 

.010254 

010839 

3 70 

3,80 

.003924 

,005336 

.006585 

007621 

,008441 

009061 

380 

3.90 

.002823 

004031 

005151 

006120 

006918 

.007548 

390 

4.00 

002007 

003019 

004003 

004890 

.005646 

,006260 

4.00 

4.10 

.001411 

.002242 

.003091 


.004590 

.005184 

4.10 

4.20 

000981 

001652 

,002372 

HilSxSw 

,003716 

004275 

4,20 


.000674 

.001207 

.001810 


.002997 

.003515 



.000458 

.000875 

.001372 

BfiMiil*/ 

.002409 

,002881 


450 

.000308 

.000629 

001034 

Hi.ijcl:! 

001929 

002355 


4.60 

.000204 

0p0449 

.000775 


001539 

.001919 

460 

470 

000134 

000318 

.000578 


001224 

001560 

4.70 

480 

000087 

.000224 

.000428 

.0CK)68S 

.000970 

001265 

480 

490 

,000056 

,000156 

000316 

000525 

000767 

,001023 

4.90 
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SKEWNESS 

t 

t 

6 

.7 

,8 

.9 

1.0 

1 1 

00 

- 324689 

-.298144 

- 267691 

-233404 

-.195367 

-.153671 

00 

10 

-.270442 

- 239243 

-.205476 

-.169332 

-131001 

-090672 

,10 

20 

-215242 

- 181842 

-147179 

-.111467 

-074908 

-037693 

.20 

.30 

-.161173 

- 127682 

-.094065 

-.060496 

-027127 

005906 

30 

.40 

-109915 

-.078031 

-.046919 

-.016670 

,012641 

040955 

.40 

.50 

-062736 

-.033730 

-006120 

020094 

.044920 

.068375 

SO 

.60 

-020517 

004757 

028276 

050122 

.070377 

089119 

.60 

70 

016219 

.037278 

.056460 

073908 

.089753 

104118 

.70 

80 

.047251 

063932 

078805 

092047 

103816 

.114254 

80 

.90 

.072612 

085008 

095804 

.105187 

113319 

120340 

.90 

100 

092535 

100929 

108025 

113993 

.118980 

123110 

100 

1 10 

.107400 

112210 

.116068 

.119113 

121463 

.123215 

1.10 

1.20 

.117687 

119411 

.120537 

121163 

121369 

.121222 

1.20 

1.30 

.123938 

123108 

.122015 

120710 

.119234 

.117620 

130 

1 40 

,126718 

123868 

121049 

118266 

115524 

.112825 

140 

1 SO 

.120593 

,122229 

.118138 

114285 

110642 

107185 

1 50 

1 00 

124106 

118689 

,113730 

.109161 

.104928 

100987 

1.60 

1 70 

119760 

11.3697 

108217 

103232 

.00.8668 

094466 

1 70 

1.80 

114013 

.107646 

101936 

096780 

092094 

.087811 

1,80 

190 

.107270 

,100878 

.095170 

090039 

085395 

081170 

190 

200 

.099878 

,093681 

088156 

083198 

078722 

074658 

200 

210 

0< 12132 

086292 

081084 

076409 

072189- 

068360 

2.10 

220 

084273 

.078905 

.074104 

.069787 

065884 

.062340 

220 

2 30 

.076495 

071668 

067332 

.063418 

059870 

056640 

2 30 

2 10 

0(33047 

064697 

,060854 

057366 

.054190 

051288 

240 

2 50 

061741 

.0.58075 

054730 

051672 

048870 

046297 

2 50 

2 00 

.054956 

051859 

049000 

046362 

.043925 

041672 

260 

2 70 

,048642 

046034 

043686 

,041446 

039357 

,037410 

2 70 

280 

042828 

040765 

038796 

036927 

.035163 

033501 

280 

290 

037523 

035908 

034327 

,032797 

031330 

.029931 

290 

3 00 

032722 

,0.11503 

0,50268 

029043 

027845 

,026685 

300 

3.10 

.028411 

027535 

026(/)3 

02Sfrl8 

0246S9 

023743 

310 

3 20 

024565 

023980 

02,1311 

022yX) 

,021843 

021085 

320 

3 30 

0211.56 

020815 

020367 

.019848 

019284 

018692 

3,30 

3.40 

018152 

.018009 

.017747 

.017399 

016991 

016543 

340 

3 .50 

,015519 

015535 

015424 

.015218 

014942 

014618 

3,50 

3r)0 

013222 

.013362 

013372 

013283 

013118 

012897 

360 

3 70 

011229 

.011461 

011566 

011570 

011497 

011363 

3.70 

380 

.009.506 

.009804 

009981 

.010060 

010060 

009998 

3.80 

3.90 

.008024 

008360 

008.596 

.008731 

008789 

008785 

390 

400 

006753 

007122 

.007387 

007564 

007668 

007711 

4,00 

4,10 

005668 

006049 

.006336 

.006543 

006680 

,006760 

4,10 

420 

.004745 

005126 

005425 

,005651 

OO.S813 

.005919 

420 

4.30 

,003961 

004334 

004636 

.004873 

005051 

005178 

4.30 

4 40 

003299 

.003658 

,003955 

004196 

004384 

,004525 

440 

4 SO 

.002742 

,003080 

003369 

003608 

003800 

.003950 

4 50 

460 

.002273 

002589 

002865 

.003091 

003291 

.003446 

460 

4 70 

.001880 

002173 

.002433 

,002657 

.002847 

.003003 

4.70 

480 

.001552 

001820 

002062 

.002276 

00246C 

002614 

480 

4.90 

.001278 

,001522 

001746 

.001947 

.002124 

.002274 

4.90 













144 PEARSON’S TYPE III EUNCTION^ECOND DERIVATIVE 



SKEWNESS ] 


t 

.0 

.1 

.2 

.3 

.4 

.5 

t 

5.00 

000036 

000108 


,000401 

000604 

.000825 

5.00 

5,10 

.000022 




000474 


5.10 

5,20 

.000014 


IrnM 

til] 

.000371 

000533 

5.20 

5.30 

.000009 

.000034 

.000089 

■ixiKia 

.000290 

000427 

530 

540 

.000005 


.000064 

,000132 


.000341 

540 

5,50 

.000003 


.000046 

000099 


.000272 

5.50 

5,60 

.000002 

.000010 

.000032 

.000074 

000136 

000216 

5.60 

5,70 

.000001 

,000007 

.000023 

.000055 

000105 

000172 

5.70 

5.80 

.000001 

.000004 

,000016 

000041 

000081 

.000136 

5.80 

5.90 


.000003 

000011 

.000030 

.000062 

.000108 

5,90 

6.00 


000002 

,000008 

.000022 

.000048 

.000085 

6,00 

6.10 


.000001 

.000006 

000016 

.000036 

.000067 

6.10 

6.20 


.000001 

000004 

000012 

000028 

,000053 

620 

630 



.000003 

000009 

000021 

000041 

6.30 

6.40 



.000002 

.000006 

000016 

000032 

6.40 

6.50 



.000001 

000005 

000012 

.000025 

6 50 

6.60 



.000001 

000003 

.000009 

.000020 

6.60 

6,70 



.000001 

000002 

.000007 

000015 

6 70 

680 




,000002 

.000005 

000012 

6.80 

6.90 




OOOOOl 

.000004 ! 

.000009 

690 

700 




,000001 

000003 

000007 

700 

710 


1 


000001 

.000002 

000006 

7 10 

7.20 





.000002 

.000004 

7.20 

7.30 





,000001 

.000003 

7.30 

7.40 





,000001 

.000003 

7.40 

7.50 





,000001 

000002 

750 

7,60 





,000001 

000002 

7.60 

7.70 






.000001 

7.70 

7,80 






.000001 

780 

7.90 






000001 

790 

8.00 






.000001 

800 

8,10 







810 

8,20 







8.20 

830 







830 

840 







840 

850 







850 

860 







8.60 

8.70 







8.70 

8.80 







880 

8.90 







8.90 

900 







9.00 

9.10 







9.10 

9.20 







9.20 

9.30 







9.30 

9,40 







9.40 

950 







9.50 

960 







9.60 

9.70 







9.70 

9.80 

9.90 



_ 




9.80 

9.90 


















PEARSON’S TYPE III FUNCTION-SECOND DERIVATIVE 145 



SKEWNESS 

t 

t 

6 

7 

.8 

.9 

1.0 

1.1 

500 

,001051 

Mil 

[i.O iK 

001664 



500 

5 10 

000862 


iMi it ’M 

001421 



5,10 

520 

000706 

000881 

iiM & ■ 

001212 

iiMliwI 


520 

5.30 

000577 

.000732 

000885 

.001032 



5.30 

5.40 

.000471 

000607 

.000745 




5.40 

5.50 


000503 

000626 




5 50 

560 


.000416 

000525 




560 

5.70 

Em 

000344 

000440 




5,70 

580 

000205 

000284 

000369 




580 

590 

.000166 

.000234 

.000309 




590 

600 

000134 

.000193 

000258 




600 

6 10 

,000108 

000158 

000215 




6,10 

6.20 

000087 

000130 

000180 



IrAfc fl 

6.20 

6.30 

000070 

.000107 

000150 



liViKii I 

6.30 

640 

,000056 

000087 

,000125 



IriTiyiril 

6 40 

6 50 

,000045 

000072 

000104 



lililiml 

6 50 

6,60 

.000036 

.000058 

000086 




660 

6 70 

000029 

000048 

,000072 




6 70 

6.80 

.000023 

000039 

000059 



000143 

680 

690 

.000018 

,000032 

000049 




6,90 

700 

,000015 

000026 

000041 




700 

710 

.000012 

000021 

000034 




710 

7 20 

.000009 

000017 

000028 




7 20 

7.30 

,000007 

,000014 

000023 




7 30 

740 

000006 

000011 

000019 




740 

7 50 

'000005 

000009 

000016 




7,50 

7.60 

000004 

000007 

000013 




760 

7 70 

00000,3 

,000006 

000011 




7 70 

7 80. 

000002 

000005 

000009 




7,80 

790 

000002 

.000004 

000007 




790 

800 

000001 

000003 

000006 




800 

810 

000001 

Q0000.3 

000005 




8,10 

820 

000001 

000002 

000004 



BVrnW 

820 

8 30 

000001 

,000002 

000003 



BVt vlrl 

8 30 

8 40 

,000001 

000001 

000003 



BviTiri 

8 40 

8 50 


.000001 

000002 



HViTfrl 

850 

8,60 


,000001 

000002 

HuVijkI 



860 

870 


000001 

000002 

HSjTmkI 



8.70 

880 


.000001 

.000001 



IKjjqSS 

880 

8.90 



000001 




890 

900 



OOOOOl 




900 

9 JO 



OOOOOl 



IwjjSS! 

910 

920 



000001 



MrVtTi^ 

9,20 

930 







9.30 

9,40 







9.40 

9 SO 







9 50 

960 






IWWYrf 

9.60 

9 70 







9 70 

980 







980 

9.90 


. . 




lisp 

990 


























m PEARSON'S TYPE III FUNCTION^ECOND DERIVATIVE 






















PEARSON’S TYPE III FUNCTION-SECOND DERIVATIVE 147 





























SKEWNESS 


t 


.0 .1 .2 


.3 .4 .5 


t 


-9.90 

-9,80 

-9.70 

-9.60 

-9.50 

-9,40 

-9.30 

-9,20 

-9.10 

-9.00 


-9.90 
-9 80 
-9 70 
-960 
-9.50 
-9 40 
-9,30 
-9.20 
-9.10 
-900 


-8.90 

-8,80 

-8.70 

-8,60 

-8.50 

-8.40 

-8.30 

- 8.20 

- 8,10 

- 8.00 


-8.90 
-8.80 
-8.70 
-8 60 
-8 50 
-8.40 
-8 30 
- 8.20 
-810 
- 8.00 


-7.90 
-7.80 
-770 
-7.60 
-7.50 
-7.40 
-7 30 
-7.20 
-7.10 
-7.00 


-7.90 
-7 80 
-7.70 
-7.00 
-7.50 
-740 
-7.30 
-7 20 
-7.10 
-700 


-8.90 

-6,80 

-6.70 

-660 

-6,50 

-6,40 

-6.30 

- 6.20 

- 6.10 


-6,00 

.000001 


-5.90 

.000002 


-580 

.000004 


-5 70 

.000006 


-5,60 

•OOOOIO 


-5.50 

.000016 

.000002 

-5.40 

.000026 

.000003 

-5.30 

.000042 

.000006 

-5,20 

,000067 

.000012 

-5.10 

.000105 

.000021 

-500 

.000164 

.000038 


.00001.13 


-6.90 
-680 
-670 
-660 
-6 50 
-640 
-6.30 
-620 
-610 
- 6.00 


-590 

-S.80 

-5.70 

-560 

-5.50 

-5.40 

-5.30 

-5.20 

-510 

-5.00 












PEARSON’S TYPE HI FUNCTION-THIRD DERIVATIVE 149 



SKEWNESS 


t 

.6 

7 


.9 

1.0 

l.l 

t 

-990 

-9.80 

-9 70 

-9.60 

-9 50 

-940 

-9 30 

-920 

-910 

-9.00 

-8 90 
-8 80 
-8.70 
-8.60 
-8 50 
-8.40 
-8 30 
-8 20 
-8,10 
-800 

-7,90 
-7.80 
-7,70 1 
-7 60 
-7,50 
-7 40 
-7.30 
-7 20 
-7 10 
-700 

-6 90 
-6 80 
-6 70 
-6 60 
-6 50 
-6.40 
-6 30 
-6 2C 
-6 1C 
-6.0C 

-5 9C 
-S,8( 
-S7( 
-5,6( 
-5.5( 
-5,4< 
-S3i 
-5.2 
-5.1 
-5,0 

1 

» 

) 

) 

) 

3 

3 

0 

0 

0 

0 

0 

1 

i 


1 


9.90 

9.80 

■9 70 

-960 

-950 

-940 

-9,30 

-9.20 

-910 

-9,00 

-8,90 

-8,80 

-8.70 

-860 

-8.50 

-840 

-8.30 

-820 

-8.10 

-800 

-7.90 

-7,80 

-7 70 

-7 60 

-7.50 

-7.40 

-7,30 

-7 20 

-710 

-7.00 

-6.90 
-680 
-670 
-660 
-6 50 
^40 
-6 30 
-6.20 
-6.10 
-600 

-5.90 

-5.80 

-5.70 

-560 

-5,50 

-5,40 

-5.30 

-5 20 

-5.10 

-5.00 



150 PEARSON'S TYPE III FUNCTION—THIRD DERIVATIVE 



SKEWNESS 

t 

t 

.0 

.1 

,2 

.3 

.4 

.5 

^90 

1 I 

.000067 





-4.90 

-4.80 

■iVix: 1 

.000116 

.000014 




-4.80 

-4.70 

■iVil* *1 

000196 





-470 

-4 60 

lti!i i!:|f m 






^.60 

-4.50 

Rti k \ 1 

KVrrfU 





-4.50 

-4.40 

■i.i V f n 



000016 



-4 40 

-4 30 

Kli Xi 9 



.000043 



-4 30 

-4.20 

■M !f! 9 


.000768 

000109 



t4.20 

-4.10 

■iTt niv 9 


001340 

000255 



^.10 

^.00 




000563 

000018 


-4,00 

-3.90 




.001168 

■STTSXI 


-3 90 

-3 80 

012692 


005942 

002293 



-3 80 

1 

o 

.016801 

.013632 


004267 

.000740 


-3 70 

-3,60 

.021940 

018816 


007556 

001917 


-3.60 

-3.50 

.028253 


020368 

012760 

004442 

.000178 

-3.50 

-3 40 

035863 

.033867 

.029060 

.020593 

.009325 

.000949 

-3.40 

-3 30 

044851 

.044140 


031834 

017934 

,003585 

-3 30 

-3 20 

055235 


.054515 

.047196 

031871 

.010507 

-3.20 

-3,10 

066940 

070617 

071673 

067197 

052709 

.025309 

-3.10 

-3 00 

079773 

,086578 

091666 

091968 

.081588 

052096 

-3 00 

-2,')0 

093389 

,103848 

.113982 

121059 

.118728 

.094158 

-2.90 

-2,80 

.107270 

,121725 

137680 

.153273 

162975 

152364 

-2,80 

-270 

120705 

,139216 

161342 

.186568 

,211485 

223811 

-2,70 

-260 

.132787 

.155031 

183074 

.218055 

263099 

301307 

-260 

-2,50 

,142417 

,167610 


.244130 

.301543 

.373931 

-2 50 

-2 40 

,148341 

,175189 


.260747 

330213 

428654 

-2.40 

-2 30 

.149198 

175896 

.212378 

263811 

.338890 

452620 

-2.30 

-2 20 

.143601 

167894 


.249661 

.321821 

.435578 

-2 20 

-2 10 

,130235 

149545 

..176464 

215583 

.275271 

■371893 

-210 

-200 

.107982 

119605 

.135996 

160271 

198270 

.261753 

-2 00 

-190 

076048 

077409 

.079756 

084193 

.093031 

.111349 

-190 

-1.80 

,034106 

.023049 

008637 

-.010236 

-035083 

-.067918 

-180 

-1.70 

-.017587 

-042496 

-.075148 

-118678 

-177972 

-260996 

-1 70 

-1,60 


- 117286 

-.168089 

-.235127 

-.325592 

-.451173 

-160 

-1,50 

HcVniU 

-198427 

-265531 

-.352360 

-.466992 

-.622148 

-1,50 

-140 

P'4Ki:iM 

- 282164 

- 361956 

- 462545 

-.591433 

- 759871 

-140 

-1,30 

-.291841 

-364068 

-451376 

-557937 

-689459 

-853914 

-1.30 

-1,20 

-.363516 

-.439306 

-.527799 

-631571 

- 753783 

-898261 

-120 

-1,10 

-428951 

-.502977 

- 561923 

-.677890 

-.779897 

-.891507 

-1.10 

-1,00 

-.483941 

-.550479 

-.531037 

-693231 

-766350 

-.836520 

-1.00 

- ,90 

- 524454 

-.577803 

-.629285 

-.676116 

-714713 

-.739705 

- .90 

- ,80 

- 546938 

-.582320 

-.610227 

-.627340 

-.629237 

-.610023 

- ,80 

- 70 

-548630 

-.562167 

-.563714 

-.549840 

-516310 

- 457901 

- .70 

- 60 

-.527828 

-.517322 

-.491807 

-448387 

-.383756 

-.294180 

- .60 

- SO 

-484090 

-.449217 

- 398197 

-.329133 

-.240099 

-129206 

- 50 

- 40 

-.418355 

-360770 

-.287898 

-.199071 

-093846 

027898 

- .40 

- ,30 

-.332952 

- 256192 

-166859 

-065468 

047137 

169710 

- .30 

- 20 

-231497 

-140701 

-041502 

.064673 

.176110 

290779 

- .20 

- 10 

-.118689 


081750 

.185082 

.287793 

387675 

- .10 

.00 

.000000 

1 099416 

1 .196913 

290583 

.378529 

.458881 

.00 



























PEARSONS TYPE UI FUNCTION-THIRD DERIVATIVE 151 




SKEWNESS 

t 

t 

6 

.7 

8 

9 

10 

1.1 

-A9(i 







-4,90 

-4.80 







■4,80 

-4 70 







-4 70 

-4,60 







-4,60 

-4.50 







-4.50 

-4 40 







-440 

-4 30 







-4 30 

-4 20 







-4.20 

-4.10 







-410 

-4.00 







-4.00 

-3.90 







-3.90 

-3,80 







-380 

-3.70 







-3 70 

-3 60 







-360 

-3 50 







-3.50 

-3 40 







-3.40 

-3.30 







-3 30 

-3 20 

.000428 






-3.20 

-3 10 

.001108 






-3.10 

-3 00 

.008908 






-3.00 

-2.90 

034461 






-290 

-2 80 

.091644 






-2.80 

-2 70 

186439 

037335 





-2 70 

-260 

.311828 

179031 





-2.60 


447156 

.424944 





-2 50 

-2 40 

,563261 

699116 

412736 




-240 

-2 30 

630460 

,904484 

1 154771 




-2.30 

-2,20 

.626233 

.968743 

1 606671 

1.308S33 



-2.20 

-2 10 

.540369 

.864479 

1 580220 

3 463876 



-210 

-2 00 

376624 

607660 

1 150250 

2,823381 



-2 00 

-190 

.151178 

.244293 

489790 

1 298782 



-1 90 

-180 

-111123 

-166161 

- 226346 

-.233321 

,314604 

26 296986 

-1 80 

-1.70 

-.381520 

-565200 

-865030 

-1,409161 

-2,599172 

-6.749225 

-170 

-1 60 

-631967 

-905133 

-1 346380 

-2.132746 

-3,776760 

-8.464687 

-1,60 

-1 50 

- 838850 

-1.154030 

-1.637910 



-7 246598 

-1 50 

-1 40 

-985394 

-1 296626 

-1,743088 


SEi!:!tU3 

-5.465547 

-1,40 

-1 30 

-1062686 

-1 332423 

-1 688081 

-2 167842 

-2.830276 

-3 758660 

-1 30 

-1 20 

-1069482 

-1 272258 

-1.510562 

-1 783859 

-2.076035 

-2.320434 

-1 20 

-1,10 

-1 011123 

-1.134368 

-1,251236 


-1.354128 

-1 190123 

-110 

-100 

-897900 

-.940660 

-.948168 

-891892 

-721788 

-.347336 

-100 

- .90 

-.743216 

-.713610 

-.633538 

- 476810 

-.203287 

249654 

- 90 

- 80 

-.561803 

-.473971 

-.332221 

-117191 

197402 

.647237 

- 80 

- .70 

-.368188 

-.239300 

-.061661 

176251 


.889156 

- 70 

- .60 

- 175509 

-.023216 

.167459 

,401253 

.682370 

1.013S89 

- .60 

- .50 

005280 

.164776 

,350128 

.561253 

,796593 

1 052338 

- 50 

- .40 

165834 

.319034 

.485754 

663162 

846984 

1 031034 

- 40 

- 30 

.300524 

.437271 

.576943 

.715691 


.969782 

- 30 

- .20 

.406299 

.519904 

.628401 

.728128 

814903 

.883974 

- .20 

- 10 

,482370 

569371 

W6021 

,709516 

mEm 

.785099 

- 10 

. .00 

S29797 

.589476 

.636159 

668143 

1 ,683784 

681502 

00 

























J52 PEARSO.f^'S TYPE III FUNCTION—THIRD DERIVATIVE 



SKEWNESS 

t 

t 

,0 

,1 

.2 

,3 

.4 

.5 

,00 

000000 

099416 

.196913 

290583 

378529 

458881 

00 

,10 



79X82.8 

.377333 

446308 

504560 

10 

,20 



383442 

.442932 

.490655 

526245 

,20 

,30 

.332952 

.396892 

.447991 

486405 

512433 

526493 

..30 

.40 

.418355 

.461478 

.491064 

.508096 

.513583 

S08S39 

.40 

.50 

.484090 

.504634 

.512563 

509471 

496829 

.475980 

.50 

.60 

.527828 


513.571 

.492878 

465389 

.432494 

.60 

.70 

.548630 


.496156 

.461276 

,422704 

.381621 

,70 

80 

,546938 

.506577 

.463119 

417974 

.372202 

.326592 

80 

90 

.524454 

.470682 

417735 

366379 

.317109 

.270225 

.90 

1.00 

.483941 

.421543 

,363493 

,309789 

260310 

,214859 

100 

1.10 

.428951 

.362844 

,303855 

.251224 

.204259 

.162335 

1.10 

120 

,363516 

.298335 

.242061 

.193.306 

.150934 

.114009 

1,20 

1.30 

.291841 

.231592 

180974 

.1.38185 

101825 

.070791 

1 30 

140 

.218003 

.165822 

123976 

.087512 

.057959 

033194 

1 40 

150 

145707 

,103725 

069917 

.042440 

.019940 

001404 

1,50 

1 60 

.078088 

047402 

02.3007 

.003664 

-.011988 

-024665 

1,60 

170 

.017587 

-.001667 

^.016702 

-.028531 

-037884 

-045300 

1 70 

1 80 

U034106 

-.042615 

r-,049166 

-054198 

- 058037 

-060934 

1,80 

1,90 

r076048 

-075129 

r.074377 

-.073658 

-072905 

-.072092 

1.90 

200 

-107982 

-.099370 

-092732 

-.087429 

-.083057 

-.079351 

2.00 

2.10 

-13023S 

- 115877 

-101088 

-.096161 

-089123 

-.083300 

210 

2,20 

-.143601 

-.125462 

-.111534 

-.100572 

-.091752 

-.084515 

2,20 

2,30 

-.149198 

-.129110 

-113618 

-.101402 

-.091579 

-.083537 

2,30 

2.40 

-.148341 

-.127891 

-.111985 

-.099375 

-.089202 

-.080863 

240 

2 50 

-.142417 

-.122878 

-107484 

-.095167 

-085165 

-.076931 

2.50 

260 

-.132787 

-.115092 

-100896 

- 089387 

-.079949 

-.072122 

2,60 

2 70 

-.120705 

-.105455 

-.092916 

-.082565 

-073964 

-.066758 

2 70 

2.80 

BH] 

-.094763 

-.084134 

-.075151 

-.067554 

-061105 

2.80 

290 

-.093389 

-.083674 

-.075038 

-067508 

-060996 

-.055373 

2,90 

,3 00 

-.079773 

-072706 

-066010 

-.059925 

-OS4S07 

-049728 

3.00 

3.10 

-.066940 

-.062242 

-.057337 

-.052617 

-048251 

-.044293 

3.10 

3.20 

-.055235 

-.052547 

-049222 

-.045738 

-.042343 

-039155 

320 

3 30 


-.043785 

-.041793 

-039388 

- 036861 

-.034374 

3,30 

3 40 

-035863 

-.036031 

-.035120 

-.033623 

-031849 

-.029982 

3.40 

3S0 

-028253 

-029301 

- 029225 

-.028467 

-.027326 

-025994 

3.50 

360 


-023558 

-024094 

-023915 

-.023291 

-022409 

360 

3 70 

-016801 

-.018734 

-.019688 

-.019942 

-.019729 

-.019217 

3,70 

3.80 

-012692 

-014741 

-015951 

-.016514 

-.016613 

-.016396 

380 

390 


-011481 

-012818 

-.013583 

-.013911 

-.013924 

3.90 

4.00 


-.008854 

-010220 

-.011101 

-.011586 

-.Qum 

4.00 

4.10 

Hu *{•> j 

-006762 

-008087 

-.009017 

-.009601 

009908 

4.10 

4.20 

Bv 1 j' 

-.005116 

-.006352 

-.007281 

-.007917 

-.008306 

4.20 

4,30 


-.003835 

-.004954 

-.005845 

-006498 

-.006936 

4.30 

4,40 

BV Vfs \ 

-002849 

-003837 

-.004667 

-.005309 

-005770 

440 

4 50 

BIJ M 

-.002098 

-.002952 

-.003707 

-.004320 

-.004783 

450 

460 

B ViVf 

-.001532 

-.002257 

-002929 

-.003500 

-.003952 

4.60 

4 70 

B V/ *T \ 


-.001714 

-.002303 

-.002824 

-.003254 

4,70 

480 


-000797 

-.001294 

-.001802 

-.002270 

-002671 

4.80 

490 


-000567 

-000971 

-.001403 

-001818 

-.002185 

490 

























PEARSON'S TYPE III FUNCTION—THIRD DERIVATIVE 153 



00 S29797 
10 S51037 
,20 549488 
30 529089 
40 493963 
SO 448147 
60 395381 
70 338975 
80 .281727 
.90 .225895 


.539476 6.36159 

584817 605109 

560304 558735 

520796 .502242 474090 437027 391754 I 

.470827 440067 402580 359212 .310764 1 

.414435 375840 333257 287486 239240 

355065 312408 268145 .222899 177193 

295532 ,251902 208570 165921 124257 

238034 19.5818 155291 116596 079819 

.184190 145114 108629 .074664 .043126 


1 20 .081756 .( 

1 30 .044204 ( 

1 40 012349 -I 

ISO -013939 
1 60 -.034971 - 
1 70 - 051180 -. 
1 80 - 063078 -. 

1 90 -.071211 - 

2 00 -.076134 - 
2 10 - 078386 - 
2 20 -.078470 - 
2 30 -.076847 - 
2 40 - 073926 - 
2.50 -.070062 - 
2,<)0 -.065560 - 
2 70 - 060671 - 


135106 

091451 

.053530 

021359 

005260 

.026683 

043367 

-.055831 

-.064616 

■070262 


-073284 

-074165 

-073341 

-071200 

-.068078 

-064265 

-060001 

-055484 


-OSOSIO -( 



-045527 

- 040742 

- 036222 
-033010 
-028130 
-024.591 
-021394 
-018527 
-015976 
-013720 

-011738 

-010005 

-.008499 

-.007196 

-.000073 

-005110 

-.004288 

-.003588 

-002994 

-.0024921 


-041835 

- 037573 

-033553 

-.029807 

-026350 

-.023190 

-.020323 

-017741 

-015430 

-.013373 


100308 
.061567 
.028789 
001684 ' 
-020175 - 
-037291 - 
-.050211 - 
-059489 ■ 
-065666 ■ 
-069251' 

-.070716 

-.070483 

-.068926 

-.066369 

-063089 

-.059318 

-055245 

-051027 

-046785 

-.042614 

-.038585 
f -034748 
t -031138 
' -027777 
) -024674 
) -021833 
5 -019249 
1 -016913 
d -014814 
3 -.012936 


068570 
.034861 
007081 - 
-015290 - 
-032830 - 
-.046132 - 
-055782 - 
-0623.38 ■ 
-.066316 - 
-068187 ■ 

-.068369 

-067227 

-065077 

-062188 

-.058785 

-055052 

-051139 

-047167 

-043228 

-.039394 

-0.35715 
-,.032229 
, -028959 ' 
’ -.025918 
-.023113 
1 -020542 
) -.018200 
1 -016078 
1 -014165 
5 -012447 


039660 013358 1( 

010997 -.010.321 1 

-011981 -028724 1, 

-029950 -042616 1 

-.043577 -052703 1. 

-053497 -0391,24 1 

-060300 - 063943 1 

-.064522 -066158 1 

- 066 r>n -oew; i 

-067079 - 065933 1 


-066198 ■ 
-064311 ■ 
-061682 
-058529 
-0550.32 
-051338 
-047563 
- 04.3798 
-040113 
-036558 

-.0.33172 

-.029979 

-026994 

-.024223 

-021670 

-019329 

-017196 

-015259 

-013509 

-.011933 


-064171 

-061674 

-058657 

-.055295 

-051731 

-048078 

-044424 

-040837 

-037366 

-034049 

-.030910 
-.027964 
-025220 
- 022679 
-020340 
-018198 
-.016243 
-.014468 
-012861 
-011411 



-.011552 

-.009948 

-008542 

-.007314 

-006246 

-005320 

-.004520 

-003832 

-.003241 

-002736 


-011264 

-009783 

-.008475 

-.007324 

-006315 

-.005433 

-.004665 

-.003998 

-003419 


-.010911 

-009543 

-008328 

-.007253 

-.006305 

-.005471 

-.004738 

-004097 

-003537 

-003049 


-010519 

-.009255 

- 008127 

-007125 

-006236 

-005449 

-004754 

-.004142 

-003604 

-.003132 


-010107 
-.008937 
-007890 
-.006955 
-006123 
I -.005383 
-004726 
-004145 
-.003631 
-003177 













154 PEARSON'S TYPE Nl FUNCTION—THIRD DERIVATIVE 



SKEWNE.SS 


t 

0 

1 

2 

.3 

A 

.5 

t 

500 

-000164 

-000401 


-001068 


-.001783 

5.00 

5.10 

-.000105 

-.000281 

HM.iK 

-.000840 


-001450 

5,10 

520 

-.000067 

-.000196 

niVA 

-.000645 


SilTI 

5,20 

5,30 

-.000042 

-.000135 

-.000291 

-.000494 



530 

5.40 

-.000026 

-.000092 

-.000212 



BlVin film 

540 

S.SO 

-.000016 

-.000063 


-000286 


BiVr# tfl 

S.SO 

560 

-000010 

-.000042 

-.000111 



BiVi^ !>/!! 

560 

5,70 

-000006 

-.000028 

-.000080 



BlViX rUm 

5.70 

S.80 

-.000004 

-.000019 

-.000057 



BlViK i:l 

5,80 

5.90 

-.000002 

-.000013 

-.000041 




590 

6.00 

-.000001 

-.000008 

-.000029 

-.000068 

-.000127 


600 

610 


-.000005 

-.000020 

BOmiB 



6.10 

6,20 


-.000003 

-.000014 

RlVljlXM 


biVMi^I 

6.20 

630 


-.000002 

-000010 



Bi./nhVI 

6.30 

640 


-000001 

-000007 



BoViVtfl 

6.40 

6,50 


-.000001 

-.000005 




6,50 

6.60 



-.000003 



BiyijsU 

660 

6 70 



-.000002 




6 70 

660 



-000002 


-.000015 

-.000030 

680 

6.90 



-.000001 




690 

700 



-.000001 




700 

710 







710 








BJkn 








Bwlil 

^K~!5 







WlM 








■JJiW 








HMil 

7.70 







7.70 

7.80 







7.80 

7.90 







7.90 

8.00 







8,00 

810 







8.10 

8.20 







820 

8.30 






BiXOjTI 

8.30 

8.40 







840 

8,50 







850 

8.60 







8.60 

8 70 







870 

8.80 







8.80 

890 







890 

9,00 







9.00 

9.10 







9.10 

920 







9.20 

9.30 







930 

9,40 

9,50 

9,60 

9.70 

9.80 

9.90 







9,40 

9.50 

960 

9.70 

9.B0 

9.90 
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t 

SKEWNESS 


.6 

.7 

.8 

.9 

10 

1.1 

t 

s,oo 


-002304 


-.002624 

! 31 


5,00 

510 

-001714 

-.001937 


-.002256 

Hl:i s [>' 1 

Bn 

5.10 

5 20 

-.001417 

-001625 


-001936 

HiV s 11' ' 

BiV Jiril 

5 20 

5,30 

-.001169 

-.001361 




-001844 

530 

5 40 

-000962 

-.001138 


-001421 

Hili 

-001606 

540 

5 50 

-000790 

-.000950 


-001215 

Hm 1 ! 

-001397 

5.50 

5.60 

-000647 

-.000792 


-001038 

Bn K ; 

-001215 

560 

5 70 

-.000530 

-.000659 


-000886 

BiVi : 

-.001055 

5,70 

580 

-.000432 

-.000547 


- 0007 SS 

-000842 

-.000916 

5.80 

5,90 

-.000353 

-.000454 


-000643 

-.000724 

-000795 

590 

6,00 

-000287 

-000376 

-000464 

-000547 


-.000689 

6.00 

610 

-000233 

-.000311 

-000389 

- 00046 S 



610 

620 

-.000189 

-000257 

-000326 

-000395 

-000459 


6.20 

630 

-.000153 

-.000212 

-000273 

-.000335 

-.000393 

-000447 

630 

640 

-.000124 

-.000174 

-.000229 

-000284 


Hn:i \: 

6.40 

6 50 

-000100 

-.000144 

-000191 

-000240 

BiTi!!?! 

nrtj ; c 9 

6 50 

660 

-.000080 

-000118 

-000160 

-000203 


Hititi' s : 9 

660 

6 70 

-000065 

- 000097 

-000133 

-000172 

-000211 

Rrn s \ B 

6.70 

680 

-000052 

-.000079 

-OOOlU 

-000145 

-.000180 

-.000215 

6,80 

6,90 

-000042 

-.000065 

-000092 

-000123 

-000154 


690 

7.00 

-000033 

-000053 

-.000077 

-000103 

-000131 

-.000160 

700 

7 10 

-000027 

-000044 

-000064 


-000112 

-000138 

7 10 

7 20 

-000021 

-000036 

-.000053 


-000095 

-.000118 

720 

7 30 

-000017 

-.000029 

-000044 

-.000062 

-000081 

-000102 

7,30 

7 40 

-.000014 

-000024 

-000037 

-000052 

-000069 

-.000088 

740 

7 50 

-000011 

-000019 

-000030 

-.000044 

-000059 

-000075 

7.50 

7 60 

-.000009 

-000016 

-.000025 

BOlOin 

-000050 

-000065 

760 

7 70 

-000007 

-000013 

-000021 


-000043 

-000056 

7 70 

780 

-000005 

-000010 

-000017 

-000026 

-.000036 

-000048 

780 

790 

-000004 

-000008 

-000014 

-000022 

-000031 

-.000041 

790 

8.00 

-000003 

-000007 

-000012 

-000018 

-000026 

-000035 

800 

8 10 

-000003 

-OOOOOS 

-000010 

-000015 

-000022 

-000030 

8 10 

8,20 

-.000002 

-000004 

-000008 

-000013 

-.000019 

-000026 

820 

8 30 

-.000002 

-000004 

-000007 

-.000011 

-000016 

-000022 

8 30 

840 

-000001 

-000003 

-000005 

-000009 

-.000014 

-.000019 

840 

8.50 

-000001 

-000002 

-000004 

-000007 

-000011 

-.000016 

8 50 

8,60 

-.000001 

-000002 

-000004 

-000006 

-000010 

-.000014 

8.60 

8 70 

-000001 

-.000002 

-000003 

-000005 

-000008 

-.000012 

8.70 

8,80 

-.000001 

-000001 

-.000002 

-000004 

-.000007 

-000010 

8,80 

8,90 


-000001 

-000002 

-000004 

-000006 

-000009 

8.90 

9.00 


-OOOOOl 

-.000002 

-.000003 

-.000005 

-.000008 

900 

9,10 


-000001 

-000001 

-.000003 

-000004 

-000006 

910 

920 


-.000001 

-000001 

-000002 

-.000004 

-OOOOOS 

920 

930 



-.000001 

-000002 

-.000003 

-.000005 

9 30 

9.40 



-.000001 

-.000001 

-.000003 

-000004 

940 

9,50 



-.000001 

-.000001 

-.000002 

-000003 

950 

960 



-.000001 

-000001 

-.000002 

-000003 

9.60 

970 




-000001 

-.000002 

-000002 

9.70 

9,80 




-000001 

-.000001 

-000002 

980 

990 




-.000001 

-.000001 

-OOOC»2 

990 
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158 PEARSON'S TYPE III FUNCTION—FOURTH DERIVATIVE 



SKKWNE'^S 

t 

t 

.0 

1 

2 

.3 

.4 

5 

- 9.90 







- 9.90 

-980 







- 9.80 

-970 







- 9.70 

- 9.60 







-9 60 

- 9 . S 0 







-9 50 

- 9.40 







-9 40 

- 0.30 







-9 30 

- 9.20 







-9 20 

-9 10 







- 9.10 

-900 







-900 

- 8.90 







-8 90 

- 8.80 







-8 80 

- 8.70 







-8 70 

-8 60 







-860 

- 8.50 







-8 50 

- 8.40 







-8 40 

-8 30 







-830 

-8 20 







-8 20 

-8 10 







- 8.10 

- 8.00 







-800 

-790 








-760 








-7 70 







Bviil 

- 7.60 








- 7.50 








-7 40 







WrMUU 

- 7.30 







nUiI 

- 7.20 








- 7.10 







BJliB 

-700 







- 7.00 

-690 







- 6.90 

-680 







-6 80 

- o 70 







-6 70 

- 6.60 







-6 60 

-6 50 







-6 50 

- 6.40 







-6 40 

-630 







- 6.30 

- 6.20 







- 6.20 

- 6.10 







- 6.10 

-600 

000007 






-600 

- 5.90 

000011 






- 5.90 

- 5.80 

000018 






-5 80 

- 5.70 

000030 






-5 70 

-5 60 

.000049 






- 5.60 

- 5.50 

.000079 

000011 





-5 50 

- 5.40 

000126 

000021 





-5 40 

- 5.30 

000198 

000040 





- 5.30 

-520 

000307 

000071 





-5 20 

- S.IO 

.000470 

000126 





-5 10 

- 5.00 

.000711 

.000219 

000023 

1 



l-soo 






















160 PEARSON'S TYPE III FUNCTION—FOURPH DERIVATIVE 



SKEWNESS 

t 

t 

.0 

.1 

.2 

3 

,4 

,5 

-^90 

,001062 

000373 

mi 




-4 90 

•^.80 


000621 

000106 




-4,80 

-4.70 


.001014 

mma 




-4.70 

-460 

HnVUzId 

001623 

,000424 




-4 60 

^.50 

,004660 

.002547 

000801 




-4.50 

-4 40 

006526 

,003919 

.001461 

000165 



-4 40 

-4,30 

00901S 

005910 

002576 

,000414 



-4 30 

-4,20 

,012280 

008735 

004392 

000965 



-4 20 

-4,10 

.016488 

.012652 

007249 

002098 



-4 10 

-4,0) 

.021814 

,017953 

011585 

.001275 

.000270 


!-4.00 

-3,90 

.028424 

,024952 

.017935 

008198 

000964 


-3,90 

-3,80 

.036456 

,033952 

.026904 

014839 

002892 


1-3 80 

-3 70 

,045994 

.045210 

039109 

.025429 

007498 


-3.70 

-3,60 

057030 

058872 

,055089 

011352 

.017134 


-3 60 

-3.50 

.069433 

074908 

075174 

.063929 

035043 

003363 

-3 50 

-3.40 

.082896 

.093028 

099316 

094085 

064923 

.014067 

-3 40 

-3,30 

,096898 

,112599 

126916 

131914 

109964 

042678 

-3 30 

-3 20 

,110664 

132568 

156637 

.176212 

171459 

101860 

-3,20 

-3,10 

,123133 

,151405 

.186283 

224065 

247286 

201253 

-3 10 

-3.00 

.132955 

.167089 

1 

212736 

.270631 

.330741 

340245 

-3.00 

-2.90 

138504 

,177145 

232029 

309206 

,410203 

502693 

-2 90 

-2.80 

,137931 

,178748 

239565 

331680 

470001 

.656676 

-2,80 

-2.70 

129262 

.168916 

.230499 

329387 

.492520 

.760190 

-2.70 

-2 60 

110533 

,144769 

200274 

294297 

468961 

771242 

-2 60 

-2 50 

,079973 

,103864 

.145268 

.220393 

.36436'! 

659133 

-2 50 

-2.40 

.036225 

,044574 

.063483 

.105036 

,197539 

413477 

-2.40 

-2 30 

-.021415 

-033521 

-.044820 1 

-049946 

-033760 

.048415 

-2 30 

-2 20 

-.092745 

-129292 

-176631 ! 

- 237650 

-313972 

-398860 

-2 20 

-2,10 

-176458 

- 239792 

-325968 

-446158 

-618703 

- 874547 

-2 10 

-2,00 

-.269955 

- 360149 

-483969 

-659320 

-917573 

-1 317793 

-2.00 

-1,90 

-.369279 

-.483634 

- 639366 

-.858210 

-1 178217 

-1 671021 

-1,90 

-1 80 

-469154 

-601945 

-779314 

-1.023098 

-1 370447 

-1.888901 

-1 80 

-170 

-.563157 

-705722 

-890510 

-1.135663 

-1 470408 

-1,944452 

-1,70 

-1 60 

-644051 

-.785244 

-960510 

-1 181176 

-1 463S5S 

-1.831597 

-1 60 

-l.SO 

-704252 

-.831283 

-979070 

-1 150310 

-1 346367 

-1 564257 

-1,50 

-1 40 

-736420 

-,836023 

-939371 

-1,040370 

-1 126539 

-1 172695 

-140 

-1 30 

- 734126 

- 793947 

- 838954 

-.855748 

-821731 

- 698106 

-1,30 

-1 20 

-692545 

- 702593 

-680247 

-607581 

-.457192 

- 186561 

-1 20 

-1 10 

-609093 

-.563089 

-451878 

-.312649 

-062669 

316737 

-1,10 

-1.00 

-.483941 

-380366 

-221798 

.008309 

330924 

.772172 

-100 

- .90 

-320340 

-163025 

.050847 

.332640 

.694644 

1 149001 

- ,90 

- 80 

-124683 

.077163 

.329834 

.637935 

1 004102 

1 427081 

- 80 

- 70 

,093707 

326094 

596972 

904033 

1 241282 

1.597145 

- .70 

- 60 

.323095 

.568419 

,834958 

1,114676 

1 39547S 

1 659900 

- 60 

- SO 

.550102 

.788781 

1 028829 

1.2S8656 

1,463382 

) 624302 

- .50 

- .40 

1 .760699 

973094 

1 1671S4 

1.330391 

1 448486 

1 505356 

- .40 

- 30 

1 ,941303 

1.109698 

1 208438 

1 329919 

1,359877 

1 321796 

- .30 

- 20 

1,079904 

1 190311 

1 253522 

1.262385 

1,210756 

1,093886 

- 20 

- .10 

1 167080 

1.210653 

1 201474 

1,137122 

1016802 

841546 

- 10 

. 00 

1 1 196827 

1 170712 

1 093148 

.966479 

.794593 

,582903 

,00 










PE/IRSON'S TYPE III FUNCTION—FOURTH DERIVAUVE 161 


SKEWNESS 


t 


HB 

8 

9 

10 

1.1 

t 

^.90 
-4 80 
-6 70 
-4 60' 
-4 SO 
^40 
-4 30 
-4 20 
^.10 
-400 

-3.90 
-3 80 
-3 70 
-3 60 
-3 50 
-3 40 
-3 30 
-3 20 
-3 10 
-3 00 

-2 90 
-2 80 
-2.70 
-2 60 
-2 50 
-2 40 
-2 30 
-2 20 
-2 10 
-2 00 

-190 

020824 

028526 

147081 

395781 

.759352 

1 124906 
1.347521 
1.309026 
962273 
343284 
-445103 
-1 265630 
-1 981650 

-2 485037 

T 

812211 
2.017497 
2 763730 
,2 549975 

1 433681 
-.193679 
-1 862554 
-3 194250 

-3 971531 

7177420 

6 605834 

2 155200 
-2 531723 
-5 763751 

-7 147354 

47 637462 
3 046070 
-12.89341 

-16 21020 

-75 41929 


-4 90 
-4 80 
-4 70 
^60 
-A 50 
-4 40 
^30 
-4.20 
-4 10 
-4 00 

-3 90 
-3 80 
-3 70 
-3 60 
-3 50 
-3 40 
-3 30 
-3 20 
-3 10 
-3 00 

-2 90 
-2 80 
-2.70 
-2 60 
-2 50 
-2 40 
-2 30 
-2 20 
-2 10 
-2 00 

-190 

-1.80 

-2 712264 

-4 138399 

-0.952061 

-13 86402 

^95566 

-1703 342 

-1 80 

-1 70 

-2 648307 

-3 762105 

-5 690392 

-9 514587 

-1903718 

-55 10019 

-1 70 

-160 

-2 320871 

-2 983216 

-3 883787 

-5 027707 

-5 674726 

4 547146 

-1 60 

-1 50 

-1 788663 

-1 969634 

-1 954736 

-1 253452 

1 962024 

16 717548 

-1 SO 

-1 40 

-1 127406 

- 882058 

- 194341 

1 521847 

5 860034 

17 978712 

-1 40 

-1.30 

-.416546 


1 230284 

3 306926 

7 396594 

15 872761 

-1 30 

-1 20 

271442 

1 024888 

2 251319 

4 247538 

7 511627 

12 840068 

-1 20 

-1.10 

878276 

1695880 

2 871243 

4 536417 

6834117 

9 805846 

-1.10 

-1 00 

1.363543 

2.140438 

3136250 

4 364950 

5 774305 

7.121962 

-1 00 

- 90 

1 705324 

2 365735 

3 114882 

3.899959 

4 590501 

4,896272 

- 90 

- .80 

1 898524 

2 397668 

2 882507 

3 275111 

3 437122 

3128725 

- 80 

- .70 

1.951749 

2.273015 

2 5il075 

2 590410 

2 398938 

1 773397 

- 70 

- 60 

1 883508 

2 032867 

2063195 

1 915738 

1.515225 

.768222 

- 60 

- 50 

1 718347 

1 717661 

1 589403 

1 296049 

.796593 

049368 

- .50 

- 40 

1 483373 

1 363810 

1 127644 

756864 

236529 

-.442085 

- 40 

- 30 


1 001743 

704131 

309331 

-180839 

-.757437 

- 30 

- 20 

908852 

655086 

334973 

-045445 

-.475651 

-.939707 

- ,20 

- 10 

614408 

.340679 

028099 

-312925 

-669095 

-1 023989 

- 10 

00 

33831C 

.069165 

- 214782 

- 502446 

-.781467 

-1 0.38291 

00 













162 PEARSON’S TYPE III PUNCriON—POURTH DERIVATIVE 



SKEWNESS 

t 

t 

.0 

.1 

2 

.3 

4 

.5 

00 

196827 

I 170712 

1 093148 

.966479 

.794593 

.582903 

,00 

.10 

1 167080 

1 074614 

938367 

764534 

560223 

333295 

10 

20 

1.079904 

930144 

.749299 

.545828 

.328197 

104721 

20 

.30 

.941303 

.747971 

.539336 

324239 

110656 

-094324 

30 

40 

.760699 

.540662 

321978 

.112068 

-083069 

-258707 

40 

.50 

.550102 

321613 

.109835 

-080603 

-.246603 

-.386303 

.50 

.60 

.323095 

,103981 

-.086178 

-246284 

-.376418 

-477487 

.60 

.70 

093707 

-.100271 

- 257417 

-.380193 

-.471536 

-534S82 

.70 

.80 

-.124683 

-.281142 

- 397824 

-480139 

-533110 

-561286 

.80 

.90 

-.320340 

-.431125 

-503997 

-.546236 

-.563934 

-562147 

.90 

1,00 

-.483941 

- 545473 

-575047 

-580507 

-567948 

-542106 

I 00 

1.10 

-.609093 

-.622220 

-.612288 

-586411 


-.506123 

1 10 

1.20 

-692545 

-.661971 

-.618802 

-.568366 

-514257 

-.458890 

1.20 

1.30 

-734126 

-667522 

-.598957 

-.531300 

-466219 

-.404633 

1.30 

140 

-.736420 

-.643356 

-.557907 

-.480250 

-410109 

-.346993 

140 

ISO 

-704252 

-595087 

-501121 

-420037 

-.349867 

-288967 

1.50 

1.60 

-.644051 

-.528901 

-.433987 

-355027 

-288813 

-232901 

1.60 

1.70 

-563157 

-451048 

-.361482 

-288969 


-.1^529 

170 

1.80 

-469154 

-367406 

-287948 

-224909 

-.174230 

-.133032 

1.80 

1,90 

-369279 

-.283159 

-216948 

-.165165 

-124086 

-091107 

1.90 

3.00 

-269955 

-.202581 

-151207 

-111359 


-.055060 

2,00 

2.10 

-176458 

-128927 

-.095701 

-064481 

-.042394 

-024879 

2.10 

2,20 

-.092745 

-.064425 

-.042334 

-.024976 

-.011244 

-.000317 

220 

2.30 

-021415 

-010335 

-000806 

.007156 

.013705 

019042 

2.30 

2.40 

.036225 

,032924 

.032034 

.032252 

,032923 

.033717 

240 

2,50 

.079973 

.065624 

,056680 

,050897 


.044288 

250 

2.60 

.110533 

088355 

073917 

063826 

056636 

051348 

2.60 

2.70 

.129262 

.102860 

.084711 

.071857 

062491 

.055483 

270 

2.80 

.137931 

.109882 

.090113 

.075826 

.065250 

057241 

280 

2.90 

.138504 

.111035 

091177 

.076544 

065547 

.057123 

2.90 

300 

.132955 

107697 

088906 

074760 

063956 

.055574 

3.00 

3.10 

.123133 

101141 

.084210 

071145 

.060979 

.052981 

310 

320 

.110664 

092480 

077881 

066276 

057048 

.049668 

320 

3.30 

,096898 

082650 

070581 

060636 

052522 

045906 

330 

340 

,082896 

,072394 

.062845 

054615 

,047688 

.041910 

3.40 

350 

.069433 

.062277 

.055085 

048518 

.042774 

,037852 

350 

3.60 

.057030 

052701 

.047604 

.042570 

.037951 

033860 

360 

3.70 

.045994 

043925 

.040610 

.036935 

.033342 

.030027 

3.70 

3.80 

036456 

.036097 

.034233 

.031718 

,029031 

.026420 

380 

3.90 

.028424 

029271 

,028537 

.026980 

,025070 

.023080 

3.90 

4,00 

.021814 

023440 

.023543 

022747 

021485 

020029 

4.00 

4.10 

016488 

018546 

,019233 

.019020 

018283 

017274 

4.10 

4.20 

012280 

014507 

,015566 

.015781 

.015455 

.014813 

4,20 

4.30 

009015 

.011224 

.012487 

012997 

012982 

012634 

4.30 

4.40 

006526 

008592 

009933 

.010630 

010842 

.010722 

4.40 

4.50 

.004660 

006510 

.007837 

.008636 

,009004 

.009056 

4.50 

460 

.003283 

004884 

.006136 

006972 

.007438 

007615 

4.60 

470 

002283 

003629 

004768 

.005594 

.006113 

.006375 

470 

4.80 

1 .001567 

002671 

.003678 

.004463 

005000 

005316 

4.80 

4.90 

1 .001062 

.001948 

002818 

.003541 

.004071 

.004416 
















PEARSON'S TYPE III FUNCTION—FOURTH DERIVATIVE 163 



SKEWNESS 

I 

% 

.6 

.7 

8 

.9 

1.0 

1.1 

.00 

.338310 

069165 - 

-.214782 

-.502446 

-.781467 

-1.038291 

,00 

10 

.092212 

-154102 - 

-396402 

-.625246 

-831115 

-1 004521 

.10 

.20 

- 116564 

-328001 - 

-.522394 

-,693075 

-833942 

-939499 

,20 

.30 

-284508 

-454578 - 

-.600057 

-.717270 

-.803289 

-855884 

.30 

.40 

-411246 

-538066 

-637395 

-708191 

-.750026 

-.762993 

.40 

.50 

-.498817 

-584031 - 

-642421 

-674916 

-682779 

-.667508 

.50 

.60 

-.550963 

- 598678 

-622683 

-.625131 

-.608205 

-.574058 

60 

70 

-.492063 

-588315 

584965 

-.565132 

-531294 

-485703 

.70 

80 

-.568715 

-558962 

535134 

-499924 

-.455656 

-404319 

80 

90 

- 545052 

-516090 

-478086 

-433353 

-.383781 

-330911 

.90 

100 

-.506662 

- 464476 

-.417768 

- 368259 

-317280 

-265855 

1.00 

1 10 

-.458242 

-408129 

357245 

-.306646 

-257083 

-.251529 

1.10 

1.20 

-.403880 

-.350288 

298798 

- 249826 

-.203605 

-160241 

1.20 

130 

-346995 

-293466 

-244031 

-.198567 

-156889 

-118778 

1 30 

140 

-290326 

-239514 

-193988 


-116712 

-.084036 

1.40 

1 SO 

-235962 

-.189710 

- 149257 


-.082677 

-055313 

1.50 

1 60 

-185405 

-144850 

- 110070 

-.080131 

-054280 

-031903 

160 

1 70 

-139641 

- 105337 

-.076391 

-051849 

-.030957 

-.013117 

1.70 

180 

-099226 

-.071267 


-028508 

-.012128 

,001690 

1.80 

190 

-.064367 

-042504 


-009608 

002780 

.013113 

190 

200 


-018750 


005372 

.014313 

021689 

200 

210 

-010873 

.000404 


016944 

.022980 

.027897 

210 

2.20 


.015432 

021068 

.025602 

029244 

032158 

2.20 

2.30 

.023361 

026834 


031802 

.033518 

034838 

2.30 

240 

.034472 

.035112 

035610 

035960 

036170 

036251 

2.40 

2 50 


.040751 


038450 

037517 

.036664 

2.50 

260 

,047337 

.044203 

.041681 

039598 

037833 

0363OS 

2.60 

2.70 

.050105 

,045878 

042480 

039690 

0373S3 

035361 

2.70 

280 

051042 

046145 

'Ci42202 

038969 

036272 

033988 

2.80 

290 

050547 

045324 

041104 

037639 

034753 

032315 

2.90 

300 

.048971 

043689 


035873 

032930 

.030444 

3.00 

3,10 

,046611 

,041474 

037279 

033811 

030911 

.028459 

3.10 

3.2& 

043716 

038869 

.034881 

031567 

028784 

026424 

320 

3.30 

.040491 

036031 


029231 

026616 

.024391 

330 

3.40 

,037099 

033084 

liM iii 

026875 

,024461 

022396 

340 

3.50 

.033670 

.030124 

IK 

024552 

0223SE 

020470 

350 

3.60 

.030299 

027226 


022303 

.02033( 

.018631 

360 

3 70 

027059 

024443 

mim K 

.020157 

01841( 

5 016894 

3 70 

3,80 

.024000 

021812 

019861 

018134 

016611 

) 015266 

3.80 

3.90 

021152 

019356 


016245 

.01492 

7 .013752 

3.90 

400 

.018534 

.017090 

01573f 

014497 

.01337 

0 012353 

4.00 

4.10 

.016154 

015018 


001289 

.01193 

8 011067 

410 

4,20 

.014009 

.013141 


.011425 

.01062 

9 .009890 

420 

430 

012093 

011452 


010095 

00943 

9 008819 

3.30 

4.40 

.010393 

.009942 


) 008894 

.00836 

1 .007847 

4.40 

4 50 

008896 

008600 


7 .00781' 

.007390 006968 

4.50 

460 

.007585 

007415 


3 00685C 

006517 006176 

4.60 

4.70 

006445 

006373 


1 00599C 

.005736 005465 

4.70 

4,80 

.005455 

.005462 


5 .00522< 

) .005(U 

I8| 004828 

480 

4.90 

004603 

004667 


004551 

.0044181 004258 

4.90 


























164 PEARSON'S TYPE 111 FUNCTION-FOURTH DERIVATIVE 



SKEWNESS 

t 

t 

0 

.1 

.2 

,3 

4 

.5 

500 

,000711 

,001408 

002144 

002794 

003300 

003654 

500 

5,10 


001009 

,001621 

.002193 

002664 

003014 

5 10 

5,20 

.000307 

,000717 

001217 

.001713 

002142 

002477 

520 

5,30 


000505 

000909 

001,331 

001715 

002029 

5.30 

5,40 

KHII 

.000353 

.000674 

001030 

001,368 

,001657 

5 40 

5 50 

.000079 

,000245 

000497 

000793 

.aH087 

.001349 

5,50 

5,60 

,000049 

,000168 

000365 

000608 

,000861 

.001095 

560 

5 70 

.000030 

000115 

000266 

.000464 

000680 

,000887 

5 70 

5,80 

000018 

.000078 

.000193 

000352 

.000535 

.000716 

580 

5,90 

OOOOll 

000052 

000139 

0')0267 

000419 

000577 

5 90 

6,00 

000007 

000035 

,000100 

.000202 

000328 

,000463 

6.00 

6,10 


000023 

.000071 

.000151 

.000256 

.000371 

6.10 

620 


.000015 

,000051 

000113 

000199 

000297 

6 20 

6,30 


,000010 

.000036 

000084 

.000154 

.0002,37 

6.30 

640 


,000006 

.000025 

000063 

,000119 

.(XX)1S8 

6 40 

650 


OOOOOl 

000018 

,000046 

.OQOODZ 

000150 

6 50 

6,60 



000012 

000034 

000070 

,000119 

6.60 

6,70 



,000009 

.000025 

000054 

.000094 

6 70 

6,80 



000006 

.000018 

.000041 

.ai0<i74 

6 80 

690 



,000004 

000014 

000032 

,000058 

6 90 

7.00 



000003 

000010 

000024 

,000046 

7 00 

7 10 



,000002 

.000007 

000018 

0a)036 

7,10 

7.20 

1 


000001 

.000005 

000014 

00002S 

7 20 

7.30 


1 

,000001 

.000004 

000010 1 

000022 

7 )0 

7,40 



.000001 

.000003 

000008 

.000017 

7,40 

7,50 




000002 

000006 

000013 

7.50 

760 




000001 

.000004 

,000010 

760 

7 70 




.000001 

.000003 

OOJOOS 

770 

7.80 




.000001 

000003 

OOtKXlU 

7 80 

7.90 





,000002 

.000005 

790 

800 





OOOOOl 

000004 

8,00 

8,10 





.000001 

,000003 

8,10 

8.20 





.000001 

.000002 

820 

8.30 





.000001 

000002 

830 

8.40 






000001 

840 

8.50 






000001 

8 50 

8.60 






000001 

8.60 

8 70 






000001 

8,70 

8.80 







8.80 

890 







8.90 

9.00 







9,00 

9.10 







9,10 

9.20 







920 

930 







9.30 

9.40 







9.40 

9.50 







950 

9.60 







9,60 

9.70 







9,70 

9.80 







980 

9.90 







9.90 












PEARSON’S type III FUNCTION—FOURTH DERIVATIVE 165 



SKEWNESS 

t 

t 

6 

7 

s 

.9 

10 

11 

500 

003872 

003977 

,003997 

003954 

003867 

003750 

5.00 

S 10 

003247 

003381 

003436 

003430 

003380 

003299 

5 10 

5.20 

002715 

.002867 

002947 

002970 

002949 

002897 

5 20 

5 30 

002265 

002426 

002522 

002567 

002570 

002542 

530 

540 

.001884 

002048 

0021SS 

002215 

002236 

,002227 

540 

S.SO 

001563 

.001725 

001338 

,001908 

001943 

,001950 

5 50 

560 

001294 

001450 

001565 

001642 

001686 

.001705 

560 

5 70 

.001068 

001217 

001330 

001410 

001462 

.001489 

5 70 

580 

000880 

001019 

001129 

001210 

001266 

001299 

5,80 

5.90 

000724 

000852 

000956 

001037 

001095 

001133 

590 

6.00 

000594 

.000711 

000809 

000887 

000946 

000987 

600 

6.10 

000486 

.000592 

000684 

000758 

000816 

000859 

610 

620 

000397 

000493 

000577 

000648 

000704 

000747 

6 20 

6 30 

.000324 

000409 

000486 

000552 

000606 

000649 

6 30 

640 

000264 

000339 

000409 

000470 

000522 

000563 

640 

6 50 

000215 

000281 

000344 

000400 

000449 

000489 

6 50 

6.60 

000174 

000232 

000289 

000340 

000386 

000424 

6 60 

6 70 

.000141 

000192 

000242 

000289 

000331 

000367 

6 70 

680 

000114 

000158 

000203 

000245 

000284 

000318 

6.80 

690 

.000092 

000130 

000170 

000208 

.000244 

000275 

690 

700 

000074 

000107 

,000142 

000176 

000209 

000238 

700 

7.10 

000060 

000088 

.000118 

000149 

000179 

000205 

7.10 

7 20 

000048 

.000072 

000099 

000126 

000153 

000177 

7,20 

7 30 

000039 

000059 

.000082 

000107 

000131 

000153 

7 30 

7.40 

000031 

000048 

000069 

000090 

000112 

000132 

740 

7 50 

.000025 

000040 

000057 

000076 

000095 

000114 

7 50 

7.60 

000020 

000032 

000047 

,000064 

000081 

000098 

760 

7 70 

000016 

000026 ' 

000039 

000054 

000069 

000085 

7 70 

7.80 

000013 

000022 

,000033 

000045 

,000059 

000073 

7 80 

790 

.000010 

000018 

000027 

.000038 

000050 

000063 

790 

800 

000008 

000014 

000022 

000032 

.000043 

000054 

800 

810 

000006 

000012 

000019 

000027 

000036 

000046 

8,10 

820 

000005 

000009 

000015 

000023 

000031 

000040 

8 20 

8.30 

000004 

.000008 

000013 

000019 

,000026 

000034 

8 30 

840 

000003 

000006 

000011 

000016 

000022 

000029 

840 

8 50 

000002 

000005 

000009 

000013 

000019 

000025 

8.50 

8.60 

000002 

000004 

000007 

OOOOII 

000016 

000022 

860 

8 70 

.000002 

000003 

000006 

000009 

000014 

000019 , 

, 870 

880 

OOOOOl 

.000003 

000005 

000008 

000012 

.000016 

8.80 

890 

.000001 

000002 

000004 

000007 

.000010 

.000014 

890 

900 

.000001 

000002 

000003 

000006 

,000008 

000012 

900 

9 10 

000001 

,000001 

,000003 

000005 

000007 

000010 

910 

9 20 


000001 

000002 

000004 

000006 

000009 

9 20 

9 30 


000001 

000002 

000003 

000005 

,000007 

930 

940 


.000001 

,000002 

000003 

000004 

000006 

940 

9 50 


000001 

.000001 

000002 

000004 

.000005 

9 50 

960 



,000001 

000002 

000003 

000005 

9.60 

9.70 



000001 

000002 

000003 

000004 

9 70 

9 80 



000001 

.000001 

000002 

000003 

9,80 

990 



.000001 

000001 

000002 

,000003 

9,90 









m PEARSOM'S TYPE If! FUNCTION-FOURTH DERIVATIVE 
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SKEWNESS 

t 

t 

Bl 

B 

8 

.9 

10 

1.1 

10.00 




.000001 

000002 

PMI 

1000 

10,10 




.000001 

OOOOOl 

O.MJfJI 

10,10 

1020 




000001 

.000001 

nVi.irJI 

10.20 

10 30 




(XlOOOl 

liXiTilBI 

0)0002 

10.30 

1040 





000001 

000001 

10,40 

lO.SO 





.000001 

000001 

10.50 

1060 





.0000)1 

000001 

1060 

10.70 






000001 

10.70 

1080 






000001 

1080 

1090 






000001 

1090 

1100 






.000001 

1100 

1110 







iniiH 

11.20 







1120 

1130 







11 30 

1140 







11.40 

11.50 







11.50 

1160 



1 





11 70 



j 




11.70 

1180 








11.90 








12.00 








12 10 







12.10 

1220 







12 20 

12 30 







1230 

12,40 







1240 

12 SO 







12.50 

12,60 







1260 

12.70 







12.70 

12 80 







12.80 

12 90 








1300 








13.10 







1310 

13 20 







13.20 

13.30 







mam 

13.40 







i 13.40 

13.50 

13.60 








13.70 







13.70 

1380 







1380 

1390 







13.90 

14 00 








14 IQ 







lEPI 

■ iwT 







lltEl 

Vr 







14.30 








■■091 








14,50 

iWm 







■■EWfiM 

14.7C 







IIPI 

14 8C 







IBEI 

14.9( 






1 > 

14.90 






























J68 PEARSON'S TYPE III FUNCTION—FIFTH DERIVATIVE 



SKEWNESS 

t 

t 

.0 

.1 

2 

.3 

.4 

.5 

- 9.90 







-990 

- 9.80 







- 9.80 

- 9.70 







- 9.70 

- 9.60 







- 9.60 

- 9.50 







- 9.50 

- 9.40 







- 9.40 

- 9.30 







- 9.30 

- 9.20 







- 9.20 

- 9.10 







-910 

- 9.00 







-900 

- 8.90 







- 8.90 

-8 80 







-880 

-8 70 







- 8.70 

-860 







- 8.60 

- 8.50 







- 8.50 

- 8.40 







- 8.40 

-8 30 







- 8.30 

-8 20 







- 8.20 

-810 







- 8.10 

-800 







- 8.00 

- 7.90 

1 






- 7,90 

-7 80 







- 7.80 

-7 70 







- 7.70 

- 7,60 







-760 

- 7.50 







-7 50 

- 7.40 







- 7.40 

- 7,30 







- 7.30 

- 7.20 







-7 20 

-710 







-710 

-700 







- 7.00 

- 6,90 







- 6,90 

-6 80 







-6 80 

- 6,70 







-6 70 

- 6.60 







- 6.60 

-650 







-6 50 

- 6.40 







-640 

-6 30 







-6 30 

- 6.20 







- 6.20 

-610 







-610 

- 6,00 

000035 






- 6.00 

-5 90 

000057 






-5 90 

- 5,80 

.000093 






- 5,80 

-5 70 

000149 






- 5.70 

- 5.60 

000237 






- 5.60 

-5 50 

.000372 

000073 





- S.SO 

-5 40 

.000575 

.000134 





-5 40 

-5 30 

000879 

.000238 





- 5.30 

- 5.20 

001326 

,000415 





- 5.20 

- 5.10 

001974 

000709 





-5 10 

-5 00 

.002899 

.001185 

000185 




- 5,00 
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I/O pn.iRsoN's n pii m hinctios-fipth derivative 


SKF.WNESS 


t 


1 

2 

3 

1 

_1 

.5 

t 

A f»fl 

0041'W 

0019.39 

000387 




^90 

480 

0C),4'1‘>8 

,003107 

000775 




-4 80 

-4 70 

008445 

,004872 

001494 




^70 

-4 60 

,Ori715 

007477 

,002771 




-4 60 

-4 50 

016008 

011228 

004953 




-A 50 

-4,40 

021533 

016492 

.008532 

001582 



-4 40 

-4.30 

028497 

,023686 

014175 

003653 



-4 30 

-4 20 

0i7077 

033246 

022723 

007821 



-4 20 

-4,10 

047385 

045577 

0351SO 

015601 



-4 10 

-400 

059421 

060973 

052467 

C:9110 

003698 


-4.00 

-3.90 

,073016 

079514 

075548 

050964 

.011373 


-3.90 

-380 

087768 

.100934 

104865 

083927 

029557 


-3 80 

-3 70 

,102971 

124473 

140154 

130216 

.066481 


-3 70 

-3,60 

.117547 

148727 

180029 

.190495 

131709 


-3 60 

-3 50 

.130002 

,171523 

.221615 

262656 

232800 

054837 

-3 SO 

-.3 40 

,138396 

189842 

260269 

340701 

370353 

,176319 

-3.40 

-3 30 

.140362 

199841 

.289515 

.413951 

532885 

.418003 

-3 30 

-3 20 

,133185 

.mm 

301268 

467184 

693686 

782995 

-3 20 

-310 


176376 

286440 

481803 

.811755 

1.204809 

-3 10 

-.3 00 


.133159 

235%5 

438269 

837828 

1 548187 

-3.00 

-290 

.028105 

.063208 

142169 

.319573 

724933 

1 646581 

-2 90 

-2 80 

-.042873 

-.036154 

.000387 

.115261 

441138 

1 361310 

-2 80 

-2.70 

-.133814 

-.165339 

189409 

174737 

-.018815 

637016 

-2 70 

-2.60 

-.243764 

- 321742 

-421241 

- 537330 

-629273 

-468718 

-2 60 

-2 50 

-369738 

-499140 

-682317 

-945332 

-1 319247 

-1 791490 

-2 50 

-2 40 

-506424 

-.687411 

-.953041 

-1 358873 

-2.008265 

-3 097791 

-2 40 

-2,30 

-646042 

-.872660 

-1 208037 

-1.729252 

-2591569 

-A 140341 

-2 3’) 


-.778443 

-1 037858 

-1 418202 

-2.004833 

-2.971517 

-4 713838 

-2 20 

-2 10 

-891503 

-1 lt>3872 

-1 353678 

-2.1.38166 

-3 071825 

-4.696711 

-2 10 

00 

- 971838 

-1 •>3'£55 

-1 5W21 

-203193 

-2,851085 

^070717 

-200 

-1.90 

-1 005825 

-1 223902 

-1 4989,33 

-1 851350 

-2 310517 

-2.917258 

-1 90 



-1 126606 

-1 277630 

-1 415493 

-: 493788 

-1 394949 

-1.80 

-1 70 

• 887018 

-932582 

- 925326 

- 810963 

-480907 

293881 

-1 70 

Bull] 

-718128 

-642320 

- 457.386 

-.083541 

,623876 

1 939386 

-1.60 

HIra 

-,-173549 

- 265293 

097713 

705429 

1.706836 

3 356043 

-1 50 

-1.40 

-158975 

179815 

700455 

1 486002 

2 659884 

4 40S508 

-1 40 

-1 30 

21291)9 

665911 

1.303840 

2.187685 

3 393671 

5 008519 

-1 30 

-1,20 

623011 

1.159322 

1 857979 

2 747403 

3 846966 

5146248 

-1 20 

-1 10 

1.045802 

1.622521 

2.220861 

3116326 

3 991435 

4 853130 

-1 10 

-100 

1.451824 

2017519 

2.635041 

3 264706 

3,831751 

4,204047 

-1.00 

- .90 

1.809510 

2 309533 

2,788437 

3 184231 

3 401691 

3 298929 

- .90 

- 80 

2088004 

2470542 

2,760718 

2.887791 

2,757297 

2 247383 

- ,80 


2 260116 

2 482291 

2 552957 

2406880 

1 968436 

1.155361 

- .70 

- 60 

2 305168 

2.338384 

2,181623 

1.787195 

1 110037 

,115043 

- 60 


2 211410 

2045193 

1 676618 

1.083101 

254115 

-.801603 

- 50 

- 40 

1 977699 

1 621472 

1077996 

351751 

-536640 

-1,545714 

- 40 

- 30 

1 614197 

1,096704 

.438916 

- 352453 

-1 213257 

-2.091401 

- 30 

- .20 

1.141970 

.508372 

- 214335 

-982478 

-1 742756 

-2 433363 

- 20 

- .10 

591463 

- 101530 

-815746 

-1.501985 

-2108462 

-2,583054 

- .10 

00 

1 .000000 

-690340 

-1.334227 

-1 887190 

-2 308710 

-2 564153 

00 

















PEARSON'S TYPE III FUNCTION—FIFTH DERIVATIVE 



-3 20 .8422S7 

-3 10 .588693 

-3,00 1 849903 

-2 90 3 201920 
-2 80 3 878637 
-2 70 3 179643 11313829 
-260 1 068006 11097192 
-2 50 -1.918392 2 984160 
-2.40 ^953572 -7 118615 30 500628 
-2.30 -7.249070 -14,50980 -32.96668 
-2 20 -8.283837 -1722664 ^9 96355 -761 6006 
-2 10 -7 894204 -15 50871 ^1.08784 -260 2257' 
-2 00 -6 243303 -10 76401 -23 00499 -80.70170 



-1 90 -3 717972 
-1 80 802582 

-170 2 033508 
-160 4 414962 
-ISO 6 100725 
-140 6 990201 
-1.30 7 105003 
-120 6SS7023 
-1 10 5 512210 
-1.00 4.156897 

- .90 2 670779 

- .80 1.208217 

- 70 - .112213 

- .60 -1.211125 

- .50 -2 046433 

- .40 -2 608007 

- 30 -2 910524 

- .20 -2.985855 

- .10 -2.8759291 
,00 -2 626655 


-4 695233 

1 237087 
6046683 
9.245487 

10.754799 
10.774953 
9.657556 
7802318 
5 585612 
3 318942 

1.231482 
- .530420 
-1 893330 
-2 841685 
-3 401428 
-3624745 
-3 577221 
-3.327957 
-2.942594 

2 478942 


5 185098 
8.199275 
16 148280 
19 275092 
18 822519 
16,111270 
12 273179 
8 156143 
4 322899 
1.094040 

-1 394055 
-3.132533 
-4 191323 
-4681987 
-4 730771 
^461008 
-3 982722 
-3 387561 
-2 747366 
-2.115071 


3 299597 
27923815 
46 253906 
42 139264 
32911782 
22.634124 
13 324788 
5 816354 
283832 
-3 433856 

-5 643201 
-6.687731 
H5.890713 
-6 528740 
-5823350 
-4 952497 
-4 006892 
-3 098185 
-2.267305 
-1 542070 


424 36017 


-190 

27410548 

15129868 

-180 

17084286 

1305 4169 

-1,70 

101 07146 

238 57941 

-160 

54 936664 

46 225475 

-1 SO 

25 290674 

-10 47424 

-1.40 

6 986257 

-28 00302 

-1.30 

-3 652442 

-31 23638 

-1 20 

-9 225001 

-2890925 

-1 10 

-1154861 

-24.60908 

-100 

-11 87573 

-1991430 

- 90 

-1105453 

-15.51779 

- 80 

-9646454 

-11 69445 

- 70 

-8012009 

-8 516467 

- ,60 

-6372745 

-5 959217 

- .50 

-1855811 

-3.955431 

- 40 

-3525641 

-2 423242 

- 30 

-2406236 

-1 280497 

- 20 

-1.496634 

- .451666 

- 10 


.129293 

00 










m PEARSOSS TYPE HI FUNCTION^EIPTH DF.RiyATIPE 



SKEWNESS 

t 

t 

0 

.1 

2 

3 

,4 

5 

,00 


-.690310 

-1 .334227 

4 887190 

-2 308710 

-2 564153 

,00 

.10 

-.591463 

-1 218512 

-1 740<)24 

-2 127279 

-2 35438*1 

-2,407989 

10 

20 

-1 141970 

1 652927 

-2 017921 

-2.223557 

r-2 265822 

-2 149.357 

.20 

,30 

-1 614197 

-1,969413 

-2,158675 

-2 187627 

l-2n6')421 

-1 823040 

,30 

40 

-\S)77tm 

-2 154258 

-2 167343 

-2 03.S926 

-1 794478 

-1,461172 

40 

50 

-2 211410 

-2 204630 

-2 057225 

-1 801983 

-1 470374 

-1 091458 

.50 

.60 

-2.305168 

-2.127944 

-1.848575 

-1 503696 

-1 124365 

- 736196 

60 

,70 

-2 260116 

-1,940344 

-1 566096 

-1 170883 

- 780005 

- ,411955 

70 

80 

-2 088004 

-1 664529 

-1,236393 

- 828287 

- 456215 

- 129776 

80 

90 

-1 809510 

-1 327212 

- .885638 

- 497116 

- 166914 

104257 

,<X) 

100 

-1 451824 

- ,956507 

- .537636 

- .I'M 147 

078882 

288242 

100 

1 10 

-1 045802 

- 579507 

- 212395 

068637 

276614 

,423568 

1 10 

1.20 

Miwunii 

- 220265 

074750 

.283975 

425507 

514034 

1 20 

1 30 

- ,2129W 


313476 

.'148891 

527781 

565021 

1 30 

1.40 


372194 

498348 

564042 

587834 

582781 

1,40 

1,50 

,473549 

.582793 

628327 

,6.32‘916 

,611467 

,573849 

1.50 

1.60 

718128 

.730424 

mrimwi 

6fjl016 

605202 

544590 

1.60 


,887018 

816786 


.655060 

.573716 

500885 

1 70 

1,80 

.980')03 

,847379 

727921 

622290 

529406 

.447918 

1 80 

1.90 

1 005825 

.83CW19 

687550 

5698‘J7 

472079 


i.‘;o 

200 

.971838 

775717 

.624121 

504581 

408762 

330901 

2 00 

2.10 

.891503 



43225S 

343601 

.273145 

2.10 

2 20 

.778443 

5943IS 

,459374 

3S7869 

.279854 

,218807 

2,20 

2,30 


.486812 

.371323 

.285342 

,219924 

169238 

2,30 

2 40 

506424 

,378852 

286324 

217579 

,165452 

.125239 

2 40 

2.50 

369738 

276486 

207918 

.156549 

117416 

087165 

250 

2.f)0 

,243764 

.184060 

138447 

103403 

.076253 

055028 

2 60 

2 70 

.133814 

104303 


058616 

041973 

028582 

2 70 

280 

042873 

038519 

030597 

.022127 

014271 

007408 

2 80 

290 

-.028105 

-013156 


-006517 

-.007374 

-.009025 

2 90 

300 

-079773 

-051472 

- 036256 

-.028035 

-023621 

-021303 

300 

3.10 

- 113952 

- 077795 

-.056342 

-043304 

-.035192 


3,10 

3 20 

- 13318S 


- 069144 

-053270 

- 042824 

-035779 

3.20 

3.30 

-.140362 

-101518 


-058881 

-047229 

-.039110 

330 

3 40 

- 138396 



-.061034 

-.049067 

-.040516 

3 40 

3 50 

-130002 

^SislSiinii! 

-076622 

-.060545 

-048929 


3 50 

360 

- 117547 



-058132 

-.047331 

-.039253 

360 


-102971 

-083181 

-.067016 

-054399 

-044709 

- 037282 

3,70 

3 80 

-.087768 


-060432 

-.049848 



3.80 

3,90 

-.073016 

-063224 

- 053446 

-044873 

-.037754 

-031983 

390 

4,00 

-.059421 

-.053504 


-039778 

-.033935 


4.00 

4.10 


-.044506 


-034788 

-.030132 


4.10 

4 20 


-.036442 

-033627 

-.030057 

-.026465 

-023173 

4 20 


-.028497 



-025686 



4,30 

4 40 

msam 

-.023405 


-021731 

-.019844 


4,40 

4 50 

-.016008 

-.018390 

-018880 

-018216 

-016969 

-015501 

4.50 

4 60 

-011715 

-014274 


-015138 

-014402 

-013367 

4,60 

4 70 



Bbikkitjl 

-012480 

-012138 

-.011456 

4,70 





-010210 

-.010164 


4.80 


1 -.004199 


1 -.007605 

-008294 

-008459 


4,90 




































































PEARSOMS TYPE III FUNCTION-FIFTH DERIVATIVE 173 





.S4S&40 

.575713 

576925 

556451 

520476 

4742S8 



,020139 

026654' 

030906 

033325 

034291 

034138 

,033150 

031565 

029578 

,027346 

024995 

022619 

020290, 

018059 

015959' 

014014 

012233 

010621 

009176 

007890 


419728 

364084 

309884 

258737 

211694 

169358 

131987 

099584 

071962 

048813 

029747 


I^BSmeRjI 


-0072781 

-014329 

-019397 
-022826 
- 024896 
-025904 
-026174 
-025751 



-1542070 - 

- ,933664 - 

- .441900 

- ,039315 
225751 
426932 
558300 
633354 
664415 
6j2309 

.636249 

593860 

541282 

483328 

.423655 

364948 

309088 

257311 

210344 

168529 

.131919 

100359 

073557 

051132 

032656 

.017680 

005763 

-003520 

-.010566 

-015735 

-019351 
-021702 
-023035 
-023565 
-023474 
-022914 
-022012 
- 020872 
-019576 
-018192 

-016772 

-015355 

-013971 

-012643 

-011384 

-010205 

-.009111 

-008104 

-007183 

-006347 


10 11 

781467 129293 

.238010 .518231 

.159245 761246 

435740 895647 

615190 951124 

718714 950936 

764493 913026 

767747 851009 

740914 775038 

693932 692521 

634561 608726 

.568717 577633 

500789 ,450516 

433925 379892 

370284 .316137 

311256 .259494 

257638 209867 

.209788 166927 

167746 130204 

.131325 099148 

,100192 ,073173 

073921 ,051692 

052040 034138 

034060 019978 

019500 008722 

007898 - 000073 
-,001173 - 006804 
-,008104 - 011818 
-013247 -015421 
-016912 -.017873 

-019371 -019401 
-020858 - 020195 
-021575 -020415 
-021691 -.020194 
-021349 -019613 
-020666 -018853 
-019739 -017898 
-018646 - 016835 
-,017452 -015712 
-016204 -.014566 

-,014943 -013424 
-013690 - 012307 
-012486 -,011232 
-011329 -,010208 
-,010235 -009243 
-009210 -,008341 
-008258 -007504 
-007381 -,006732 
-006577 -006023 
-005844 - 005377 


t 

00 

,10 

20 

,30 

,40 

.50 

60 

.70 

,80 

.90 

100 

1.10 

1.20 

1.30 
1.40 
1.50 
1 60 
170 
180 
1.90 

200 
210 
2 20 

2.30 
240 
2 50 
260 
2 70 
2 80 

2 90 

300 

3 10 
3 20 
3 30 
3 40 
3 50 
360 

3 70 
380 

3.90 

400 

4 10 
4 20 
430 
440 
4 50 
460 
4,70 
480 

4.90 











































174 PF.AKSON'S TYPE III FL'MCTION—EIPTH DERIVATIVE 



SKFAVNESS 

t 

t 

0 

1 

.2 

.3 

.4 

.5 

soo 

-002899 

-.004632 

-005930 

-006692 


-.006981 

500 

5.10 

9 i:i ux 111 

-.003406 

-004587 

-005365 

sAt '/nil 

-005861 

5 10 

520 

111 RKnl 

-002481 

-.003522 



-004899 

5.20 

5.30 



-.002685 

-003386 


Slits 

5 30 

S .40 





9I.A lUI 

9111 1 is 11 

540 

5.50 

9iV! iv H 

-.000906 

-.001528 

-002090 

-002516 

BA t ii . ill 

550 

.5 60 

KSV Jc wl 

-.000637 

-001141 

-.001629 

-002023 

HA i Em hi 

5 60 

5 70 

-000149 

-.000143 

-.000847 

-.001263 

-.001620 

HA ^ HI 

5.70 

5.80 

-000093 

-000306 

-.000625 

-.000972 

-.001292 

HA { HI 

580 

590 

-000057 

-.000210 

-.000458 

- C 00749 

-001026 

Biii an 

590 

600 

-.000035 

-.000142 

-000334 

-.000572 

-000812 

-.001020 

600 

6.10 


-.000096 

-000242 

-000436 

-000641 

-000826 

610 

6,20 


-.000064 

-.000174 

-.000330 

-000504 

-000668 

620 

6 30 


-.000043 

-.000125 

-.000249 

-.000395 

-000538 

630 

6.40 


-.000028 

-000089 

-.000188 

-000308 

-.000432 

6 40 

6 50 


-.000018 

-.000063 

-000140 

-.000240 

-.000346 

650 

6.60 


-000012 

-.000045 

-000105 

-.000186 

-000277 

660 

6.70 



-.000031 

-000078 

-000144 

-000221 

6 70 

0.80 



-.000022 

-000058 

-000111 

-000176 

680 

090 



-.000015 

-000043 

-000086 

-000140 

690 

7.00 



-OOOOll 

-000031 

-.000066 

-000111 

700 

7,10 



-.000007 

-000023 

-.000050 

-.000087 

7.10 

7,20 



-.000005 

-000017 

-.000038 

-000069 

720 

7.30 



-000003 

-.000012 

-.000029 

-000054 

7.30 

740 



-000002 

-.000009 

-.000022 

-.000043 

7.40 

7 50 




-000006 

-000017 

-000034 

7 50 

760 




-.000005 

-.000013 

-.000026 

760 

7.70 




-000003 

-000010 

-.000021 

7 70 

780 




-000002 

-000007 

-000016 

780 

7,90 




-000002 

-.000005 

-000012 

790 

800 




-.000001 

-000004 

-000010 

800 

810 





-000003 

-000007 

8 10 

8 20 





-000002 

-000006 

820 

8.30 





-000002 

-000005 

830 

840 





-000001 

-000004 

840 

8.50 






-000003 

850 

860 






-000002 

8.60 

8.70 






-.000002 

8.70 

8,80 






-.000001 

8.80 

8.90 






-.000001 

890 

9,00 






-.000001 

9,00 

9.10 







9 10 

9,20 







920 

9.30 







930 

9.40 







9.40 

950 







9.50 

960 







9.60 

9 70 







9,70 

9.80 







980 

9.90 







990 

























PEARSOW'S TYPE III FUNCTION—FIFTH DERIYATIFE 175 


t 

SKEWNESS 

t 

.6 

.7 

8 

9 

10 

11 

500 

-006755 

-.006411 

-006010 

-005592 

-005180 

-004788 

500 

5.10 

-005760 

-.005534 

-005239 

-004913 

-004580 

-004256 

510 

5 20 

-004893 

-004761 

-004553 

-004305 

-004040 

-003775 

520 

5 30 

-004141 

-004083 

-.003946 

SSIisI 

9I!IX nM 

- 003343 

5.30 

5.40 

-003493 

-003491 

-003411 


anV iull 

-002955 

540 

550 

-002937 

-002977 

-002942 

-002857 

9i:i]e 

-002608 

5 50 

5.(i0 

-002461 

-002531 

-002531 


ai.ik ![iM 

-002298 

560 

5 70 

-.002057 

-002147 

-002173 



-002022 

5 70 

580 

-001714 

-001817 

-001862 

-.091862 

-001830 

-001777 

580 

5 90 

-001425 

-001534 

-001592 

-CC1609 

-.001595 

-001559 

590 

600 

-001181 

-001292 

-001358 

-001387 

-001388 

-.001367 

600 

610 

-000977 

-.001086 

-0011.57 

-001195 

-001206 

-001197 

610 

6.20 

-000806 

-000911 

-000984 

-C01027 

-001046 

-001047 

620 


-000663 

-000763 

-000835 

-000882 

-000907 

-000914 

630 

640 

-000545 

-000638 

-000708 

BHilTiiTil 

-000785 

-000798 

6 40 


-000447 

-000532 

-000599 

bki!i!rkI 

-000679 

-000696 

6 50 

660 

-000365 

-000443 


biViUtI 

-000587 

-000606 

660 

6 70 

-000298 

-.000368 



-000506 

-000528 

6 70 

6 80 

-000243 

-000306 

aiyiKfiril 


-.000437 

-000459 

680 

690 

-000198 

-000254 


-C00344 

-000376 

-000399 

690 


-000160 

-000210 



-000324 

-000346 

7bo 

710 

-000130 

-000173 

Biyirikl 


-000278 

-000300 

7.10 

720 

-.000105 

-000143 



-.000239 

-000261 

720 

7 30 

-000085 

-000118 



-000205 

-000226 

730 

7.40 

-.000069 

-.000097 



-000176 

-000195 

7 40 

7 50 

-000055 

-000080 



-000151 

-000169 

7 50 

760 

-000044 

-000066 



-.000129 

-000146 

760 

7 70 

-Q00036 

-.000054 



-000111 

-000126 

7 70 

7.10 

-000029 

-000044 



-000095 

-000109 

780 

790 

-.000023 

-.000036 



-.000081 

-000094 

790 

800 

-000018 

-000029 



-000069 

-000081 

8.00 

8 10 

-.000015 

-000024 



-.000059 

-000070 

8.10 

820 

-000012 

-000020 



-000050 

-.000060 

820 

830 

-.000009 

-000016 


Ki!iyAkl 

-000043 

-000052 

8.30 

8 40 

-000007 

-000013 


HiWiV}:] 

-.000037 

-000045 

8 40 

850 

-.000006 

-000011 



-000031 

-000039 

850 

860 

-000005 

-000009 


iBIijViVii 

-000O26 

-000033 

860 

8.70 

-000004 

-000007 



-.000023 

-000029 

8 70 

880 

-000003 

-.000006 


IHfiyiTllel 

-000019 

-000025 

880 

8.90 

-000002 

-000005 



-000016 

-000021 

8.90 

900 

-000002 

-000004 



-000014 

-000018 

900 

9.10 

-000002 

-.000003 



-000012 

-000016 

9.10 

9 20 

-.000001 

-.000002 


IHAyuS 

-000010 

-000013 

9.20 

930 

-.000001 

-000002 


IHiVi.m?? 

-000008 

-000011 

930 

9.40 

-.000001 

-000002 


IHImjaw 

-000007 

-000010 

940 

9.50 

-000001 

-000001 



-000006 

-000008 

9.50 

9.60 


-000001 


IHmVmIi' 

-000005 

-.000007 

960 

9.70 


-000001 


iBiViyjV 

-oocm 

-000006 

9.70 

9.80 


-000001 


iHijyoV 

-000004 

-.000005 

980 

990 


-.000001 



-000003 

-000005 

9.90 



























176 PEARSON'S TYPE III PUNCTION—FIFTH DERIVATIVE 




















PEARSONS TYPE III FUNCTION-FIFTH DERIVATIVE 177 


SKEWNESS 


t 

6 

.7 

8 

9 

1.0 

11 

t 

10.00 



-000001 

-.000002 

-000003 

-000004 

10,00 

10.10 



-.000001 

-000001 

-000002 

-.000003 

10.10 




-000001 

-000001 

-.000002 

-.000003 

10.20 

B wM 



-000001 

-000001 

-000002 

-000002 

10,30 

B iVM 




-000001 

-000001 

-000002 

10,40 

B 




-.000001 

-000001 

-.000002 

10 50 

B iKM 




-.000001 

-.000001 

-000002 

10.60 

10.70 





-.000001 

-000001 

10 70 

10 80 





-000001 

-000001 

10.80 

1090 





-000001 

-.000001 

10.90 

11.00 






-.000001 

1100 

11.10 






-000001 

11 10 

■ IFis 






-COOOOI 

1120 

B KIM 






-000001 

11.30 

B kNm 







1140 

B WIIM 







11 50 








1160 

11.70 







11 70 

11.80 







11.80 

11.90 







11.90 

12.00 








12.10 







12.10 








12,20 

BIkSb 







1230 








1240 

B~X!Sl 







12.50 

^M7!f?Si 







1260 

12 70 







12 70 

12 80 







12.80 

1290 







1290 

13.00 







13.00 

13.10 







13 10 

13.20 







13.20 

13 30 







13 30 

13 40 







13.40 

13 50 







13.50 

13.60 







13.60 

13 70 







1370 

13.80 







13 80 

13.90 







13.90 

14.00 







14 00 

14.10 







14.10 

14.20 







14,20 

14.30 







14.30 

14.40 

14.50 







14.40 

14.50 

14 60 







14,60 

14 70 







14.70 

14.80 







14.80 

14.90 







14.90 
































m PEARSON’S TYPE JII FUNCTION-SIXTH DERIVATIVE 



SKEWNESS 

t 

t 

.0 

.1 

.2 

.3 

.4 

.5 

- 9.90 







- 9.90 

- 9.80 







- 9.80 

-9 70 







- 9.70 

- 9.60 







- 9.60 

- 9.50 







- 9.50 

-940 







- 9.40 

-930 







- 9.30 

- 9.20 







-9 20 

- 9.10 







- 9.10 

- 9.00 







- 9.00 

- 8.90 







-8 90 

- 8.80 







-880 

-870 







- 8.70 

- 8.60 







- 8.60 

-850 







-8 50 

-840 







-8 40 

- 8.30 







- 8.30 

-8 20 







-8 20 

- 8.10 







-810 

- 8.00 







- 8.00 

-790 







- 7.90 

- 7.80 







- 7.80 

- 7.70 







-7 70 

-700 







-760 

- 7.50 






1 

- 7.50 

- 7.40 







-7 40 

- 7.30 







-7 30 

- 7,20 







- 7,20 

- 7.10 







-710 

- 7.00 







- 7.00 

-«.90 







- 6.90 

- 6.80 







- 6,80 

- 6.70 







- 6.70 

- 6.60 







- 6.60 

-6 50 







- 6.50 

- 6.40 







- 6.40 

- 6.30 







-6 30 

-620 







- 6.20 

- 6,10 







- 6.10 

- 6,00 

000175 






- 6.00 

- 5.90 

.000282 






- 5,90 

- 5.80 

.000447 






- 5.80 

- 5,70 

.000700 






- 5.70 

- 5.60 

.001081 






-5 60 

- S.SO 

.001648 

000447 





-5 50 

-540 

i .002477 






- 5.40 

-5 30 

1 .003672 






-5 30 

- 5,20 

1 .005364 

002265 





- 5.20 

- 5 . 1 C 

> .007720 

1 .003718 





- 5.10 

-s.oc 

) .010942 

: .005964 

.001401 

- 


- 

- 5,00 














PEARSON’S TYPE III FUNCTION—SIXTH DERIVATIVE 179 



SKEWNESS 


t 

BSII 

.7 

.8 

.9 

1.0 

1.1 

t 

- 9.90 

- 9.80 

- 9.70 

- 9.60 

- 9 . S 0 

- 9.40 

-930 

- 9.20 

- 9.10 

- 9.00 






- 

9.90 

980 

970 

9.60 

9.50 

9.40 

9.30 

920 

9.10 

9.00 

- 8.90 
- 8.80 
- 8.70 
- 8.60 
-8 SO 
-840 
- 8.30 
-8 20 
- 8.10 
- 8.00 







8.90 

8.80 

8.70 

8.60 

8.60 

8.40 

830 

8.20 

- 8.10 

8.00 

- 7.90 

- 7.80 

- 7.70 

- 7.60 

- 7.50 

- 7.40 

- 7.30 

- 7.20 

- 7.10 

- 7.00 







- 7.90 

- 7.80 

- 7.70 

- 7.60 

- 7.50 

- 7.40 

- 7.30 

- 7.20 

- 7.10 

- 7.00 

-690 
- 6.80 
- 6.70 
-660 
- 6.50 
- 6.40 
-630 
-6 20 
-610 
- 6.00 







890 

880 

8.70 

8.60 

850 

8.40 

830 

820 

- 6.10 

8.00 

- 5.90 

-580 

- 5.70 

- 5.60 

- 5.50 

- S .40 

- 5.30 

- S .20 

- 5.10 

- 5.00 




1 


... . 

- 5.90 

- 5.80 

-570 

- 5.60 

- S.SO 

- 5.40 

- 5.30 

-570 

- 5.10 

- 5.00 














mo PF.AKSOI^ S TYPE III FUNCTION—SIXTM DF.RIVATIVE 



SKEWNESS 

t 

t 

.0 

.1 

2 

3 

4 

5 

-^.yo 

01.5267 

009347 

002766 




-4 90 

-4,80 

020954 

014312 

005236 




-4 80 

-4 70 

028274 

,021396 

009515 




-4,70 

•4.60 

.037474 

.031216 

0166)05 




-160 

4.S0 

048736 

044414 

027810 




-4 50 

4 40 

,062116 

.061567 

W4852 

01386)3 



-4.40 

4,:o 

,077464 

.083040 

060421 

029156 



-4.30 

420 

094326 

,108841 

,103173 

0.56718 



-4,20 

4 10 

,111837 

,138280 

,147080 

102430 



-4.10 

400 

128611 

,169702 

200769 

172160 

015017 


-4 00 

-3.90 

,142641 

200610 

261691 

269650 

1176)06 


-3 90 

-3,80 

.151238 

226551 

324272 

393475 

259')4S 


-3 80 

-3 70 

.151024 

,241913 

379259 

.53.3619 

495046 


-3 70 

-3,60 

,138020 

239563 

4)3503 

66.S6-17 

822* >7 5 


-3 60 

-3,50 

,107&14 

211314 

410)84 

764702 

1 200746 

,742856 

-3,50 

-3,40 

.056066 

148638 

351775 

.778218 

1 531759 

1 764166 

-3 40 

-3,30 

-.021297 

.043742 

219572 

.661208 

1.674232 

,3 080073 

-3,.10 

-3,20 

-.127125 

-.109010 

000159 

372046 

1 4724-13 

4 108961 

-3 20 

-3,10 

-.262416 

-311448 

-312030 

-.112822 

805005 

4.0'i5235 

-3 10 


-42S4S7 

-,559002 

-710518 

-786892 

- 36-1035 

2 484221 

-3(X) 

-2,90 

-611017 

-843721 

-1 173439 

-1 6)05106 

-1 949117 

- 757276 

-2,90 

-280 

-.809701 

-1,144331 

-1,662462 

-2.481732 

-3 736776 

-5.045593 

-2,80 

-2,70 

-1007607 

-1.435140 

-2.123635 

-3.290576 

-5 414832 

-9,313178 

-2 70 

-2,60 

-1,186451 

-1 682587 

-2 491694 

-3.909747 

-6 720425 

-1219085 

-2 (.0 


-1.324208 

-1,848487 

-2.696991 

-4.183196 

-7 073681) 

-13 56574 

-2.50 

Hil! 

4.396544 

-1.893676 



-0,533877 

-12 1.3850 

-2 -iO 


-1,378834 

-1 782727 

-2.376055 

-3 314841 

-4 966.528 

-8 363173 

-2,30 


-1,248851 

-1 489294 

-1 776879 

-2.116465 

-2.502962 

-2 900863 

-2 20 


-.989868 

-1001128 

-.886935 

-989062 

.567018 

3 27.3070 

-2 ID 


-.593901 

-.326029 

246817 

1 420125 

3.844994 

9107213 

-2 00 


-.064672 

508204 

1 541012 

3 412172 

6 893098 

13,091811 

-190 


.580144 

1 450348 

2 882212 

5 262389 

9 .306193 

16,410943 

-1.80 


1.307853 

2429501 

4 138184 

6 751069 

10,775134 

17010500 

-1.70 


2,071248 

3 360003 

5172815 

7 6)9.3951 

11 128-117 

15 5863,39 

-1.60 


2 810937 

4.1492,59 

5 862695 

79j7495 

10 348409 

12 514059 

-1 50 


3,459534 

4 707433 

6 113044 

7 525126 

8,562045 

8 342962 

-1 40 

4,30 

3 947S29 

4 957908 

5 870642 

6 402253 

6 010840 

3 687149 

-1.30 

-120 

4.210340 

4,847185 

5 131842 

4 709910 

3 007841 

-872959 

-1 20 

-1,10 

4195847 

4.352868 

3.786317 

2 618573 

- 109997 

-4,861982 

-1 10 

-1.00 

3 871531 

3.488518 

2.403342 

335208 

-3,026213 

-7 950511 

-1,00 

- .90 

3,230259 

2.304551 

639885 

-1 922775 

-5,480152 

-9,966922 

- 90 

- 8C 

2 29382C 

884850 

-1,192420 

-3952789 

-7.289797 

-10 88572 

- .80 

- .70 

1 113544 

-660680 


-5.588315 

-8 361193 

-10,80001 

- 70 

- 60 

-.232371 

-2,206781 

-4,441265 

-6 713777 

-8 685678 

-9.885928 

- 60 

- .50 

-1,64480, 

-3,625505 

-5 591378 

-7.271912 

-8.327546 

-8.365606 

- ,50 

- .40 

-3 01221- 

-4,799309 

-6,303511 

-7 263647 

-7,405560 

-6473884 

- 40 

- 30 

4 22225/ 

-S 632987 

-6,364810 

-6 741491 

-6 071759 

-4,431674 

- .30 

- .20 

-5 171124 

-6 063022 

-6308038 

-5 798132 

^,490653 

-2 427427 

- 20 

- .10 

-5.77625' 

-6 063275 

-5,656056 

-4 552304 

-2 821126 

-.606621 

- 10 

.a 

) -5.98413 

-5 646455 

^.665204 

-3,133923 

-1 202^14 

931715 

00 





























PEARSON’S TYPE /// FUNCTION—SIXTH DERIVATIVE W 













































M2 I’FARSON'S TYPE III FUNCTION—SIXTH DERIVATIVE 



SKEWNESS 

t 

t 

.0 

.1 

.2 

.3 

.4 

.5 

.00 

5.984135 

-5,646455 - 

4,665204 

-3,13.1923 

-1,202514 

931715 

00 

10 

-5,776254 

■4,861356 - 

3.438799 

-1 670337 

,254500 

2.132985 

10 

20 

-5.171124 

-3 786395 - 

2,090353 

- .274980 

1 472275 

2,981242 

.20 

30 

■4.222257 

-2 520401 - 

731916 

,960727 

2,406462 

3 491248 

.30 

.40 

3.012214 

■1 171892 

,536015 

1 971948 

3,043064 

3.699785 

.40 

.50 

1.644805 

.151841 

1 632165 

2721665 

3 393319 

3 657272 

50 

.60 

232372 

1 354605 

2.499227 

3.199050 

3 487452 

3 420390 

.60 

.70 

1.113544 

2.359129 

3,105617 

3.415727 

3,368150 

3.046137 

70 

.80 

2 293820 

3.112206 

3,444507 

3 400697 

3.084467 

2 587429 

80 

90 

3 230259 

3.586870 

3.530678 

3194705 

2.686604 

2090218 

,90 

100 

3,871531 

3.781737 

3.3'9S867 

2.844710 

2,221834 

1.591942 

1 00 

1.10 

4195847 

3 717924 

3 083342 

2 398951 

1,731618 

1,121050 

1 10 

1.20 

4,210340 

3 434203 

2 642373 

1.9029S2 

1 250054 

,697352 

1 20 

1.30 

3.947529 

2 981144 

2,123169 

1.396604 

802892 

,332911 

1 30 

1.40 

3.459534 

2414999 

1.572664 

.912359 

.407952 

033260 

1.40 

1.50 

2.810937 

1 792005 

1.031410 

.474437 

.075673 

-201246 

1 SO 

1.60 

2.071248 

1.163611 

531626 

098868 

-189775 

-374091 

1.60 

1.70 

1 307853 

572967 

.096362 

- 205823 

- 389234 

-.491358 

1 70 

1.80 



- 260397 

-.437511 

- 527257 

-.560670 

1 80 

1.90 



-.532887 

-,599134 

-610882 

-590313 

1 90 

200 

-.593901 

-701132 

-.722234 

-.697299 

-.648554 

-,588568 

200 

210 

-.989868 

-.913199 

-809084 

-740958 

-.649236 

- 563231 

2,10 

2.20 

-1.248851 

-1 04834S 

-.880804 

-740237 

-621724 

-.521293 

220 

2.30 

-1.378834 

-1 088823 

-872200 

-705481 

-.574151 

-.468771 

230 

2,40 

-1,396544 

-1 060287 

-821890 

-.646523 

-.513679 

-410636 

2.40 

2.50 

-1 324208 

-.979805 

- 742355 

-.572181 

-446329 

-.350831 

2,50 

260 


-.864201 

-644933 

-.489957 

- 376936 

■V 292338 

2 60 

270 

-1.007607 

-728816 

-539310 

-.405909 

-.309189 

-237290 

2 70 

280 


-586683 

- 433276 

-.324649 

-.245729 

-,187092 

2 80 

2.90 

-611017 

-448101 

-332680 

-249447 

-.188292 

-.142554 

290 

3.00 

-.425457 

-.320545 

-.241545 

-.182391 

- 137856 

-.104005 

300 

310 

-262416 

-208830 

-.162278 

-.124581 

-.094796 

-071429 

3,10 

3.20 

-127125 

-.115450 


-.076334 

-.059035 

-.044545 

320 

330 

-021297 

-041016 

-042586 

-037380 

-.030168 

-022905 

330 

340 


015276 

-.001151 

-007041 

- 007579 

-OOS958 

340 

3 50 

.107844 

055191 

028687 

.015614 

009469 

.006895 

3,50 

3.60 


081059 

.049341 

031649 

.021765 

016260 

3.60 

3.70 

.151024 

.095440 

.062130 

,042162 

.030093 

.022718 

3 70 



100881 

.068649 

.048214 

035196 

026809 

3,80 

3.90 

.142641 

.099734 

070375 

.050783 

037750 

.029018 

390 

4.a 

.128611 

094057 

.068614 

,050736 

038353 

.029771 

4,00 

4.U 

.111837 

.085556 

.064474 

048815 

037518 

.029431 

4 10 

4.2C 

.094326 

075579 

,058859 

045636 

.035673 

028304 

4,20 

4.3C 

,077464 

065141 

(jSZ475 

041691 

033167 

026640 

430 

4.4C 

.062116 

.054955 

045856 

037366 

.030277 

.024639 

440 

4.5( 

048736 

045489 

.039380 

.032946 

027214 

.022458 

4.50 

461 

3 .03747' 

1 037012 

.033302 

,028635 

024137 

.020216 

460 

4.7( 


1 029644 

.027773 

024585 

021160 

018002 

4.70 

4.8( 


023399 

022872 

.020865 

018359 

.015877 

4.80 

4.9( 


.018220 

.018617 

01752^ 

015780 

013884 

4.90 
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SKEWNESS 

t 

t 

.6 

7 

.8 

.9 

10 

1.1 

00 

3.036428 

4 859952 

6150084 

6675819 

6 251738 

4 764787 

.00 

10 

3 764079 

4 963167 

S 576252 

5493291 

4.660385 

3 090633 

10 

20 

4 109449 

4 750215 

4 838542 

4354939 

3.327388 

1 8316S2 

20 

30 

4.140621 

4 319865 

4 032352 

3 316558 

2 242176 

.905655 

.30 

40 

3 930837 

3 757417 

3 227075 


1.382071 

203484 

40 

SO 

3 551296 

3132436 

2 469942 

1.639509 

718714 

-216483 

50 

.60 

3066280 

2,498523 

1.790194 



-.519178 

60 

70 

2 50009.5 

1,894408 

1 203125 

.511222 

-136437 

-.704349 

70 

BO 

1 986914 

1 345841 

.713700 

.128065 


-802822 

80 

.90 

1 468665 

.867818 

319643 

-.154839 

-.543055 

-.838819 

.90 

1.00 

997981 

466872 

013947 

-353672 

-.634561 

-.831126 

1.00 

1.10 

588480 

.143223 

-213162 

-.483906 

-.675048 

-799963 

1.10 

1 20 

246555 

-107330 

-.372754 

- 55%57 

-678305 

-738617 

1.20 

1 30 

-027004 

-291823 

-4761.36 

-593360 

-655415 

-.672661 

1.30 

1.40 

- 235490 

-418856 

- 5341.37 

-595648 

-615113 

-602070 

140 

1 50 

-384920 

-497630 

- 5S6659 

-575384: 

-.564151 

-.530962 

1.50 

160 

-.482913 

-.537238 

- 5.52429 

-539782 

-507631 

-462145 

160 

170 

- 537788 

-.546198 

-.528908 

-494574 

-.449308 

-397442 

170 

1 80 

-.557885 

-532154 

-.492291 

-444204 

-391863 

-337936 

1 80 

190 

-551088 

-501728 

-447585 

-392019 

-322869 

-284173 

190 

200 

-524515 

-.460475 

-398722 

-.340461 

-286261 

-.236315 

2.00 

2 10 

-.484347 


-.348694 

-291231 

-239949 

-194255 

2.10 

220 

-.435762 

-.362581 


-245447 

-198488 

-157714 

220 

230 

-382945 

.-312187 


-203769 

-161911 

-126298 

230 

2.40 

-.329152 


-210383 

-166512 


-.099556 

2.40 

2 50 

-276808 

BOSS 

-171645 

-133735 

-102677 


2 50 

260 

- 227620 

-.177197 


-.105316 

-.079392 

-.058182 

200 

2 70 

-182699 


-.107364 

-081012 

-059819 

-042614 

270 

280 

-.142668 



-060501 

-043554 

-029872 

280 

2.90 

-.107778 

-080951 

-.059987 

-043420 

-030199 

-019560 

290 

300 


-057791 


-029389 

-019371 

-.011318 

300 

3.10 


-038624 

-027165 

-.018032 

-010715 

-.004823 

310 

320 

-032678 

-.023053 

-015273 

-00S988 


000208 

3 20 

330 

-.016331 

-010658 

-005883 

-001918 


004024 

330 

3.40 

-003556 

-001017 

001367 

003485 


006839 

3.40 

3 SO 

.006139 

,006275 

006814 

007498 


008839 

3.50 

360 

013228 

011598 

.010761 

010367 


010180 

360 

3.70 

018156 

015297 

013480 

012305 

HiJiEm 

010996 

3 70 

380 

.021325 

.017679 

015207 

013496 


.011399 

380 

3,90 

.023094 

.019012 

016148 

014099 

.012602 

.011482 

390 

400 

023772 

.019527 

016476 

014245 

mm 

011321 

400 

410 

023625 

019421 

.016338 

014045 

.012312 

010980 

4.10 

420 

022874 

018856 

015856 


\msmi 

.010510 


430 

021701 

017966 

015129 

012956 

011272 

.009952 


4.40 

020251 

016860 

.014238 



009339 


450 

018642 

015623 

013246 

011372 


.008697 

ilSi 

460 

016962 

014323 

012204 


HfSTSiR 

00SO46 

IP 

4.70 

015279 

.013010 

011150 

009636 


007401 

IP 

480 

013642 

011722 

010112 


Hnciww 

.006773 

IP 


012085 

010486 

.009111 

Wwiia. 


.006170 

mm 









































m f'h.-ifiSON S rypi: mlUNcrio.'v - sixth dehiv/itive 



SKKWNKSS 


t 

■n 

n 

2 

3 

.4 

,5 

C 

5,00 

.010942 

,014005 

014991 

0H5K1 

01.1449 

.012048 

500 

5.10 

ESiSiilifiSII 

.010635 

011950 

012026 

011373 

.010381 

5 10 

5.20 


,007983 

009436 

00‘1830 

,009549 

.008888 

5,20 

530 

003672 

.005926 

.007384 

007988 

,007964 

007SIM 

5 30 

5.40 

002477 

.004352 

.00S72'7 

006439 

.006601 

006402 

540 

5.50 

,001648 

.003164 

004400 

005155 

0054.19 

005391 

5 50 

560 

001081 

002277 

003367 

004101 

004457 

004518 

5,60 

5 70 

.000700 

001623 

002552 

.003242 

003634 

003769 

5 70 

580 

000447 

001146 

.001920 

002543 

,002948 

003130 

5.80 

5.90 

000282 

000802 

.001435 

031992 

.002380 

002590 

590 

6.00 

000175 

.000556 

001065 

001549 

001913 

002134 

6.00 

6.10 


.000382 

000786 

001198 

001531 

.001753 

6,10 

6,20 


000261 

.000576 

000922 

.001220 

.001434 

6,20 

6,30 


000176 

000420 

,000706 

000969 

001170 

6,30 

640 


,000118 

.000304 

000538 

.000766 

000951 

6.40 

6,50 


.000079 

000219 

000409 

cmm 

.000771 

6 50 

6.60 


.000052 

000157 

000.109 

000474 

.000623 

6,60 

6.70 



.000112 

000232 

.000371 

000502 

6 70 

6,80 



000079 

000174 

000290 

000403 

6,80 

6,90 



000056 

000130 

000225 

.000.123 

690 

7,00 



000039 

000097 

000175 , 

, 000259 

7.00 

7 10 


1 

000027 

000072 

0001.15 

000206 

7,10 

720 



000019 

000053 

000104 

.000164 

7,20 

7.30 



000013 

000039 

000080 

.000130 

7.30 

740 



000009 

000029 

000061 

000103 

7,40 

750 




000021 

000047 

000082 

7 50 

760 




000015 

00aj36 

000064 

760 

7.70 



1 

OOOOU 

.000027 

000051 

7,70 

7,80 




.000008 

000021 

,000040 

7.80 

7,90 




000006 

,000016 

000031 

790 

8,00 




000004 

.000012 

000024 

800 

8,10 





000009 

,000019 

810 

8.20 





,000007 

,000015 

820 

8.30 



! 


000005 

000012 

8,30 

8.40 





000004 

000009 

8 40 

850 






000007 

850 

8.60 






,000005 

860 

870 






000004 

8.70 

880 






.000003 

880 

890 





1 

1 

000003 

890 

9.00 






000002 

900 

9.10 







9.10 

9.20 







9.20 

9.30 







930 

940 







9.40 

950 







9.50 

9.60 







9.60 

9.70 







970 

9.80 







9.80 

9.90 

1 _ 






9.90 











PEARSON’S TYPE IN FUNCTION—SIXTH DERIVATIVE 1S5 



SKEWNESS 

t 

t 

6 

.7 

8 

9 

10 

11 

soo 

010631 

,009320 

008162 

007164 

006315 

005598 

500 

5 10 

009292 

008236 

007273 

006424 

005690 

005061 

510 

520 

008075 

007240 

006451 

005737 

005107 

004550 

520 

5 30 

006980 

006334 

005697 

005103 

004568 

004096 

530 

540 

006004 

005517 

005010 

004523 

,004074 

003670 

5 40 

5 50 

,005140 

004785 

004391 

003996 

003622 

003279 

5 50 

560 

004382 

004135 

003835 

003520 

003212 

002923 

560 

5,70 

003721 

003560 

003339 

003091 

002841 

002600 

5,70 

580 

,003148 

003055 

002898 

002708 

,002507 

002308 

580 

590 

002654 

002614 

002509 

C02366 

002207 

002045 

590 

600 

002230 

002230 

.002166 

002063 

001940 

001809 

600 

6,10 

001867 

.001897 

001865 

001795 

001701 

001597 

6,10 

620 

001559 

,001609 

001603 

001558 

001490 

.001408 

620 

630 

.001298 

.001362 

001374 

001350 

001302 

001239 

630 

6,40 

001078 

.001150 

001176 

001168 

001136 

001090 

640 

6 50 

000893 

000968 

001004 

001008 

000920 

000957 

6 50 

660 

000737 

000814 

000856 

000869 

000861 

000839 

660 

6 70 

000608 

000683 

000728 

000748 

000749 

000735 

6 70 

680 

.000500 

000572 

000618 

000643 

000650 

000643 

680 

690 

000410 

000478 

000524 

000552 

000563 

000562 

690 

700 

000336 

.000398 

000444 

000473 

.000487 

000490 

700 

7,10 

.000274 

000332 

000375 

.000405 

000421 

000428 

7.10 

7 20 

000224 

.000276 

000317 

000346 

000364 

.000373 

7.20 

7 30 

000182 

000229 

000267 

000295 

000314 

000324 

730 

740 

,000148 

000190 

000225 

000252 

,000271 

,000282 

740 

7 50 

000120 

000157 

000189 

000215 

000233 

000245 

750 

760 

000097 

.000130 

000159 

.000183 

000201 

.000213 

760 

7,70 

,000078 

000107 

000133 

000155 

000172 

.000185 

7 70 

7,80 

.000063 

000088 

000112 

000132 

000148 

000160 

780 

790 

000051 

000073 

000093 

000112 

000127 

000139 

790 

800 

.000041 

000060 

,000078 

000095 

000109 

.000120 

800 

810 

000033 

000049 

000065 

000080 

,000093 

000104 

810 

8 20 

000026 

000040 

000054 

000068 

000080 

.000090 

8 20 

8 30 

000021 

,000033 

.000045 

000057 

000068 

000078 

830 

840 

000017 

000027 

000038 

000049 

,000059 

000067 

8 40 

8 50 

000014 

000022 

000031 

000041 

000050 

,000058 

850 

8 60 

000011 

,000018 

000026 

000035 

000043 

000050 

860 

8.70 

000009 

000015 

000022 

.000029 

000036 

000043 

8 70 

880 

000007 

000012 

000018 

000025 

.000031 

000037 

880 

8 90 

000005 

.000010 

.000015 

000021 

000027 

.000032 

890 

9,00 

.000004 

000008 

000012 

000017 

000023 

000028 

900 

910 

.000003 

000006 

,000010 

000015 

.000019 

000024 

910 

920 

000003 

000005 

.000008 

000012 

000016 

.000020 

920 

930 

000002 

000004 

000007 

000010 

000014 

000018 

9.30 

9.40 

000002 

000003 

000006 

000009 

000012 

000015 

940 

950 

.000001 

000003 

000005 

000007 

000010 

,000013 

9 50 

9 60 

.000001 

.000002 

.000004 

000006 

000009 

000011 

9.60 

9 70 


000002 

000003 

000005 

.000007 

OOOOlO 

9,70 

980 


.000001 

000003 

.000004 

000006 

000008 

9.80 

9.90 


.000001 

000002 

000004 

000005 

.000007 

9.90 
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l^F IRSON’S r\Fk III FUXCTION—SIXTH DERIVATIVE W 


1 

1 

.'-KnVNK^S 

t 


6 

7 

r 

s 1 

9 1 

1 

1 0 ' 

11 

l(K)0 


000001 

000(XJ2 

1)00003 

(X)0(XH 1 

000006 

1000 

10 10 


000001 

OOUlXll 

000002 

(WXX)! 

0()0005 

1010 

10 20 


000001 

000001 

00(X)02 

1100003 

000004 

10 20 

10 30 



,000001 

000002 

000003 

(XXXXH 

10.30 

10.40 



000001 

000001 

Off K103 

000003 

1040 

10 50 



000001 

000001 

000002 

(01003 

10 50 

10 60 



000001 

OOOOOl 

000002 

0(XI002 

10 60 

10 70 




000001 

OOOOOl 

000002 

10 70 

10.80 




000001 

OOOOOl 

000002 

low 

1090 




COOOOl 

OOOOOl 

OOOOOl 

1090 

11.00 





OOOOOl 

OOOOOl 1 

IlOO 

11 10 





OOOOOl 

OOOOOl 1 

11 10 

1120 





OOOOOl 

OOOOOl 

11 20 

11.30 





OOOOOl 

OOOOOl 

11 ,30 

1140 






OOOOOl 

11 40 

11 SO 






OOOOOl 

11 50 

H 60 







1160 

1170 







1170 

1180 







1180 

1190 







11 90 

12 00 







1200 

12 10 







1210 

12 20 







1220 

12 30 







12,.30 

1240 







1240 

12 50 







12 50 

1260 







1260 

12 70 







12 70 

12.80 







12 80 

12,90 







12,90 

1300 







13.00 

13 10 







13 10 

13 20 







13 20 

13 30 







13 30 

13 40 







13 40 

13 30 







13 50 

13 60 







1360 

13 70 







1370 

13 80 







13^ 

13.90 







13.90 

14.00 







14.00 

14 10 







14 10 








14.20 








1430 

Iet! 







14.40 








14.50 








14.60 

14.70 







14.70 

1480 







14.80 

14.90 







1490 
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THE SAMPLING VARIABILITY OF LINEAR AND 
CURVILINEAR REGRESSIONS 


A FIF ST APPROXIMATION TO THE RELIABIIITY OF THE 
RESULTS SECURED BY THE GRAPHIC “SUC¬ 
CESSIVE APPROXIMATION” METHOD 


By 

Moboecai Ezekiel* 


JIany statistical problems involve determining the change in one 
variaH? with changes in each of several others, all operating at the 
same time. Linear multiple correlation provides a method of making 
this determination, on the assumption that all the relations are linear. 
In many problems this assumption is not valid. To determine curvi¬ 
linear relations without making assumptions as to the tyiie of each 
curve except that it be a continuous function, a method of succe.ssive 
approximations by graphic fitting was presented six years ago; and it 
was demonstrated empirically that in cases of high correlation this 
method successfully determined the underlying curves.* It was also 
ixiinted out that multiple regression curve.s could be fitted by the least- 
squares method if specific parabolae or other first-degree equations 
were assumed for each variable, following methods previously sug- 
suggested by Yule.* 


1. Formerly Senior Agricultural FA:onomist, United States Department of Agn- 
culture, 

2 Ezekiel, Mordecai. A Method of Handling Curvilinear Correlation for any 
Number of Variables, Quart. Pub, Amer Stat Assoc, XIX, No. 148, Dec,, 
1924. 

3 Yule, G. U. “On the Theory of Correlation,” Jour. Roy Sta. Soc., Vol LX, 
p. 817 (1897), Apparently Wicksell had also suggested fitting regression turves 
to several variables simuhaneously Wicksell, S D, Annals of Math, Stat., 
Vol I, No 1, pp. 3-15. Feb, 1930. 
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The acl\atitage claimed for the successive approximation method 
was that it did not require assumptions as to the specific type of each 
cutve, but instead permitted each regression to be indicated by the ob¬ 
servations themselves 

A new measure, the “index of multiple correlation,” was suggested 
to measure correlation for curvilinear regressions in the same way 
that the coefficients of multiple correlation measured it for linear re¬ 
gressions. 

No mea.siire of the reliability of the net regression curves or of 
the index of correlation, was provided in the initial article. The use¬ 
fulness of the results secured by this method has therefore been lim¬ 
ited by the inability to state the confidence that could be placed in them 
e\'en when ba.sed on a random sample, or to judge how large a sample 
would be necessary to infer, within any stated limits of precision and 
probability, the relations existing in the universe from which that 
sample was drawn. 

This paper reports an attempt to determine the sampling error 
of multiple regression curves and iiide.xe.s of correlation' obtained by 
the successive approximation process, under conditions of simple 
sampling . The experimental method has been used to investigate the 
variability of results from ‘successive samples drawn from the same 
universe under specified conditions and to establish error formulae in¬ 
ductively These experiments, representing the solution of over 150 
multiple curvllincai correlation problems, indicate the possibility of es¬ 
tablishing approximate expressions for the reliability of multiple re¬ 
gression cuive.s and inde.xes of multiple correlation.* The results, how¬ 
ever, are not fully consistent, and the error formulae are not com¬ 
pletely satisfactory. The experimental results are therefore given in 
full, in the hope that the attention of mathematicians may be attracted 
to this problem, and that the tentative formulae may be modified to 
provide more rigorous and exact measures of the reliability of the 
curvilinear regressions and correlations. 


1 The extensive computations involved in this mve.stigation were carried through 
by Helen L. Lee and Della E. Merrick, and by others of the staff of the Division 
of Farm Management, U. S, Department of Agriculture Credit is due them 
for their intelligent and loyal assistance. 


PART I —COEFFICIENTS AND INDEXES OF 
CORRETATION. 


1 The Reduction of the "Degrees of Freedom” by 
Fref.-ii-vni) Smoothing. 

When a line is fitted to a series of paiied observations by the use 
of the formulae , the assumption is made that the 

straif^ht regression line is adequate to describe the relation. Two para¬ 
meters one giving position to the line and the other slo[je, are required. 
Foi that reason, this equation will give a perfect fit to any two pairs 
of observations of X and Y , Furthermore, if the line is fitted to 
four pairs of observations, the determination of two parameters from 
four observations reduces the degree of freedom in obtaining the line 
from four to two, and the standard errors of the parameters must 
be determined with the number of degrees of freedom, N , equal to 
2 instead of 4. Similarly, if a cubic parabola V=a+AA'4cXVdA'* 
were fitted to ten observations, there would be only 6 degrees of free¬ 
dom after determining the four parameters, and the standard errors 
would be based on A^»6. In this case the four parameters determine 
position, slope, rate of change, and change in the rate of change.' 

If instead of fitting a curve by the method of least squares or 
some other exact method, a free-hand curve is drawn by eye through 
the series of observations, it is necessary to make certain assumptions 
in drawing the curve, analogous to those represented in the parameters 
when more rigid methods are used. In addition to the basic assump¬ 
tion of continuity, these conditions may include: 

(1) Whether the origin for X-0 will be at or at some 

ordinate to be indicated by the data. 

(2) Whether a straight line will be fitted (by ruler or thread) or 
‘whether a curve will be permitted, 

1 The treatment of standard errors for small samples by "Student" and R. A. 
Fisher, as set forth in the latter’s "Statistical Methods for Research Workers,” 
give full recognition to these facts. Least square theory has always recog¬ 
nized that, for small samples, the number of parameters determined reduced 
the number of observations. See Wright, Thomas Wallace, and John Fillmore 
Hayford. "Adjustments of Observations,” 1905, pp. 2440,132-133, and Merri- 
man, Mansfield, "Method of Least Squares," 1911, pp. 80-82. 
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(3) H a curve, whether it will he limited (n.) to a contim\ous arc of 
even curvature, (b) to a continuous parabol.i-like curve, (c) 
whether one or more inflections will be |)Ciniitted, (cl) whether 
the line will be so drawn as to miriiuii-ce de|virtures on the Y .ixus, 
the X -axis, or tit right-an(>les to the line itself 

It is evident that if a curve is drawn free-hand with its initial 
ordinate as indicated by the observations, with a continuous chan^fing¬ 
rate of curvature, and with no inflection, at least the three parameters 
of position, slope, and rate of change of curvatiiie are represented, as 
shown by the corresponding equation for a parabola 

K = (9 hX + c A 


It is true that the frec-haud curve may involve still more para¬ 
meters, but three is the minimum. While the number of parameters 
represented in any free-hand curve cannot be exactly determined, it can 
be roughly estimated by a process of reasoning similar to that indicated 
above; and any measure of the sampling reliability of such free-hand 
curves would be moie reliable if it allowed for the number of para¬ 
meters assumed than if it ignored this reduction of the degrees of 
freedom. 

It should be noted that while the prnccs.s of fitting curves free¬ 
hand involves the “taste" of the investigator, represented In the con¬ 
ditions he places on himself as previously mentioned, and on his skill 
in drawing the line under those conditions, the proce.ss of fitting a curve 
by a mathematical formula also involves "taste” in deciding what for¬ 
mula to use If the conditions placed on the free-hand fitting are the 
same as those represented in the mathematical equation, the results may 
agree within the significant limits of error, and, therefore, either may 
be satisfactory for practical purposes.’ 

When coefficients of correlation or coefficients of multiple correla¬ 
tion are obtained from samples with a limited number of cases, the 
reduction in the number of degrees of freedom by the two or more 
parameters in the regression equation makes the observed correlation 

l.Note the witty discussion of free-hand versus mathematical curves in the pres¬ 
idential address by E B Wilson, Proceedings; American Statistical Associa¬ 
tion, March, 1930. 
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tend to exceed the truq correlation in the universe from which the 
sample was obtained. Accordingly, even the usual linear correlation 
coefficients, if obtained from small samples, tends to exceed the true 
values. Adjustments to correct for this factor will be considered before 
going to the more complicated problem of adjustments m observed in¬ 
dexes of correlation. 


2. Bias in Coefucients of Correlation 

Determining a coefficient of correlation from a finite sample re¬ 
duces by 2 the number of degrees of freedom present As a conse¬ 
quence, there is a tendency for the computed correlation to exceed the 
true correlation in the universe, and a corresponding tendency for the 
computed standard error of estimate to fall below the true value. Exact 
measures of the “most likely’’ value of the correlation coefficient were 
given by Soper and others in 1917’ and an elaborate method was pro¬ 
vided for estimating it.’ 

Where a coefficient of multiple correlation for independent 
variables is determined from a finite sample of n' independent obser¬ 
vations, the degrees of freedom are reduced by the /?i -+ 1 parameters 
represented in the regression equation. If o-rii + lj the number 
of observations exactly equals the number of parameters to be obtained, 
the least square solution reduces to a simultaneous solution of the n' 
observation equations, and the coefficient of multiple correlation comes 
out 1.00 regardless of the presence or absence of correlation in the 
universe. 

R. A Fisher called attention to this problem in 1924 and suggested 
an approximate adjustment of the observed correlation from limited 
samples by the equation 


( 1 ) 


1. Soper, H. E., Young, A. W., Cave, B. M., Lee, A„ and Pearson, K. On the 
Distribution of the Correlation Coefficient in Small Samples. A cooperative 
Study. Biometrika. Vol. XI, Part IV, May, 1917, pages 352-359. 

2. Locus, Qt, pp. 374-375. 
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where n' and Oj, have fhe same meanings as above, R is the correla¬ 
tion observed m the sample, and § is the most probable correlation in 
the universe.' Tl^s correction is very .similar to that deduced inde- 
[lendently by B. B. .Smith in 1925, directly from the least square ad¬ 
justment for number of constants.’ In the same notation as .above, 
•Smith’s adjustment: 


I? ^ 



may be stated 


( 2 ) 


rt - n. 


which differs from Fisher’s formula only by the omission of the -1 
from both numerator and denominator. In restating this formula a year 
ago’ the present author modified it to the form 


/- 


/-P 

IxtL 

n' 


or, stated in the same form as (1) and (2) 


(3) 




n‘-n. 


This differs from both the previous equations in including the -1 
term in the denominator but not in the numerator. The effect is thus 
to make the correction most severe; i. e., the corrected value departs 
still more from the uncorrected value than in either of the other forms. 


1, Fisher, R, A„ The Influence of Rainfall on the Yield of Wheat at Rothani- 
stead—Phil. Trans. B, ccxiii, 89-142; 1924. 

2, Smith, B, B. Forecasting the Acreage of Cotton. Jour. Amer. Stdt Assoc., 
March, 1925, Footnote on p, 41. 

3, Ezekiel, Mordecai. Application of the Theorj’ of Error to Multiple and Curvi¬ 
linear correlation. Jour. Amer. Stat, Assoc, Supp, pp 99-104, Vol. XXIV, 
No 165-A. March, 1929. 
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The interpretation of correlation coefficient!, adjusted by any one 
of the three equations (1). (2), or (3) has been difficult because of 
laclc of a definite exjilanatiop of the nieanin^ ol ilie adjusted coefficients 
To determine their exact meaning, and to decide which one of the three 
forms of adjustment is most satisfactory, a study has been made of 
the relation of the adjusted values to the distribution ot simple corre¬ 
lation coefficients when computed from random samples of various 
sizes drawn from universes with specified correlations The “Cooper¬ 
ative Study” gives tables showing the exact theoretical frequency 
curves for zeio order correlation coefficients, computed from samples 
of from 3 to 2S. and 50, 100, and 400observations, for true correlations 
ranging fioin 0 to 9, by tenths Ordinates of the distributions of 
obsen-ed correlations are given for each value from r=-l.00 to 1.00 
by ,05 steps With the frequency curve thus defined by as manv as 41 
ordinates, a rough integral of the curve was constructed by a cumu¬ 
lative summary of the ordinates. Then dividing by the total area, the 
proportion below any particular value was determined When (.the 
true correlation in the universe) = 0, the summation was made from 
0 in both directions to show the proportion of all samples showing 
correlations falling below the particular r, either plus or minus When 
/O exceeds 0, the summation was made from -1 00 to inci easing values, 
to show the proportion of all the samples which show correlations 
falling below any particular value. 

For each size sampiq investigated as described, more than SO % 
of the theoretical observed correlations exceeded the true correlation, 
Thus for / 0 = 40, with samples of 4, over 55 per cent of the samples 
showed r in excess of 40; S3 per cent with samples of 9, and about 51 
per cent with samples of 50, But with yo = .80, over 61 per cent of 
the samples showed r above 80 with samples of 4, 56 per cent with 
samples of 9, and 53 per cent wnth samples of 25. If we define the 
value which will be exceeded by exactly half the samples as the value 
which is most likely to be observed in any given sample, this “most 
likely” observed correlation is evidently in excess of the true value. 
The problem is to determine the adjustment equation, similar to eq. 
(1), (2), or (3), which will reduce the observed value to the correla¬ 
tion which exists in the universe from which it is most probable that 
that sample was drawn.- 

Frequency ogives (on a percentage basis) were constructed from 
the tables in the “Cooperative Study for /o=0, 0.2, 0.4, 0.6, 0.8, and 
0.9, for n‘= 4, 5, 9, 17, 25, 50, and 100. ^nation (1) was then 
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tested against these ogives, to determine what was the significance of 
the adjustment, For zero order correlations, equation (1) becomes 


n'-2 /' 


r ) 


Hence, with .q and woultl have to equal at least 

±0.35 for r tn be 0. Comiiaiing this ralue, 0.3.S, with the frequency 
ogive for /O- 0, n'--9, it was found that only 35 per cent of the 
samples would give observed correlations larger than 0 35, or smaller 
than-0.35. Similarly for /O---0.6 and n’-\7, t would have to be 
0.63 for r to be .60. For these conditions, 49 per cent of the samples 
would give observed correlation in excess of .63 Carrying out this 
same comparison for all of the ogives constructed gives results as shown 
in the following tabulation. 


Size of 


When correlation in sample is 



sample 

00 

0,2 

1 0.4 

0.6 

08 

09 

4 

0,42 

0.29 


n 

049 

0.51 

5 

,39 

,29 



,48 

.50 

9 

,35 

.30 

.38 

44 

48 

49 

17 

,33 

32 

40 

.45 

.48 

.49 

25 

,32 

,34 

42 

46 

48 ’ 

49 

SO 

,31 

,37 

44 

,47 

48 

.50 

lOO 

31 

.40 

4u 

.48 

49 

.50 


Proportion of samples, of specified sizes, drawn from universes of 
specified correlations, which show correlations in excess of tlie true 
value in the universe, even after adjusting the observed correlation 
by the formula t , 

These values are determined from the graphs based on a rough 
integration by successive summations, and slight errors may have en¬ 
tered in making the graphic interpolations Hence the values cannot 
be regarded as precise. The error probably does not exceed 01 or .02 
in any case, however, so the results are sufficiently exact to interpret 
the general effect of the correction formula. 

It is evident from the table that when the true correlation is high, 
.80 or above, the probability of a value as large as that implied by 
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the use of adjustment formula (1) is practically .50 Tests by the 
tables given in the "Cooperative Study” for the most probable value 
show that the probability becomes almost exactly 50 for larger samples 
and still higher correlations, the adjusted values by those tables and 
by the correction formula agreeing to the third or fourth decimal 
place. 

Where the true correlation is low, however, the table indicates that 
the adjustment is too severe—that is, the probability of the true cor¬ 
relation in the universe being as high as the correlation shown after 
the adjustment is more than .50, and may be as high as .70 (for r? '= 4 
or 5 and ^•=02). Even with this variation in the meaning of the 
adjusted value, however, equation (1) gives a valuable adjustment, 
since it indicates the probable correlation with almost exactly a .50 
probabilitv where the correlation is high, whereas it indicates the prob¬ 
able correlation with a higher probability—between .50 and .70—for 
those cases where the correlation is low and the standard error of the 
coefficient is correspondingly large 

Comparison of equations (2) and (3) with the frequency ogives 
showed that where n' was small, the adjustment was more severe in 
the case of (3), and less severe in the case of (2), and did not in 
either case tend to approximate the SO per cent probability, except 
where n' was very large. In some cases equation (2) gives corrected 
values so low that such cases are likely to occur more than 50 per cent 
of the time, and accordingly the probability would be even less than 
.50 that the correlation is really as high as shown by the adjusted 
coefficient. 

It may be concluded that equation (1) gives the most satisfactory 
simple method for adjusting coefficients of simple or multiple correla¬ 
tion to remove the positive bias. The adjusted value thus obtained 
may be defined as the value that most probably exists in the true uni¬ 
verse, in the case of a high correlation, or a value slightly belotv the 
probable true value, in the case of a low correlation. 

The adjustment of the standard error of estimate may next be 
considered. When a standard deviation, er^ , is calculated from the 
items in a sample of n cases, the probable standard deviation of the 
items in the universe, cr^, may be computed (following Fisher) as 
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So if the standard error of estimate is calculated by the usual 
formula 


but the adjusted correlation, /? , is substituted for ^, and the value 
just shown is used for , the equation becomes 


(4) 


s;- 




This is identical with the equation gfiven by Fisher', though in 
different form. 


3. Correcting for Bias with Indexes of 
(Curvilinear) Correlation 


Where correlation is measured with respect to curvilinear regres¬ 
sions, the greater number of parameters represented iq the regression 
curve increases the tendency for the observed correlation to exceed 
the actual and requires a more drastic correction of the observed values. 
Where the regression curve is determined by a definite equation, the 
number of parameters is known, and the observed correlation may be 
adjusted to the most probable true correlation by the use of equation 
(1), as before Since the number of parameters, rather than the 
number of independent variables, now becomes of moment, the equa¬ 
tion may be restated for curvilinear correlation 



n'-m 


(/-^*) 


using m to designate the number of parameters, and p and p to 
designate the observed and the .adjusted index of correlation. This 
formula may be used either for simple or for multiple curvilinear cor¬ 
relation. Thus if the regression equation 

-X, - a 4- -4 b; (O-^ X, 4- 


1. Fisher, R, A., Statistical Methods for Kesearch Workers. 1928. P. 117, first 
equations; page 135, 2nd equation. 



M. EZEKIEL 


285 


had been fitted, n\ would equal 5. For a sample of 20 observations 
and an observed multiple correlation of 0 80, the most probable true 
correlation would be but 0 74. 

Where the regression curve or curves have been fitted free-hand, 
the observed correlation may be even more in need of adjustment than 
where a definite equation has been employed ' 

It is true that the number of parameters which it would take to 
duplicate the free-hand curve by a definite mathematical function can¬ 
not be exactly determined without finding some equation which will 
exactly represent the curve. On the other hand, even an approximate 
estimate of the number of parameters which would be required pro¬ 
vides a better basis for judging the probable true correlation than 
does the observed correlation taken alone. Such an approximate es¬ 
timate may be made by considering how many degrees of position, 
change, or movement are represented in the graphic curve. The follow¬ 
ing list suggests some of these: 

(a) Position 

(b) Direction 

(c) Change of direction 

(d) Change in the change of direction 

Where several different free-hand regression curves have been 
obtained by the method of successive approximation, the number of 
parameters represented by each one must be estimated separately. Only 
a single "position” parameter is required, since the origin of each 
regression is purely arbitrary, depending upon the constant in the 
regression equation, and the origin assumed for each of the other 
curves. That is, in the curvilinear regression equation 

the value of a depends upon the origin used in graphing each of the 
functions. 

Once the number of parameters represented in the regression 

1. Ezekiel, Mordecai. Application of the Theory of Error to Multiple and Curvi¬ 
linear Correlations. Jour. Atner. Stat Assoc., March, 1929, Supp., pp. 99-I04, 
Vol. XXIV, No. 165-A. 
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equation has been estimated, equation (4) may be used to adjust the 
observed correlation Until more exact information is available, the 
explanation of the precise meaning of the adjusted value which has 
just been develoiKid for the coefficient of linear correlation, may be 
assumed (by analogy) to apply to the adjusted index of (airvilinear) 
correlation as well.' 


4 Sampling Accuracy in Coefficients of Correlation 

Although equations (1) and (4) may be used to find the most 
probable correlation in the universe from which a given sample has 
been drawn, they do not give any measure of the range within which 
the true value probably lies, for any specified degree of probability 

It has long been recognized that coefficients of correlation, com¬ 
puted from small samples drawn from a universe in which some cor¬ 
relation exists, show a very skew distribution Even for samples of 
a size most used in actual research—up to n >» 100 or larger—the 
distribution is so skewed that the computed standard error of the cor¬ 
relation coefficient is of relatively little value. Even with fairly large 
samples the chances of the observed value departing from the true 
value by four or five times its standard error are very much greater 
than any interpretation based upon the normal curve would indicate.® 

Recent investigations by “Student” and by R. A. Fisher have de¬ 
veloped means of determining the reliability of correlation coefficients 


1. The adjusted correlation corresponding to a given observed correlation, for any 
size of sample and value of may be more readily determined from a graphic 
chart, instead of eq. (1) or (4). Such a chart is shown in the appendix to 
"Methods of Correlation Analysis,” by the present author, page 404. (John 
Wiley and Sons, 1930.) 

2. "Student," On the Probable Error of a Correlation Coefliaent. Biometrika, 
Vol. Vr., p 302, 1908 

Soper, H. E., On the Probable Error of the Correlation Coefficient to a Second 
Approximation Biometrika, Vol. IX, p, 91, 1913. 

Fisher, R, A., Distribution of the Correlation Coefficients of Samples, Bio- 
raetrika, 10, p. 507, 1915. 

Soper, H. E., A. W, Young, B, M. Cave, A. Lee, K. Pearson. Distribution of 
Correlation Coeffkaents m Small Samples. Appendix 11, to the papers of "Stu¬ 
dent" and R. A. Fisher. Biometrika, XI. P- 328-413. 
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while allowing for the skewneis of their distribution That phase of 
the subject will not be developed in this article; it is referred to here 
merely to call attention to the fact that even after the most probable 
value for the true correlation has been determined, it may still be 
necessary to take account of limv much confidence can be placed in 
that value—<jf how far the correlation obtained from the sample, ei'en 
aftei adjusting as supffested, is likely to vary from the true correlation 
of the universe for any stated odds of piobability' 

ft must be recogni 2 ed that the interpretation of the leliabilily of 
a correlation merely serves to indicate the significance that may be 
attached to the observed correlation, in view of the possibility of varia¬ 
tion of the observed value from the true value m the universe due 
solely to random variation in sampling, If the conditions under which 
the sample is obtained do not fulfill the assumptions of simple sampling, 
then obviously Fisher’s methods cannot be used unless the necessary 
reservations or modifications are added. 

1, Fisher, R A On the "Probable Error" of a Coefficient of Correlation Deduced 
frorn a Small Sample. Metron, I, No 4, p 3,1921 Statistical Methods for 
Research Workers, pp, 1S9-175, 2nd edition, 1928-The General Sampling 
DistnbuUon of the Multiple Correlation Coefficient. Proc, Roy. Soc„ A Yol. 
121, pp 654-673 1928 

The methods developed by Fisher m the last of these articles have been made 
more readily available 'by the construction of graphic charts, both for simple 
and multiple correlations, which are given m the present author’s "Methods of 
Correlation Analysis,” pp. 400-403. 
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1 Sampling Varmhilitv of Linear Regressions 

Relatively little attention has been gfiven in practical research work 
to the reliability of the regressions determined. Many correlation 
studies especially where multiple correlation has been employed, have 
been misinterpreted because proper attention has not been given to 
the standard errors of the regression coefficients As was pointed out 
recently,' this sampling variation may readily be so great in practical 
work as to invalidate the conclusions as to the effect of various vari¬ 
ables, even when samples of considerable size are employed. 

Fortunately, regression coefficients, derived from finite samples 
selected by random sampling, tend to be distributed in a normal dis¬ 
tribution in the same way as does the arithmetic mean, so that elab¬ 
orate devices necessary to allow for skewed distribution are not nec¬ 
essary If the necessary corrections are made for the failure of the 
distribution to be normal when the number of degrees of freedom falls 
below 30, the standard error of a linear coefficient of gross regression 
or of partial regression may be employed with only the same restric¬ 
tions as apply in the case of the arithmetic mean. More recently the 
formula for regression errors has been extended by Working, Hotel¬ 
ling, and .Schultz to develop the standard errors of each constant for 
curves fitted by least-square methods." 

Where the regression is represented only by a plotted curve in¬ 
stead of by a definite equation, the reliability of the curve has been 
unknown, Obviously, it cannot be estimated from the constants rep¬ 
resented in the curve, for they are unknown, and only their number 


1. Ezekiel, Mordecai The Application of the Theory of Error to Multiple and 
Curvilinear Correlations Jour, Amcr. Stat. Assoc, Proceedings, 19th annual 
meeting, Vol XXIV, No, 165-A', pp, 99-104, March, 1929 

2 "Working, Holbrook, and Holellmg, Harold Applications of the Theory of 
Error to the Interpretation of Trends Jour, Amer, Stat, Assoc. Proc., Vol. 
XXIV, 165-A, pp, 73-85, March. 1929, 

Schultz, Henry. Discussion of above paper, pp 86-88 

Schultz, Henry The Standard Error of a Forecast from a Curve Jour Amer, 

Stat, Assoc,, June, 1930 




M EZEKILL 


289 


may be roughly estimated Some knowledge of the v'ariability of such 
regression curves may, however, be obtained experimentally 


2 Outline and Summary of Experimental Study of Sampling 
Varudility of Multiple Curvilinear 

CORRELtTION RESULTS 


The studv was conducted by first constructing a set of data in 
which a dependent variable, X,, was related to several independent 
variables according to known curvilinear regressions, and in which a 
certain knowm portion of the variance of X, was not related to any 
of the independent variables A second universe was then constructed 
with the same underlying functions, but with a different proportion 
of random variation in the dependent variable. Successive samples of 
various sizes were drawn at random from both "universes” and net 
(partial) regiession curves and indexes of multiple correlation were 
computed separately for each sample The net regression curves ob¬ 
tained in successive samples of the same size were compared with the 
"rue curves and with each other to see how far the results determined 
from the samples differed from the true values, and how much vari¬ 
ance there was among them The variability of the cuives, for samples 
of different size, different true correlations, and different points along 
the curves, was then studied, and it was found possible to construct 
an error formula to estimate (he standard error of the regression 
curves from the values obtained in the individual samples Checking 
this formula by applying it to each of the samples previously deter¬ 
mined, the actual errors were found to be m fair agreement with the 
estimated errors. 


For a more rigorous test of the new enor formula for regression 
curves, two new synthetic universes were constructed Samples of vari¬ 
ous sizes were drawn from them, net regression curves computed sep- 
aratelv for each sample, and the actual departures of the computed 
curves from the true curves checked against the error indicated by 
the new formula The agreement in this test was not so g<^ as in 
the previous case, although 66.5 per cent of the ordinates of the curves 
showed errors no greater than their computed standard 
20.3 pet cent fell between 1 and 2 times the I®’ 

7.5 per cent fell between 2 and 3 times, as compared to 68.3, 27 2 and 
4 3 the proportions to be expected if the distribution were normal. 
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On the other hand, 5,8 per cent of the ordinates had errors exceeding 
3 times the computed standard error, and some departures in excess of 
S times the computed standard error were obtained. It is evident from 
these results that either fa) the tentative formula is not adequate to 
estimate the standard errors of regression curves determined by the 
free-hand method, or (b) that net regression curves obtained by the 
successive approximation process are so unstable that their errors can¬ 
not be represented by a normal curve, and possibly may be impossible 
of estimation by any mathematical process, In the hoi^e that the atten¬ 
tion of others may be drawn to this problem, and a more satisfactory 
error formula be obtained, the experimental study is given subsequently 
in as full detail as possible. 

The indexes of multiple correlation obtained from successive 
samples of the same size, were studied with respect to (1) bias and 
(2) variability. As has been previously reported', the indexes of mul¬ 
tiply correlation show an average positive bias even larger than that 
of coefficients of multiple correlation. Indexes of multiple correlation 
apparently require a correction which takes into account both the num¬ 
ber of observations and the estimated number of constants represented 
in the regression curves, according to equation (4) already discussed. 
Further study of the variability of the correlations showed that as far 
as could be judged from the relatively small number of replications of 
each size sample (5 to 16) they tend to have a standard error of the 
order of 


(S) 




n'-m 


where n' and m have the same meaning as for equation (4), and 
where /O represents the observed index of multiple correlation. If 
this very rough approximation for their sampling errors is found ade¬ 
quate, it would seem logical to expect Fisher’s determination for the 
sampling error of multiple correlation coefficients to apply equally well 
to indexes of multiple correlation. 

In concluding this summary, it must be reiterated that these con¬ 
clusions are only tentativhe. They provide at least some indication 
of the reliability of curvilinear correlation results, for which previously 


1. Loc, Cii., Proc Amer, Stat. Assoc., March 1929, p. 100 
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nothing had been known The error formulae are only first approx¬ 
imations, however, and in the case of the error of net regression curves, 
are such a poor approximation that much more worlt remains to be 
done before the results of such analyses can be used with anything like 
the degree of confidence that can be felt in older and more well-estab¬ 
lished statistical procedures.^ 


Dbhils of Exfehimiintu Sjunr 


d, Construction of Svnthetic UNUEHSts 

The set of data used in the initial sampling was conituuied as 
follows: 


1. Values for X j were obtained by taking the sum of values, from 
two dice. The throws were repeated 500 times, giving 500 values. 

2. To insure .some curvilinear correlation betM-een Ajand , 
values of were computed for each value of X ,, according tu the 
following function. 


Value of 

Value of 

Value of 

Y alue of 

X, 

x; 

X, 

x; 

2 

3 

8 

6 

3 

4 

9 

6 

4 

5 

10 

7 

5 

5 

11 

8 

6 

6 

12 

9 

7 

6 




One die was then thrown, and the value for X, computed as die 

dk reading+Xi [X - die reading +/(A.)] • 

3. Values for were then computed for each value ot Xj. 

according to the following function: 
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Value of 

X, 

Value of 

Xj 

Value of 

X. 

Value of 

X.; 

3 

4 

10 

0 

4 

3 

11 

0 

5 

2 

12 

0 

6 

1 

13 

0 

7 

1 

14 

0 

8 

1 

15 

0 

9 

1 




Again, one die was thrown, and the reading of the die added to 
the value to get . This gave a set of 500 values of X,, X, , 
and X, I fairly normally distributed, with positive correlation between 
X 2 and X j ( r- + .534); with a negative correlation between X4 

and X 2 ( I "— .489) ; and between X, and X^ ( r -.234); and 

with all of the inter-correlations more or less curvilinear. 

4. Values for a dependent variable, X, , were then calculated 
according to the relation 

x,” y (Xm) -•-/ (Xf) -f-yCAj) , 

where the values for each of the functions were read from the assumed 
regression curves tabled below, and where e was obtained by throwing 
two dice, and taking the sum of the readings. 
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Values for assumed regression curves 



Values for a second dependent variable, Y, were obtained by 
i'ne >anie assumed regressions, but obtaining the value for e by throw¬ 
ing a single die, rather than two dice. This gave two sets of 500 
observations, both identical as to the independent variables, but with 
different dependent variables, and with the true correlation higher in 
one universe than in the other, since the dependent variable included 
a smaller proportion of random variation in one case tlian in the other. 
The complete set of SOO paired observations are shown in Table A. 

4. Drawing Random Samples 

Thirty-one separate samples were drawn from each of the 2 “uni¬ 
verses’'; 5 samples of 100 observations each; 10 samples of 50 observa¬ 
tions; and 16 samples of 30 observations. In making the drawings, 
slips numbered from 1 to 500 were mixed in a box, and drawn at 
random. They were stirred afresh between each drawing. In making 
the drawings for the X, universe, the slips were not returned to the 
box until each sample was completed; so that the same set of data would 
appear only once in each sample. In making the drawings for the Y 
universe, each slip was returned to the box as soon as its number was 
noted. In a few cases this resulted in the same observations appearing 
twice in the same sample. While SOO is not an "infinite" universe as 
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compared to a sample of ICX), the difference in the method of drawing 
appeared to make no practical difference in the variability in the two 
sets of samples. However, the fact that the samples made an appre¬ 
ciable proportion of the "universe” would mean that the variability in 
the observed results would not be quite as large as if drawn from an 
infinite mivcrse. Using Bowley’s statement of this the maximum 
effect', however, which would be for the samples of iOO, would make 
the of the observed deviations about one-tenth smaller than it would 
have been if determined by drawings from an infinite universe of sim¬ 
ilar characteristics. 

For, following Bowley, 

f-r>,/n. 

Where, <S of actual sample, from a finite universe 


q, - <J of a similar sample, from an infinite universe 

n, • number of cases in sample 

n., • number of cases in the finite universe 

Hence whe'-e 500, n, - 100, then cr,. - .894 <t. 

Since the effect of the limited universe on the variation in the 
results can thus be estimated, the results can be transformed to what 
they would probably have been had a much larger universe been avail¬ 
able for study. 

5. Curvilinear Regressions Determined from the Samples 

Net regression curves were determined for each sample by the 
method of successive graphic approximations, and indexes of multiple 
correlation were computed for each set of curves. Each sample was 
carried through successive approximations until no further significant 
increase in correlation was found by further modifications of the curves. 
From 2 to 4 approximations were necessary, in various cases. The 
multiple correlation found for each sample at the first (linear) solution, 

1. BuHetin Int. Institute Statistics, Proceedings, Rome, 1925. Annex by A. L. 

Bowley, Cambridge Univ. Press. 
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and fur each succe.sbive set of curves, are shown in Table B. For the 
Y universe, a multiple correlation was run to adjust, by least squares, 
the slope of each regression ciuve according to the formula.’ 

r-3-^b' 

The indexes ot multiple correlation (necessarily higher than the 
previous indexes) as totmd by this process are also shown in Table B. 
The further study of the samiiling vaiiabilUy of the regiession curves 
was based on the set of regression curves for each individual sample 
which showed the highest correlation for that sample 


6. Errors in Regression Curves from the Samples 

The net regiession curves determined from each successive sample 
were all put on a comparable basis by adding a constant to each so that 
the central ordinate of each would equal the central ordinate of the 
corresponding true regression curve The differences between the ad¬ 
justed ordinates at other points along the curves and the true ordin¬ 
ates would then show the errors in the curves. That is, the difference 
between ordinates at the central value and the ordinates at other points 
along the curve, as shown for the curves determined from the samples, 
were compared with the same differences for the true curves. 

This procedure centered attention on the reliability of the slope 
and shape of the curves, rather than on the accuracy of their position. 
It is true that m linear correlation, the a as well as the b of the for¬ 
mula Y-a^bx, is subject to sampling errors, and foimulae have 

been devised to compute its standard error. In the present case, how¬ 
ever, it seemed desirable to first solve the problem of the shape and 
slope of the curve, before attacking the further problem of its position. 

The departures of the curves found in the several samples from 
the true values for each curve are shown m Table C, for selected or¬ 
dinates The central point of reference (and therefore the point of 
0 error) was taken at appi oximately the mean value of each independent 

variable. 

The individual samples were studied to see if there 
tion between the correlation observed m individual samples and the 

7 , See pages 445-447, Dec 19;!4, Jour Amer Stat, Absoc,, for the original dis- 
cussion of this process. 
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errors in the regression curves. No relation whatever was found 
between the size of the correlation in the individual sample and the 
size of the errors for the sample so long as samples of the same size 
and drawn from the same universe were compared. 

Standard errors for the linear partial regression coefficients were 
computed for each sample by the standard formula given by Yule, and, 
modified, by R. A. Fisher: 

^ l.iu) 

When the actual errors in tlie regression curves for individual 
samples were compared with these standard errors, again no relation 
was found for samples of the same size and drawn from the same 
universe For that reason it was decided to abandon further study of 
the characteristics of individual samples, and instead study the charac¬ 
teristics of each entire set of samples of the same size and from the 
same universe. 


7. Derivation of Tentative Error Formula 

Study of the errors showed that, so far as could be judged from 
the limited number of observations, they had a marked tendency to a 
normal distribution. However, to prevent undue weighting of single 
extreme cases, the average deviation was used instead of the standard 
deviation as a basis for summarizing the results shown bj' different 
samples of the several sizes. These average deviations are shown in 
Table 1 (page 298). 

Each of these results would be expected. The true standard error 
of estimate for Universe X is 2.39, and for Universe Y is 1.80, or 
7S.3 per cent as large. It would therefore be reasonable to expect that, 
father things being the same, the errors in the ordinates of the regres¬ 
sions for Universe Y would average only three-quarters as large as 
the corresponding errors for Universe X . Stating each mean error 
(Table 1) in Universe Y as a percentage of the corresponding mean 
error in Universe / , and taking the geometric mean of these per¬ 
centages, it appears that on the average the errors in Universe Y are 
78.5 per cent as large as in Universe X, or in fair agreement with the 



M EZEKIEL 


297 


proportion expected The extent to which aveiage eiror ihown in 
Table 1 for the selected ordinates in Universe X are correlated with 
the average error for the corresponding ordinate in Universe Y are 
shown graphically in Figure 1 ' It is evident that the individual group 
averages agree fairly well with the expected relation Accordingly, 
it was concluded that any formula for the standard error of net regres¬ 
sion curves would have, for one component, , the standard error 

of estimate for the dependent variable, just as does the formula for 
the probable error of a linear net regression coefficient, which is 

cr ^ _ 

TABLE 1, 


Average deviation of errors in net regression curves, at selected 
ordinates for various sizes of sample 





Universe Y 

X, 


m 

10 

samples 
of 50 

5 

samples 
of 100 

16 

samples 
of 30 

10 

samples 
of 50 

s 

samples 
of 100 

3 

11 4 

166 

1,19 

0 34 

9 

0 82 

0.50 

5 

12,4 



0 24 


iBI 

0.26 

7 

12 9 





B1 

000 

9 

13 0 



0.34 

0.38 

0.32 

0 24 

11 

13 0 

1.48 

1.09 

0 77 


0.58 

0 50 

5 

/(X,l 

12 5 

1.65 

1 25 

1 04 

1.38 

0 52 

1 10 

7 


0 84 

IBI 

0 38 


0,18 

0.16 

9 

12 3 



0,00 



000 

11 

13 1 

0 61 


0.24 

0.41 

0 56 

0 52 

13 

15.6 

1.35 



1 56 

124 

0 88 


■ISQI 

0 69 

0,80 

0 38 

11 

080 

0 50 

3 


0.52 

0 54 

0 48 

mm 

0 36 


4 

11.7 

0,35 

0,36 

0.40 


0.16 


5 


000 

0,00 

0.00 




6 


0 28 

029 

012 


0.54 


7 

mSm 

0.72 

0.67 

0.40 

0.68 

0.68 

0.54 

8 


1 50 

109 

0,76 

1 14 

0.92 

0.66 

9 


2 26 

160 

1.00 

1.34 

125 

0.74 


] This and subsequent figures will be found at the conclusion of l|ie paper> 
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It is evident from Table 1 and from Figure A, which shows the 
data graphically for Unir^rse X , (a) that in general the larger the 
sample the smaller the average error; (b) that the further from the 
center ordinate, the larger the error; and (c) since the errors in Uni¬ 
verse X were usually larger than in Universe Y, that the lower the 
true correlation, the larger the error. 

The influence of sample size may next be considered The num¬ 
ber of observations is involved in two wavs in the results shown in 
Table 1. In the first place, the aveiage error tends to vary somewhat 
inversely with the size of sample. But in addition, it tends to vary 
with the distance from the central ordinate. Since the independent 
variables were composed of elements derived from dice readings, their 
distribution was roughly normal As a result, the number of observa¬ 
tions upon which the regression curses were based was largest toward 
the center portions, and thinned out toward the extremes. In the graphic 
approximation method of determining the curves, each jxirtion of the 
curve IS determined from the cases falling within that portion, rather 
than from all the cases as a whole. Accordingly, it.seems logical to 
try to relate the observed differences in the average deviation of the 
errors to differences in the number of cases from which they were 
determined, rather than to the total size of sample. 

There is no precise range within which the observations can be 
said to be considered in free-hand fitting Instead of trying to meas¬ 
ure the exact number of cases within any specified range, therefore, it 
seemed desirable to establish a measure of the concentration of observa¬ 
tions at any point along the curve Thus, for example, if within a 
given interval of X,, with a group interval of u units, there are Hv 
observations, we can express the concentration of observations at the 
mid-point of that group by the relation 





If the gToup-interval is taken equal to the standard-deviation of 
the variable, will be simply the number of cases falling within 
that group. If, however, the group-interval is made either larger or 
smaller than the standard-deviation, this equation will measure the con¬ 
centration of observations tn terms of the number per standard-devia¬ 
tion range. In a rectangular distribution, changing the value of Oj, 
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would change the size of /i^ to a corresponding extent, so the value 
of would be independent of the groupdnterval selected, In a 
normal distribution, however, ^ould be only an approximation of 
the true value which would be secured from the theoretical distribution 
when the total number of cases was made very large and was 
made infinitely small. 

On the basis of the foregoing reasoning, it was thought that the 
differences in the average deviations within each universe as shown 
in Table 1, might be explained by differences in the number of cases 
which each portion of each curve was based upon. In sampling theory 
the dispersion of values of a constant determined from successive 

samples ordinarily varies with ^, rather than with ~, hence, in 

this case, it was tentatively assumed that the value ^ would be a 

component of the formula for the error of ordinates of regression 
curves. This hypothesis was tested by adjusting the average shown 

in Table 1 by multiplying each of these by the factor , determin¬ 
ing the On case from the true distribution of that variable in 
the whole universe, and from the total number of cases in the samples, 
These average differences would presumably reflect the true distribu¬ 
tion of each independent variable in the original universe, since the 
variations in distribution in different samples would tend to cancel out. 
We may therefore use the distribution of the entire universe to in¬ 
dicate the average distribution within samples of specified sizes drawn 
from that universe. The calculation of for each ordinate in ac¬ 
cordance with this method is shown in Table 2, 
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TABLE 2 


Calculation of n ^ values for selected ordinates and 
various sizes of samples. 



Number of cases (O 



Value of 0 


Group 

In entire 
Universe 

30 

50 

100 

30 

SO 

100 

Aa 








3 

32 

1.92 

3.2 

6.4 

2.171 

2.803 


S 

55 

3.30 

5.5 

11.0 

2.846 

3.674 


9 

53 

3.18 

5.3 

10.6 

2.794 

3.607 


11 

38 

2.28 

3.8 

7.6 

2.366 

3.055 

4.370 









s" 

9 

0.54 

0.9 

1.8 

1.081 

1.396 

1.974 

7 



7.0 

14.0 

3.015 

3.892 

5.505 

11 

91 

5.46 

9.1 

18.2 

3.437 

4.437 

6276 

13 

18 

1.08 

1.8 

3.6 

1.529 

1.974 

2.792 








2 

62 


6.2 

12.2 

2.771 

3.577 

5.060 

3 

76 

4.56 

7.6 

15.2 

3.093 

3.993 

5.648 

4 

79 

4,74 

7.9 

1S.8 

3.153 

4.071 

5.757 

6 

91 

5,46 

9.1 

18.2 

3.385 

4.370 

6.181 

7 

55 


5.5 

11.0 

2.631 

3.397 

4.804 

8 

26 

1.56 

2.6 

5.2 

1.809 

2.335 

3.303 

9 

16 

0.96 

1.6 

3.2 

1.419 

1.832 

2.591 


1. Computed from formula r7^-n„ , with C/, « 1, - 2.455; 

<5 j = 2 164, cr* = 2 098, (/* = 1, since the frequencies for 3 include 2,5 

to 3,5; for S, 4,5 to 5,5, etc. 
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TABLE 3 


Average deviation of errors in net regression curves, at selected ord?n- 
ates, adjusted to error per unit observation per standard-deviation range 


Group 

Universe X 

Universe Y 


X, 

' 30 

SO 

100 

30 

SO 

100 

3 

3.60 

3.34 

135 

1.95 

2.30 

1.98 

S 

2.65 

2,31 

1.25 

1.37 

1.84 

1.3S 

7 


0.00 


0.00 

0.00 

0,00 

9 

2.01 

2.02 

1 73 

1.06 

1.15 

1.22 

11 

X 

3 50 

3.33 

3.33 

1.68 

1.77 

2.16 

5 

1 78 

1.7S 


1.49 

0.73 

2.17 

7 

2 S3 

1 71 

209 

1 IS 

0.70 

0.88 

9 

000 

000 


0.00 

0.00 

0.00 

11 



1.51 

1.41 

2,48 

3.26 

13 

X 

206 

1.84 

229 

2 39 

2 45 

2.46 

2 

191 

2.86 

1.92 

1.61 

2.86 

2.53 

3 

1.61 

2.16 

2.71 

1.21 

1.44 

1.92 

4 

1.10 

1.47 


0.95 

0.65 

1.27 

5 


1,27 

0 74 

1.15 

2.36 

1.36 

6 




0.00 

0.00 

0.00 

7 

1.89 

2.28 

1.92 

1.79 

2.31 

2.59 

8 

2 71 

2.55 

251 

2.06 

2,15 

2.18 

9 

3,21 

2.93 

2.59 

1,90 

2,29 

1.92 


When the values in Table 1 are multiplied by the corresponding n» 
values, from Table 2, the adjusted values shown in Table 3 are ob¬ 
tained. Averaging together all the values in Table 3, average adjusted 
errors of 1.89 are secured for samples of 300 cases, 2.04 for samples 
of SO, and 1 98 for samples of 100 cases. It is evident that most of 
the difference due to different sizes of samples has been eliminated. 
However, even after this adjustment, the errors tend to increase as 
the ordinate departs from the assumed point of origin at the center. 
This same relation holds for linear regression lines. The standard 
error of any point on a regression line (in relation to the origin at 
0) is Ct,x, and hence increases directly as x increases. A line 


1. Number of observations in each of the successive samples. 
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continues out with the slope given it by b, and any error in b has a 
progressive influence on the accuracy of the line. The free-hand curve, 
on the contrary, is more flexible, and docs not continue in any deter¬ 
minate direction. Hence it would hardly be supposed that the errors 
in the ordinates of the curve would increase with increasing values of 
){ so rapidly as does the standard error of the straight line. The 
errors shown in Table 3 may be tested with respect to this hypothesis 
by averaging, for each universe, ihe errors shown by the three sizes 
of samples for the several selected ordinates and relating the resulting 
averages to the departures from the assumed means, To put these de¬ 
partures in comparable terms for the three variables, they may be stated 
in terms of standard deviation units. Carrying these operations 
through, the data appear as shown in Table 4. 


TABLE 4 


Average adjusted deviation of errors at selected ordinates, contrasted 
with departure from origin 


Group 

Departure 

from 

origin 

De¬ 

parture 

" ■ -TT- 1 1 11, 

yf 

Average adjusted errors 

<5 





1.63 

1.06 

2.76 

2.08 

5 


0.81 

0.90 

2.07 

1.52 

7 






9 


0.81 

0.90 

1.92 

1.14 

11 


1.63 

1.06 

3.39 

1.87 

X, 






s 


1.85 

1.36 

1.86 

1.46 

7 


.92 

0.96 

2.11 

91 

9 

0 





11 


.92 

0.96 

1.90 

2.38 

13 


1.85 

1.36 

2.06 

2.43 

X 4 






2 


1.41 

1.20 . 

2.23 

2.33 

3 


.95 

0.97 

2.16 

1.52 

4 

1 

.48 

0.69 

1.62 

.96 

S 

0 





6 

1 

.48 

0.69 

.99 

1.62 

7 


.95 

0.97 

2.03 

2.23 

8 


1.43 

1.20 

2.59 

2.13 

9 

4 

1.91 

1.38 

2.91 

2.04 
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It is evident from Table 4 that the average error, adjusted for 
size of sample, increased as the departure from the origin increased. 
This is shown more clearly in Figure 2, where the average error is 
plotted against the departures from the origin. This figure, however, 
indicates that the relation is not linear, as the errors do not increase 
in proportion. When the average errors are plotted against the de¬ 
partures on semi-log paper, however, as shown m Figure 3, the rela¬ 
tion is substantially linear, and is of such an order as to suggest that 
the errors vary with the square-root of the departures, rather than the 
departures themselves The line drawn m on each chart, with such 
a slope as to coincide with the square roots, parellels the relation fairly 
well, so from this it may be concluded that another constituent of the 
error formula will be 

/ Units departure from origin 

V < 5 -, 


If the origin is made at the mean of X , the inde[)endent factor, 
)( , X , etc., this segment of the error formula may be stated (using 



Each of the adjusted errors s^n in Table 4 may be further 
adjusted by dividing each one by .J^. the value shown m the third 
column. They may also be adjusted to allow for the difference m the 
original standard errors of estimate in the two universes, as noted 
earlier. The standard error in Universe / was 1,80 and Universe X, 
2 .39, so the errors may be made comparable by dividing those from 
each universe by the corresponding standard error of ^ ^ 

forming these two operations, the average deviations of the errors 
ap^ar as shown in Table 5 These average deviations are now so 

elements discussed. 
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TABLE 5 


Average deviation of cnors at selected ordinates 
adjusted for S, 


Group 

Universe X 

Universe V 

Average 

Average /j -3 

1.09 

1.09 


5 

0.96 

0.94 


9 

0.89 

0.70 


M 

1.33 

0,98 


Average Xj 

1.07 

0.93 

1.00 

X 3 -5 

0.S7 

0.60 


7 

0.92 

0.53 


11 

0.83 

1.38 


13 

0.63 

0.99 


Average Xj 

0.74 

0,88 

0.81 

X 4-2 

0.78 

1.08 


3 

0.93 

0.97 


4 

0,98 

0.77 


6 

0.60 



7 

0.83 

1.28 


8 

0.90 

0.99 


9 

0.88 

0,82 


Average X 4 

0.84 

1,03 

0.94 


Averaging all values for each variable, as shown m Table 5, there 
still remains some difference in the average errors. The errors for 
/U,) are smaller on the average than the errors for either of the 
other variables, while those for / (X,) are larger. This suggests 
that some element other than those already considered influences the 
errors, and that it differs with individual independent variables. 


The formula for the standard error of a linear net regression co¬ 
efficient contains the term 


1 


y/F^' 


s — 

2.34 
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which allows for the intercorrelation between the independent variables. 
The more closely an independent variable may be estimated from the 
other independent variables, the less accurately its net regression line 
can be determined. The same relation might be expected to hold true 
of niLiltiple regression curves We can test this by comparing the aver¬ 
age adjusted errors, just computed, withh the intercorrelation, as 
follows: 


Reeression 

Mean Adju ted 
Error 


Mean Error 
1 - 15 * 



1.00 

'\Jl~ 7^7 

0 76 

yw 

0 81 


0.68 


0.94 


0.82 


It is evident that the means vary somewhat inversely with the 
J/-P^ val ues. T hey may therefore each be multiplied by the cor¬ 
responding J/~ value to secure the final adjusted values, as shown 
in the last column*. This column now shows the average deviation of 
the errors actually observed stated in per cent of an estimated error 
computed from a theoretical equation composed of the four elements 
developed separately. 


The average deviations of the observed errors varies from 68 to 
82 per cent of the estimated error in each case, as contrasted to the 
value of 80 per cent to be expected if the equation gave the standard 
error. This is consistent with the fact that the standard error of es¬ 
timate is included as the initial value in the equation. Furthermore, 
since the samples were drawn from a limited universe, the variation 
observed would tend to be slightiy less than if they were drawn from 
an infinite universe with the same characteristics, which is consistent 


l.This demonstration is by no means convincing prwf of the need ^ 

this adjustment. After this final adjustment, the discrepancy between the 
»ll «"rg=.. ....r., 0,68 .nd 0.82, i. - » » « ™ 

multiple correlation. 
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with the observed values falling- mostly a little below the expected 
value of 0.80. The elements considered in estimating the error may 
therefore be said to give the standard error of the regression curves. 

By a combination of induction and deduction, of which the fore¬ 
going is a condensed re-statement, a tentative formula for the standard 
error of the ordinates of a net regression curve was constructed from 
the four elements develofied separately. They may be combined as 
follows'; 



or writing out in full, 


II. 


Hence 




III. 




8. Testing Tentative Formula by Samples Drawn from the 
Original Universe 

The formula which has just been shown was derived from the 
average errors shown by all the samples, using the known facts aliout 
each universe—the standard error of estimate, the frequency distribu¬ 
tions and the standard deviations of each independent variable, and 
the Inter-correlations among the independent factors in working out 
the estimated errors. But for practical use in estimating the reliability 
of regressions determined from a single sample all that would be known 
about the universe would be what could be inferred from that sample, 

1. Equation (HI) may be restated in a simpler form for practical computation, and 
the operations of working out the standard error for selected oidinates along 
the net regression curves may be organized in a systematic manner, as shown 
in the author's “Methods o f Correlation Analysis," pages 384 to 389. 
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and the standard errors of the regression curves would have to be 
computed from the values so obtained. The next step of the experi¬ 
ment, therefore, was to calculate the standard error separately for 
each sample in turn, using only the values obtained from each one. 
These computations were made for each independent variable for each 
abscissa listed in Table C. The actual error of the regression curve 
at that point was then compared to the calculated standard error, and 
the ratio 


Observed error _ ^ 

Calculated standard error 

computed for each selected abscissa. If the computed error was the 
true standard error of the regression curve, these ratios should then 
be distributed according to the normal curve, and should have a stand¬ 
ard deviation of 1.00. 

The test was first applied to all the samples from both universes 
without including the term 1 — error formula. 

The standard deviation of the ratios was calculated sep¬ 

arately for each selected abscissa of each independent variable with 
results as follows; 
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TABLE 6 


Standard Deviation of Ratios of Actual Errors to Calculated Errorsi 
as shown by 62 separate samples 


Value of 
independent 
variable 

Errors in 

Errors in 

/Ua) 

Errors in 

/W 

2 



0.96 

3 

1.13 


1.06 

4 



0.98 

5 

1.10 

0.81 


6 



1,19 

7 


0,82 

1.21 

8 



1.23 

9 

0.89 


1.11 

11 


1.13 


13 

1.34 

0.87 


All values 

1.19 

0.94 

1.10 


It is evident (1) that does not tend to increase appreciao.y 
as the abscissa departs from the mean of the independent variable; and 
(2) that the results based on the errors computed from individual 
samples are on the average quite consistent with those based on the 
facts from the universe, This is shown more fully in the following 
comparison: 


Regression 

Errors from 
individual samples 

Errors from entire 
universe; mean 
adjusted error 


' 0.ffO Sj 1 

/w 

1.19 


1.00 

/W 

0.94 

0.75 

0.81 

y(xj 

1.10 

0.88 

0.94 
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Taking 0 80 of the gives an approximate measure of the 
average deviations of the T values, to compare with the average devia¬ 
tion of the adjusted errors as calculated in Table 5. The average 
deviation of the T values ranges from 93 to 95 per cent of the aver¬ 
age adjusted errors, showing the same average differences from vari¬ 
able. to variable as were shown in Table 5 and suggesting the need of 
some element in the error formula to allow for the inter-correlation 
among uie independent variables., 

For the next step in the test, the term 1 - was included 
in the error formula for / ( Xj) and the corresponding terms were 
included in the other formulas, using, in each case, the R values shown 
by each individual sample. Calculating the T values by comparing 
the actual errors with these revised estimates, and calculating their 
standard deviations, results were secured as follows. 


Regression 

Cr, using full 
error formula 


0.77 

/(X,) 

0.76 


0.90 


The (Tx calculated from 0 as origin, disregarding differences 
in the average error from zero. It is evident that in these sample re¬ 
sults the errors, on the average, are somewhat less than would be ex¬ 
pected from the formula, as If L*'*' 

tion of the errors is also important. Figure 4 shows the distributions 
of the r values and compares it with the corresponding notm^^ dis¬ 
tribution. The extent of the agreement with the normal distribution 
may be judged from the following comparison; 
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Per cent of total f refiuencic's in ranee 

Value of 


/(x; 


Normal 

distribution 

Over 3,00 

1 


0 5 

0,14 

2.00 to 2.99 

0,9 


2.6 

2 14 

100 to 199 

65 

4.4 

11.9 

13.59 

0.00 to 0.99 

46.1 

40.1 

31 3 

34 13 

0 00 to -0,99 

38 3 

46 2 

43 2 

34,13 

-100 to-1.99 

65 

8.4 

10.5 

13 .59 

-2 00 to -2 99 
-3.00 and larger 

1 7 

1 

0.9 

1 

2 14 

0 14 


Although the distributions are not exactly normal, they agree fairly 
well. The different variables give slightly different distributions, how¬ 
ever For / (X^), in farticular, the distribution of the errors apiwars 
to be skewed, with more negative errors than positive ones This may 
be due to a slight bias irt the free-hand method of fitting the curve, 
which in this instance, for a very peculiarly-shaped regression ciuve, 
led to a slight but persistent error in the fitted curve. Thi.s ix3s.sible 
individual bias in fitting the curve free-hand will be taken up again 
subsequently. 

The test of the error formula described above was not a complete 
proof of the adequacy of the formula, since it used the same samples 
as those from which the original formula was constructed. For a more 
rigorous test the formula would have to be tried out on completely new 
samples secured from a different universe. Such a test was made in 
the next phase of the investigation 

9. Testing Tentative Formula by Svmples Drawn from 
A New Universe 

A new "universe'' was constructed foi testing purposes, by meth¬ 
ods parallel to those described before. In this case only two indepen¬ 
dent variables w'ere used, There were 328 observation.s in the universe 
and 4-5 samples were selected at random—15 of 10 observations, 15 
of 20 and 1.S of 40. (The number of observations was taken as small 
as 10 so as to make an extreme test of the value of the sampling form¬ 
ula.) Multiple curvilinear regressions were determined for ^ ( X^) 
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and /( Xj), and the stand,ird erroi of sek'cted ordinates was com¬ 
puted by equatum (111; The vvltie nt T uas then computed by 
cliviclinfr the actual errors by the e^cpected. The distribution of these 
errors ivS shown in Ki^tire 5, as contiasted with the normal curie. 

When the standard deviations of T are computed separately for 
each size of sample, the lesnlts arc as follows- 



Size of Sample 


10 

30 

40 


mM 

mm 

1,23 




179 


Combining the distribution for both /(Xj) and /( Xa), the 
di.stnbutions'of the errors for each size of sample are as follows" 


Value of r 

Size of samole 

Normal 

Distribution 

10 

20 

40 


Per cent 

Per cent 

Per cent 

Per cent 


of total 

of total 

' of total 

1 

nflotal 

Over 3,00 

2.0 

2.4 

2,9 


2,00 to 2,99 

33 

4.5 

32 

2.14 

1.00 to 199 

10 7 

92 

12.8 

13,59 

0.00 to 0.99 

34.2 i 

30 8 

31.1 

3413 

0.00 to -0.99 

35.8 

34.4 

33.3 

34,13 

-1.00 to-1.99 

8.3 

11,5 

7.8 

13.59 

-2.00 to -2.99 

24 

36 

5.5 

2.14 

-3 OOtincl larger 

33 

3.6 

34 

014 


There were many more wide departures—of 3,00 or larger than 
would be expected if the errors had a normal drstribution, with cr - 
the estimated standard error. Instead of only S per cent of the errors 
exceeding twice the estimated standard errors, from 11 to 15 per cent 
were tliis large Yet the general du.tribution of the errors (Figure 5) 
was in fair agreement with a normal distribution. 

Two elements may contribute to the greater variation in the actual 
errors than in the estimated With samples of the size ln^nlvcd—10 to 
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40 cases—the shape of various j)ortions of the curve is determined 
by much less than 30 observations, and in some cases by 10 or 1 'ss. 
With such small samples, Student and Fisher have shown that for 
arithmetic means and other constants, the distribution of actual error 
■i- estimated error does not follow the normal curve and has a CT in 
excess of unity. It may be that some modification needs to be intro¬ 
duced into equation (III) to take account of this tendency before it 
can be correctly applied to small samples. From .'student’s table for 
small samples'. IS per cent of the errors would be expected to exceed 
twice the standard error if there were 3 degrees of freedom in the 
sample, and 10 per cent if there were 5. This indicates a reasonablle 
number of cases, as compared with the size of the samples used in 
these tests. But whether , or some other fraction of the tota'i 

number of observations, would give the proper number of cases to use 
in entering the table, has not 'jeen determined, and more work needs 
to be done on this phase of the problem. 

A second element of error appears to lie in using - .JoX as 
one element of the error formula, instead of using the index of cor¬ 
relation. j-Jp x Substituting the index of correlation for the 

coefficient in the error formula w'as tried in two of the samples where 
the T values were the highest, and in both cases it much improved the 
accuracy of the estimated error—reducing values of T from 5.0 to 
3.0, from 8 3 to 4 7, from 6.7 to 3.8, etc. It would appear that wher¬ 
ever the inter-correlation between the independent factors is markedly 
curvilinear, the accuracy of the estimate of the error could be much 
improved by measuring that curvilinear inter-correlation, and using 
it in computing the standard error of the function. 

In view of the two sources of variation mentioned above, the fact 
that the variation of the actual errors ranges from 23 per cent to 79 
per cent in excess of the variation of the estimated errors does not 
necessarily mean that the suggested formula (eq. Ill) is entirely in¬ 
adequate, but may mean only that the necessary reservations in the use 
of the formula have not been applied. On the other hand, the fact 
that the actual results do vary as widely as this from the expected 
suggests that the formula can be used only as a very tentative approx- 

I This table is reproduced, m abridged form, in the author's "Methods of Corre¬ 
lation Analysis,” on pages 19 and 392. 
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iiriation to the standard error of the regression curves until its pos¬ 
sibilities and limitations have been more definitely determined. 


10 FREE-tMND VERSUS MATHEM.mC\L NeT REGRESSION CURVES 

It was noted earlier that there appeared to be some tendency toward 
bias in fitting the first set of curves. The errors from the second uni¬ 
verse, as shown in the last set of results showed a little of the same 
tendency, with the average error not falling exactly at 0. To test 
whether determination of the regression curves mathematically would 
eliminate this bias, mathematical partial regression curves were fitted 
by least squares to one set of samples from the second universe. The 
15 samples of 20 observations were used, and two types of curves 
were fitted—the parabola and the cubic parabola. The regression equa¬ 
tions were therefore; 


( 1 ) 

(2) X * a 4 + £»'X/+ + ^3 ^3 + 


The estimated error was calculated for selected ordinates, using 
the same equation (III) as-derived for free-hand methods, and T 
and computed. The values of were as follows: 


/(X») 

/(X,) 


Simple parabola 


Cubic parabola 


0 77 0.95 

0.90 1.13 


It would appear, therefore, that equation (HI) gives about as 
good results in estimating the reliability of net regression curves inath- 
ematically determined as it does in estimating the reliability of those 
secured by free-hand fitting. 

Even with ,the curves fitted by least squares, however, there was 
some tendency to bias, as is illustrated in Figures 6 and 7. It is e^- 
dent from these figures that neither the free-hand curve nor the math- 
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einatical curve exactly reproduced the true curve, even-on the average 
of the fifteen samples. The aveiage amount of bias is shewn in the 
following statement. 


AVERAGE BIAS IN FITTING REGRESSION CURVES 


Value of 
independent 
vanable 

Average error* in 


Average error* in 

/(X,) 

Parabola 

Cubic 

parabola 

Free-hand 

curve 

parabola 

Cubic 

parabola 

Free-hand 

curve 

2 

0.16 

0,09 

0.62 

-0,35 

-0.31 

-0 69 

d 

1-0.06 

-0.03 

0.21 

-010 

-0.20 

-0.31 

4 

-0 05 

0.00 

0 05 

-0 06 

-0 09 

-0.15 

5 




-0.04 

0.00 

-0.02 

6 

0 11 

0.02 

-0.05 




7 

0.11 

-0 04 

- ,07 

000 

0.05 

-0 05 

8 

0.13 

-0 07 

-0.10 

-0.05 

0 05 

-0 07 

9 

1 



-0.06 

0 07 

-0.18 

10 

0.23 

0 43 

-0.16 

-0.09 

0.09 

-0 25 

12 

0.42 

0.46 

-0.24 

-0.13 

-009 

-0,50 

14 




-0.27 

-0.35 

-0 79 


In this particular, where the true curve is of such a slope as to 
be fairly well repi esented by a parabola or cubic parabola, the math¬ 
ematical curves appear to give a slightly more accurate fit, on the aver 
age, than do the free-hand curves. The standard deviation of the er¬ 
rors, however, is only slightly greater for the free-hand curves than for 
those fitted by the cubic parabolae, as shown by the following tabula¬ 
tion ‘ 


1. Taken with regard to sign 

2 At first glance it seems strange that the regressions fitted by the cubic parabola 
should have, on the average, larger errors than those fitted by the simple 
parabola. The explanation may be that the extra constant allowed the cubic 
parabola to follow more closely the individual characteristics of each sample; 
but that in fitting those (partly random) relations more closely, the regressions 
were distorted from the true underlying relation, 
















Af. EZEKIEL 


315 


Staridarrl deviatian of errors (absolute values), 


/ ( Xj) 


Free-hand 

Paralmlic 

Cubic 

0.98 

0,70 

0,84 

0,91 

0.65 

0.S9 


here the true regre.s.siun H of such shai)e that it could not be rep- 
leseiited by any simple equation, it seetps likely that the free-hand 
method would give a more accurate fit than would a mathematical equa¬ 
tion which was ncrt capable of representing the particular relation in¬ 
volved. Since, in practical investigations, the shape of the net regression 
curve is usually unknown to start with, the most satisfactory procedure 
woylcl seem to be to usv. the free-hand method to determine the approxi¬ 
mate shape of the curves, and then, if their shape appeared tc follow any 
definite types by least-squares as a final check on the shape of the 
curves, 


CONCLUSION 

This article is only a progress report The experiments reported 
here suggest that it may be possible to develop a formula for the stand¬ 
ard error of net regression curves fitted free-hand. The problem has 
not been completely solved; the tentative formula which is developed 
has given only fair results in experimental tests; and several points are 
in need of further study, I hope at some future time to carry this in¬ 
vestigation further, but my present plans make it necessary to lay it 
aside for a year or more. I am, therefore, publishing this preliminary 
report now, in the hope that others may be led to attack the same 
problem, 

"YY\ OA A4. 




W. EZEKIEL 


31? 


FIGURE A 

AVERAGE ERRORS OF REGRESSION CURVES 
Universe X 
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FIGURE 1 

CORRELATION BETWEEN CORRESPONDING AVERAGE 
ERRORS IN UNIVERSES WITH DIFFERENT 
STANDARD ERRORS OF ESTIMATE 


Average 



Average Error, .fscY 
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FIGURE 3 


RELATION OF AVERAGE ERRORS ADJUSTED FOR N. 
TO DEPARTURE FROM CENTER 
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FIGURE 4 

FREQUENCY DISTRIBUTIONS OF ERRORS 
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FIGURE 5 

FREQUENCY DISTRIBUTIONS OF ERRORS 


Per cent of total 
frequencies 


Samples of 10 


?o 


10 




-1 

Jl;''' 
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AVERAGE CURVES FITTED BY THREE METHODS / (X,) 
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FIGURE 7 

AVERAGE CURVES FITTED BY THREE METHODS / ( X^) 
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tabi.e a—synthetic data for sampling study 
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TABLE A-SYNTHETIC DATA FOR SAMPLING STUDY (Continued) 


No, 

m 

n 



Y 

No, 

D 

B 

H 

m 

Y 

101 

6 


4 

17,2 

15,2 

151 

7 

9 

5 

17,3 

11.3 

102 

3 

s 

a 

17.9 

15.9 

152 

9 

8 

5 

120 

11,0 

103 

7 

10 

2 

13 9 

11.9 

153 

7 

12 

3 

13,5 

14,5 

104 


7 

3 

14,7 

7.7 

154 



6 

14 8 

118 

lOS 



6 

19,8 

11 8 

155 

8 

8 

7 

ion 

14,0 

106 



5 

12 7 

11.7 

156 

3 

9 

6 

128 

13 8 

107 



6 


16 5 

157 

12 

12 

1 

14,8 

128 

lOS 

3 


9 

162 

112 

158 

12 

12 

3 


95 

109 

9 


6 

184 

15.4 

159 

7 

7 

3 

16 7 

10.7 

110 

3 

5 

8 

17.9 

12.9 


2 

6 

9 

17.4 

14,4 

111 

12 

14 

6 


14 5 

161 

8 

12 

3 

13 5 

115 

112 

9 


6 

121 

16.1 

162 

9 

11 

7 

21.1 

17.1 

113 

7 


3 

10.7 

10,7 

163 

6 

12 

4 

18 2 

10,2 

114 



2 

14 2 

72 

164 

7 

9 

3 

13,0 

9.0 

US 



4 

137 

10 7 

165 

6 


5 

214 

154 

116 

11 


5 

19,3 

13 3 

166 

9 

10 

5 

15.7 

11.7 

117 

S 

8 

6 

17,S 

10 5 

167 

6 

12 

7 

15.5 

185 

118 


11 

4 

14 8 

14,8 

168 

9 

11 

2 

15,3 

11.3 

119 


9 

4 

11,7 

1.3.7 

169 

7 

11 

6 

21.2 

12.2 

120 


8 

2 

152 

11,2 


5 

8 

8 

17,4 

12.4 

121 


7 

2 

14,2 

72 

171 

4 

11 

9 

206 

15.6 

122 

3 

7 

10 

13,7 

9.7 

172 

8 

7 

6 

17,1 

15.1 

123 

S 

6 

S 

la 

97 

173 

6 

9 

3 

12.7 

7.7 

124 

8 

8 

6 

IjI 

16.1 

174 

12 

14 

6 

22,5 

14,5 

12S 

10 

8 

3 

111 

97 

175 

7 

7 

2 

12,2 

7.2 

126 

6 

8 

7 


13 7 

176 

7 

7 

2 

14.2 

8.2 

127 

n 

12 

3 

13,5 

12,5 

177 

4 

7 

6 

161 

15.1 

128 

11 

10 

4 

16,1 

91 

178 

7 

11 

4 

17.8 

13.8 

129 

H 

6 

4 

16,0 

10.0 

179 

7 

10 

6 

16.8 

12.8 

130 

H 

12 

2 

9,7 

97 

180 

10 

11 

5 

161 

16.1 

131 

In 

9 

3 

13 0 

130 

181 

11 

12 

5 

14,8 

14 8 

132 

5 

11 

7 

15.5 

12 5 

182 

9 

12 

6 

20,9 

12.9 

133 

3 

8 

5 

154 

8.4 

183 

10 

9 

1 

13 3 

10,3 

134 

Em 

12 

6 

219 

169 

184 

7 

11 

4 

16,8 

9.8 

135 

12 

10 

4 

184 

114 

185 

9 

12 

3 

18.5 

9.5 

136 

8 

11 

6 

19 2 

15 2 

186 

8 

12 

4 

17 5 

14.5 

137 



6 

19 2 

13.2 

187 

11 

11 

4 

128 

14,8 

138 



9 

179 

12,9 

188 

5 

9 

4 

12.4 

12,4 

139 



S 

17,3 

13,3 

189 

6 

7 

4 

11.4 

12.4 

140 

6 

8 

3 

15.4 

8.4 


2 

7 

11 

■mb 

■Ml 

141 

8 

9 

2 

10,5 

12.5 

191 

5 

7 

6 

17.5 

105 

142 

5 

9 

4 

16 4 

10,4 

192 

5 

11 

5 

12,5 

ll.S 

143 

8 

11 

6 

23,2 

13.2 

193 

7 

8 

7 

18.0 

15.0 

144 

8 

11 

5 

17,1 

12 1 

194 

9 

11 

5 

13.1 

151 

145 

9 

12 

6 

23.9 

149 

195 

11 

13 


23,7 

13.7 

146 

6 

11 

3 

17.S 

13 5 

196 

9 

10 

H 

13 4 

13,4 

147 

S 

9 

8 

17,7 

U7 

197 

7 

12 

II 

15.5 

15,5 

148 

11 

14 

4 

18.1 

17.1 

198 

6 

8 


12,4 

11,4 

149 

8 

11 

6 

21.2 

13.2 


4 

6 


90 

12.0 

150 

ini 

m 

11 

16.8 

9.8 


3 


19 

18.4 

9,4 
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table A-SYNTHETIC data for sampling study (Continued) 


No 

B 

m 

a 

D 

Y 

No. 

^2 




Y 

201 

4 

10 

7 

17.7 

14 7 

251 

11 

14 

5 

18.4 

134 

202 

2 

6 

11 

94 

124 

252 

5 

6 

8 

20,7 

13 7 

203 

6 

11 

6 

17.9 

11.9 

253 

4 

9 

5 

15.3 

11.3 

204 

7 

9 

4 

16.0 

14.0 

254 

3 

5 

7 

15,9 

159 

205 

3 


6 

16.2 

14.2 

255 

9 

11 

4 

14.8 

9.8 

206 

8 

8 

5 

17.0 

120 

256 

11 

11 

1 

15,1 

8.1 

207 

5 

10 

8 

mm 

12.1 

257 

9 

7 

6 

13.1 

111 

203 

4 

11 

8 

171 

131 

258 

7 

9 

3 

140 

130 

209 

8 

11 

5 

161 

16,1 

259 

6 

10 

7 

18.4 

16,4 

210 

7 

8 

6 

13,1 

11,1 

260 

6 

8 

4 

154 

8,4 

211 

11 

11 

1 

141 

131 

261 

5 

8 

4 

14.1 

9.1 

212 

8 

12 

6 

179 

15 9 

262 

9 

8 

3 

11.7 

8,7 

213 


10 

6 

198 

15.8 

263 

7 

11 

4 

188 

108 

214 


11 

2 


12.0 

264 

2 

4 

6 

15 7 

14.7 

215 


12 

2 


14,0 

265 

9 

11 

3 

17,8 

13 8 

216 



1 

13 7 

7.7 

266 

7 

8 

4 

15,7 

11.7 

217 


13 

3 

19.3 

15.3 

267 

11 

11 

5 

141 

15.1 

218 

6 

9 

4 

17,7 

10.7 

268 

5 

11 

8 

205 

17 5 

219 

8 

tm 

6 


12,8 

269 

6 

12 

2 

15 7 

97 

220 

6 

12 

S 

14,5 

15.5 

270 

6 

8 

2 

13 9 

79 

221 

8 

9 

5 

■Ml 

12 3 

271 

8 

11 

4 

13 8 

108 

222 

8 

7 

6 

141 

13.1 

272 

8 

7 

6 

131 

15.1 

223 

n 

7 

7 

17,0 

130 

273 

5 

7 

3 

9.1 

71 

224 

19 

8 

2 

14,2 

11.2 

274 

5 

10 

5 

201 

101 

22S 

n 

9 

7 

18.3 

12 3 

275 

U 

12 

1 

14 8 

11.8 

226 

19 

8 

1 

9.0 

7.0 

276 

7 

9 

7 

223 

173 

227 

6 

7 

5 

19 7 

12.7 

277 

5 

7 

8 

184 

114 

228 

S 

11 

4 

1^ 

12,2 

278 

6 

7 

6 

13.8 

108 

229 

10 

10 

3 

13.4 

13.4 

279 

5 

6 

6 

15.8 

158 

230 


12 

6 

179 

13,9 

280 

8 

J2 

3 

14 5 

13 5 

231 

WSi 

7 

4 

16,4 

8.4 

281 

5 

10 

3 

148 

78 

232 

Wm 

6 

8 

16,9 

14.9 

282 

10 

11 

4 

178 

14.8 

233 

mi 

10 

6 

13,2 

11.2 

283 

7 

12 

6 

21,9 

12,9 

234 

Kl 

^^9 

5 

16.0 

100 

284 

5 

8 

3 

181 

91 

235 

■9 

8 

6 

181 

121 

285 

12 

15 

5 

212 

152 

236 

3 

S 

5 

129 

9.9 

286 

4 

11 

4 

10,8 

98 

237 

8 

7 

7 

200 

13.0 

287 

3 

10 

5 

19,1 

141 

233 

9 

11 

6 

16.2 

13.2 

288 

8 

10 

6 

208 

168 

239 

7 

10 

3 

11.4 

12.4 

289 

11 

13 

5 

20,6 

166 

240 

3 

10 

7 

IS 1 

13.1 

290 

10 

11 

2 

15.3 

83 

241 

4 

11 

5 

18.1 

15.1 

291 

4 

10 

9 

202 

132 

242 

7 

11 

2 

13.3 

8.3 

292 

7 

7 

5 

190 

150 

243 

9 

8 

3 

117 

11.7 

293 

8 

7 

5 

160 

14.0 

244' 

4 

■Cl 


12,7 

14.7 

294 

3 

7 

S 

17,4 

10 4 

245 

5 

In 


151 

12.1 

295 

6 

10 

6 

17 5 

15 5 

246 


8 

S 

180 

13,0 

296 

4 

11 

4 

10,8 

10,8 

247 


11 

6 

13.2 

11.2 

297 

5 

6 

3 

174 

12,4 

248 


10 

9 

16,6 

14,6 

298 

8 

7 

7 

220 

17 0 

249 

8 

■a 

2 

14.2 

9.2 

299 

!2 

10 

2 

139 

11 9 

250 

S 


8 

18.1 

17.1 


4 



13 5 

11 5 
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TABLE A-SYNTHETIC DATA FOR SAMPLING STUDY (Continued) 


209 

16.9 

351 

13 0 

90 

352 

19.1 

16 1 

353 

23 3 ' 

19.3 

354 

14,0 

11,0 

355 

109 

11.9 

356 

181 

17.1 

357 

19.0 

17.0 

358 

13 8 

12.8 

259 

12 5 

9,5 

360 

120 

11.0 

361 

184 

15.4 

362 

16,4 

13 4 

363 

kei 

9.0 

364 

17.9 

15,9 

.165 

16 7 

11.7 

366 

12 6 

10.6 

367 

14 8 

12,8 

368 

18.4 

11.4 

369 

22.3 

12,3 

370 

20,7 

14 7 

371 


7 

15.0 

3 

14,0 

3 

12.4 


6 16,0 


6 18,2 


S 


8 

8 I 8 


12,3 

9.7 

9.5 

12,8 

11.7 
12 7 

19,7 ! 10.7 

10.5 
9.4 

12 S 

2 I 214 I 154 

13 7 
17.0 
13.2 

14.1 

21.1 I 13.1 


9,1 4.1 


8 
12 
6 

8 I 5 


13.1 I 15.1 
12.2 
9.8 

18.1 I 11.1 

12.3 

12.4 

12.5 

7 i 15.4 I 13.4 
8.1 
13,2 

14.1 ! 11.1 


9.7 
16.1 

12.0 1 11,0 

17.7 


8.2 
9.0 
9,0 
13.0 
3,0 8.0 

3,3 13.3 

6.7 11.7 
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table A-SYNTHETIC data for sampling study (Continued) 


No , 



B 

D 

/ 

No . 

Bl 

H 


ni 

y 

401 

7 

12 


WEI 

13.9 

451 

6 


n 

205 

18.5 

402 

2 

6 


ESI 

13.9 

452 

7 

lil 

5 

170 

13.0 

403 

5 

10 

Wm 


13.8 

453 

5 

Kl 

8 

14.4 

14.4 

404 

8 

12 

2 

19.0 

90 

454 

9 

Kn 

6 

204 

15,4 

405 


8 

7 

21.0 

120 

455 

3 

Kl 

ra 

12 7 

10,7 

406 


9 

6 

16.1 

11,1 

456 

9 

U 

7 

16.0 

160 

407 


11 

4 

14 5 

13.5 

457 

12 

nl 

1 

9.1 

9.1 

408 


12 

6 

216 

14.6 

458 

8 

8 

3 

14,7 

9.7 

409 


12 

7 

22.8 

18 8 

459 

11 

13 

1 

16.6 

11.6 

410 

8 

H 

3 

15.7 

11.7 

460 

6 

9 

2 

8.2 

9.2 

411 

N 

Bl 

8 

17.1 

12.1 

461 

6 

8 

5 

15,7 

14,7 

412 

El 

9 

3 

19,0 

9.0 

462 

3 

S 

9 

154 

114 

413 

Ki 

12 

6 

17.9 

13.9 

463 

6 

12 

2 

18,7 

97 

414 


tm 

1 

13,7 

11.7 

464 

7 


2 

13,9 

12.9 

415 

El 

11 

7 

19.1 

181 

465 

11 

11 

2 

11,3 

13.3 

416 


11 

9 

13 6 

11.6 

466 

9 

11 

5 

161 

13,1 

417 


8 

5 

14.7 

12.7 

467 

8 

12 

7 

17,8 

17,8 

418 

Kl 


5 

13.1 

9.1 

468 

9 

1^ 

7 

207 

14.7 

419 

8 

H 

5 

16.0 

11.0 

469 

7 

8 

5 

18.0 

12.0 

420 

5 


5 

13.7 

12.7 

470 

9 

EEl 

3 

144 

104 

421 

4 


8 

18.1 

121 

471 

10 

13 

3 

15.3 

13.3 

422 

7 


3 

11.4 

134 

472 

7 

10 

6 

148 

158 

423 

5 

19 


13.8 

13.8 

473 

11 

11 

2 

10,3 

133 

424 

3 

o 


177 

12.7 

474 

7 

12 

5 

128 

15.8 

425 

11 

11 

1 

13,1 

10.1 

475 

5 

8 

7 

20,4 

16.4 

426 

7 

11 

6 

22.2 

12.2 

476 

12 

13 

6 

17.7 

157 

427 

4 

11 

8 

181 

13.1 

477 

4 

10 

5 

16,7 

9.7 

428 


El 

4 

16,0 

14.0 

478 

9 

EM 

4 

19.4 

144 

429 


mm 

3 

13.7 

11.7 

479 

9 

7 

6 

18.1 

121 

430 


mm 

2 

9.5 

10.5 

480 

9 

10 

7 

16,7 

157 

431 


19 

3 

151 

12.1 

481 

6 

8 

6 

188 

15.8 

432 


IE 

5 

18 5 

11.5 

482 

5 

8 

4 

9.1 

12.1 

433 

5 

6 

6 

16.8 

14.8 

483 

11 

10 

4 

16.4 

12.4 

434 


mm 

7 

21.3 

13,3 

484 

8 

7 

4 

16.7 

9.7 

435 


In 

3 

12.8 

13,8 

CO 

6 

8 

6 

168 

10,8 

436 

7 

10 

4 

164 

10,4 

486 

12 

15 

S 

16.2 

15.2 

437 

5 

6 

7 

13.7 

12.7 

487 

4 

7 

9 

16.5 

14.5 

438 

5 

8 

Kl 

20,4 

16.4 

488 

S 

11 

6 

18.6 

15,6 

439 



m 

14.3 

13.3 

489 

4 

6 

S 

153 

12.3 

440 



10 

14 7 

12.7 

490 

7 

11 

5 

16.1 

13.1 

441 

12 

14 

3 

16,1 

15,1 

491 

12 

13 

1 

166 

136 

442 

8 

10 

2 

14.9 

129 

492 

7 


2 

169 

9,9 

443 



6 

23.2 

17,2 

493 

11 

14 

4 

15.1 

14,1 

444 



3 

13.8 

11,8 

494 

6 

12 

4 

182 

10.2 

445 


6 

9 

19.8 

14,8 

495 

7 

11 

4 

16.8 

13.8 

446 

9 

10 


mtk 

14.7 

496 

7 

12 

4 

13,5 

125 

447 

5 

9 


mm 

14.7 

497 

10 

10 

4 

19,4 

14.4 

448 

5 



■eH 

14,5 

498 

9 

m 

2 

16.9 

8.9 

449 

7 


2 

14.5 

9.5 

499 

5 

9 

8 

17.7 

ii.r 

450 

11 


5 

21.6 

15.6 

500 

9 

9 


13.0 

11.0 
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SAMPLING VARIABILITY OF REGRESSIONS 


TABLE B-COEFFICIENTS AND INDEXES OF MULTIPLE COR 


(uncorrected for num 


Sample 

No 



UNIVERSE X 


P 


Isi 

2nd 

3rtl 

4th 

curves 

curves 

curves 

curvea 


Samples of 30 


1 

.620 

.689 

.714 

HR 91 

2 


,737 

.754 


3 


.545 

,703 


4 


487 

.516 

.508 

S 


.614 

679 

736 

6 


,688 

.720 

731 

7 

.681 

,777 

,787 

.801 

8 

,S32 

.589 

659 

.696 

9 

.608 

.649 

.598 

659 

10 

,469 

539 

597 

.743 

11 

.745 

.792 

.813 

.818 

12 

.614 

590 

,628 

752 

13 

.771 

,741 

.815 

.790 

14 

.586 

.742 

.794 

.798 

IS 

,551 

.569 

.574 

.578 

16 

.634 

759 

809 

.826 


Samples of 50 


17 

.529 

HRBH 

.545 

.543 

,510 

18 

,507 



.622 

655 

19' 

.418 


.541 

,534 

.536 

20 

.512 

.686 

.693 

.702 

.706 

21 

.526 

686 

.721 


.745 

22 

.704 

.721 



.726 

23 

.666 

.724 

747 


.753 

24 

,517 

.650 

.659 


.684 

25 

.703 

.723 

.721 

,727 

729 

26 

.609 

.646 

646 

677 

699 


Samples of 100 


27 

543 

,629 

.671 

' .684 


28 

.679 

,685 

.699 

.699 


29 

.557 

,649 

.673 

673 

,673 

30 1 

.565 

.590 

,656 

.675 

,678 

31 

,576 

,650 

.682 

.682 1 

.686 
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relation found at each successive approximation 

ber of variables) 














SAMPUNi, t ARIABILITY OF REGRESSIONS 


TAm.E C'-I’OR UNIVERSE X. SAMPLING ERRORS IN NET 

(The errors arc observed or- 
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regression curves, for selected ordinates 

(Iinatcs iiiiiius (rue ordinates) 




























































TRANSFORMATIONS OF BIMODAL DISTRIBUTIONS 


By 

G. A. Bakeh 


I. INTRODUCTION 


Several men have concerned themselves extensively with tlie trans- 
lormation 6f frequency distributions, for instance, Edgeworth, Kap- 
teyn, Ame Fisher, and H L. Reitz (see 1, bibliography) The first 
three of these men have been concerned with transformations as a 
means of extending the scope of the normal distribution and Gram- 
Charlier system as a method of description. Rietz has been more in¬ 
terested in the properties of tlie transformed distributions. 

There are three types of transformations that are of particular 
importance: 

(1) U - X because it has a physical interpretation. 

(2) log X because Arne Fisher and others find it useful. 

(3) a “■ because it is the inverse of (2). 

These three transformations will be discussed in some detail for 
bimodal frequency distributions. It is interesting to note that it is 
possible to transform a bimodal distribution into a unimodal distribu¬ 
tion and vice versa by means of these transformations The general 
scheme of the first part of the following is that of H. L. Heitz (see 
1, bibliography). 

The latter part of this paper consists of a few remarks on trans- 
fonhations in general. 
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11. THE TRANSFORMATION 

In the following theorems it will be understood that one means 
at least one and that a frequency function is to have a total area of, 
unity. 

The tran.sformation has a very clear physical interpreta¬ 

tion, for if the diameters of oranges are distributed as /"(Jr) then the 
distribution of the volumes of these oranges would be obtained by 
making the transformation a ■= kx‘. 

Theorem 1. 


Given a continuous bimodal frequency function of positive vari¬ 
ates y -/ (x) with a range x. e with modes at x^d, 

jc-rf and antimode at j:-c, b-^C ^ /(a)-f(e) -0 

and with a continuous derivative, then the frequency distribution 

ir- =~ / (u’^)] of positive variates, a-Jf" 

has modes as follows: 

Case I. O > / 

(1) one mode a ” < b'’ always, and (2^ one mode and 

one antimode c'’ < a ^ d / (u")\-^u ” f {ei ) 

somewhere in this interval. 

Case II: 0 < n <■! 

(1) always one mode A "s a ^ c” , (2) a mode and antimode 
d''^ e'' if \ u* /'(u^) \>0~n)/ (uH) 

somewhere in this interval. 


Case III. O 


(1) One mode d''-^ 
mode h" £ u c" if 
somewhere in this interval. 


U •«= e " (2) one mode and one anti- 

I u^/'(u^)Y (/-«)/ (“<) 


Proof: 


Since U * is taken to be positive, then if >s to be zero we 

must have 

( 1 ) (/-„)/(«*).■ -0 
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TRANSFORMATIONS OF BIMODAL DISTRIBUTIONS 


Also we have by hypothesis 

C2) /(^)-^/(e)^0 

( 3 ) y y (c) y o 

and that j (jc) is continuous. 

From these considerations the proof of the theorem follows quite 
simply; for instance 

Case I n > I 

In the interval a. ^ d" fl) is negative. At u - 

(1) is negative. In the interval u < d u ' (u^) is 

positive and hence fiom continuity there is a maximum and minimum 
or not according as u" / n) f (u^) or not 

for every u in this interval At ^"(l) is u^/''(s) which is. 
zero or positive, while at A" (1 ) is negative If /'(s) is positive 
there is clearly a maximum at the point where the sign of the continu¬ 
ous derivative changes from positive to negative in the interval 
a''-^u s h " If y (a) is zero it follows that there is also a 
maximum, since at u^a" and then increases before decreas¬ 

ing at b'' 

The other cases follow from exactly similar reasoning 
Theorem II 

In case the bimodal continuous frequency function y~/(-x) (of 
Theorem I) is symmetrical about the antimodal line x - c , then the 
mean value of a in the frequency distribution y = 0 (u) of 
a- x"{nrO nor /)is less or greater than its median value according as 
the value of n lies between 0 and 1 or outside of these bounds. 

Thj:, first moment of the transformed distribution is given by 

i. e., we have 

where ptj, is the n th moment about the origin of the original fre¬ 
quency distribution y =/(x). Denoting the mean value of X by X", 
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it is known' for every set of positive values that < 5 " , when 

u lies between 0 and 1, and that 2 " when <i lies outside this 
interval. 

.Since 2 - c when y = / (x) is symmetrical about this line, 
the theorem follows. This follows Rietz exactly. 

Theorem III. 

In case the continuous bimodal frequency function y~/ (Jt) (of 
Theorem I) is symmetrical about the antimodal line x- c , the fre¬ 
quency distribution ^ - ^ ot u - x" (ntO nor /) has 

the following relations between its modes and its median, 

Case I. h > / 

One mode^ s median, in any case, and one greater if | 0-n)/'(u^\ 
< (u") somewhere in the interval c 

Case II. 0<ri <! 

One mode < median, in any case, and one greater if 

|t< >(/-/») / (d ») 

at some point d u " 

Case III ri 

One mode 2 ; median, in any case, and one less if 
(t«»)|i(/-n)/ (w») 

at some point b . 

As an example of a transformation u=x" which' transforms 
a bimodal frequency function satisfying the conditions of the previous 
theorems into a unimodal distribution consider the foUowing. 

Take n - 37 and f{xy-x.\l 7 x^-50x\64x-44, 

0< tX 

If 0,then 

(1) d-n) / /\u^)-'0 


1. See J. L W. V. Jensen, Acta Mathematica, Vol 30 (1906), pp 180-187. 
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Instead of the variable we may just as well write an x- 
Hence (1) becomes 

(2) 1= (x) ^32 X* -3B6 +1700 x"" - 2940x\IB64 

Calculating Sturm's functions for (2'), it is easily seen that the 
transformed distribution has only one mode and that in the interval 
o<a 


III. TRANSFORMATION w.log.sr 


Thei>re»\ IV. 

Given a continuous bimodal frequency function (of Theorem 1) 
widi a range /< a < x < e , then the frequency distribution 
t'- ^ (t/) [ ^ (u) se "_/'((? "}] of positive variates w => log jc has one 
mode, in any case, log d < a. < log e and has a mode and antiniode 
in the interval log As a < log c if | e "/ '(e “)[>/'(e “) some¬ 
where in this interval. 


Thi.s follows very simply from considering 
e'V'(eVe“/(e“) 


cfv 

da 


which is 


Theorems similar to those stated under the transformation « - or" 
concerning the relative position of the modes and median of the trans¬ 
formed distribution may be stated here. 


As an example of a bimodal frequency distribution satisfying oiir 
hypothesis and which is transformed into a unimodal distribution by 
the transformation = log j consider 

16 X* - 92 x*+2y’4 x-Me , /< oes3CS/3-s 7 


The condition for the vanishing of the derivative of the trans¬ 
formed distribution takes the form 

F (x)'‘-S x‘* + 64- 27^ X^+ 443 x -143 


By calculating Sturm's functions for F(x) it is easily seen that 
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the transformed distribution has but one mode and that in the interval 
log6 < a < log7. 

IV. TRANSFORMATION u - e * 


Theorem V. 

Given a continuous bimodal frequency function (of Fheoieni 1), 
then the frequency distribution v" - 0 f Oct^ a)] 

of positive variates u - e* has one mode e*<u £. e*^ and 
has a mode and antimode in the interval e t/ s e ** if / (log u)~ 

f (log w) at some point in this interval. 

For ^ «) -/ 


from this the theorem follows. 

Theorems similar to those stated concerning the relative positions 
of the median and modes of the transformed distribution in the case 
of the transformation a -a:" may be stated here also. 

As an example of a bimodal frequency distribution that satisfies 
our hypothesis and is transformed into a unimodal distribution by the 
transformation u - e* consider 

fCx) ~-x^+I6jc* -32x^*274 j:~l48 , l<o<s.x-s. p < 7 

The condition that the derivative of the transformed distribution 
vanish takes the form 

/=Cr) 20 X* ^^140 408 xr372 

By calculating Sturm's functions for ^(x) it is e^ily swn 
that the transformed^ distribution has only one mode and that in the 
interval e'< u <e‘ • 


V. TRANSFORMATIONS IN GENERAL 

Suppose that we have a frequency distribution the 
whose parameters due to random sampling we • , .. 

form this distribution what wiU happen to the distributions of the 
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estimates of tlie parameters^ It appears that, in view of the fact 
that bimodal and pKissibly multimodal distributions may be transformed 
by fairly simple transformations into unimrxlal distributions, tliere will 
be no .simple relation between the change in the frequency distribution 
and the corresiKmdinp changes in the distributions of the estimates of 
the parameters by means of random samples. As a specific example 
of these general remarks consider tlie following 


If the normal curve 

(1) /w-^ 

is transformed by the transformation 

{0\ y/ _ T-l 


giving 


Then, applying a general method for finding the distribution of 
the means of samples, first developed by J. O. Irwin (2, bibliography), 
the mean values of the u's are found to be distributed as proportional to 


(4) 


Then 



(S) 


u. 


(n + 2) 


— (n + 2 


2 ) 


If m / 


Whence fj.„ - 

1 

> 

It 


Ai. “ 

1 

A’3- 

'‘i 


2 

n 

n^mA ’ 

“ 0 


6 

/?* 


■ ^3 

H*- 

J2 n^43 



n” 
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Thus we see that, although the sampled population is J-shapcd, 
the distribution of the estimates of the means ultimately approaches 
the normal distribution but that this approach is rather slow. 

It has been shown (see 3) that (4) is also the distribution of the 
estimates of the second moment by means of samples of n drawn from 
(1), the second moment of the sample being taken about the mean 
of (1). This is a special example of a general consideration that is of 
considerable interest in this connection. 

It has been shown (see 3) that, formally, the distribution of the 
estimates by means of samples of n of the mth moment of a popula¬ 
tion represented by / xsb , the ffj th moment of the 

sample being taken about the mean of /(x) is given by the solution 
of the integral equation 

(6) F(x)-/ </> (X) e dx 

where (x") is the unknown distribution of n times the estimates 
of the m th moment of the population about the mean of the population 

a 

and if m is even 

o^-O 

larger of /># » 


If m is odd 

ot-na'” 

Now, the formal development for finding the distribution of the 
means of samples of n drawn from a population represented by / (a) 
transformed by the transformation u-x leads to a relation equiv¬ 
alent to (6) (see 2). This result may be stated as 

Theorem VI-* 

If the distribution of the estimates of n times the m th moment 

1. This theorem permits of an obvious geneniliiatioti to the case of the /cth moswnt 
of the transformed distribution. 
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of a fjopulation represented by 3-^x- b abinit the mean 

of f exists as a solution of (<i| it is hlcntical with (he distribu¬ 
tion of the estimates by means of samples of n of n times tlic mean, 
measured from the mean of / (x) , of llic [Kijuilatinn represented by 
fix) transformed by the transformation u-x'^. 

This enables us to formally identify these two problems so that 
anytliinp that is true of one distriliutum is also true of tlie other. 

With other transfoniialions the relation helvveen the distribution 
of the means of random samples from the tian.sformed distribution 
and the distribution of the estimates of the parameters of the original 
distribution become much more com|)licated. 

Further, wc might say a few words with regard to the [lossibility 
of transforming various tyiws of distributions into various other ty[)es. 

Suppose that f (pC) i.s a continuous frecpiency Cimclion of ixisi- 
tive variates, 3 x A b . and that / ix) is continuous in this 
closed interval. Now make the transformation 

(7) u <■0 (x) 

and suppose that 0 ix) is such that f7) can be solved explicitly for 
X, i. e., 

( 8 ) X ^ If iu) 

Then fix) dx becomes, assuming f 'id) is continuous, 
f\_0 lt()3 0'id> du 


( 9 )^ U (u)-/[f(U)i f'ia) 

Supposing that / is known, what can we do towards fixing the 
form of 4 / by a suitable choice of f ? 

Now, the simplest of all possible frequency distributions, from the 
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Standpoint of description by means of a contln.,^.. ^ ■ 

which the probabilities of all values of r!! T 
we will suppose for illustration that ^ 


(10) (a) - /[ {/^ (U)] ' (u)^ t<. 

whence, putting (u)‘ y 

we have 

(11) / f (y) <iy= kuy c 


buppose that 

(12) yCr) “ ^ O' h /? 

Then 

(13) ^ 

From this it is apparent that if / U) is any polynomial whose 
degiee is less than four and which is positive x < b may, con¬ 
ceivably, be transformed into a rectangular distribution, 

If in place of k we w'cre to put a specified function, say the nor¬ 
mal function, we would run into considerable difficulty. 

In (9) we may regard <j> as known and then ask what forms of 
/ may be transformed into certain specified forms For instance, 
let us take 

u •Jo^ JC 

jc » e 

Them " / (t‘*) 


( 14 ) 



w TRANSPORMATION', OF BIMODAL DISTRlBUTtONS 

Now, since u>0 , it is apparent that if / tliat (14) 

has no zero. 

Let (js put, for illustration, U ' (u) 0 or U (u) ■- k 

Then /(a:) ^ 

However, if we were to .supptisc that (14) vanished at onl> one 
txiint at exactly two [loint.s, etc., instead of identically it would be very 
difficult to expre,ss this in terms of the form of 


VI. SUMMARY 

It has been shown that unimodal distributions may be transformed 
into biniodal distributions by means of rather simple transformations. 
This suggests that bimodal distributions are not necessarily the result 
of heterogeneity 

The fact that a badly misshapen distribution may be transformed 
into something that is approximately normal does not seem to be of 
much aid in determining the distribution of the estimates of the con¬ 
stants of the original distribution. 

The problem of transforming a specified distribution into another 
specified distribution is very difficult in gneral but could, perhaps, be 
handled to an adequate degree of approximation in special cases. 

^ A"' 
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ERIROR AND UNRELIABILITY IN SEASONALS 


By 

Edgak Z Palmer 


An article in the Annals of Mathematical Staiisucs for February, 
1920, entitled 'A Mathematical Theory of Seasonals,” by the Statis¬ 
tical Department of the Detroit Edison Company, has three objects. 
It presents a mathematical version of the time series analysis, sugc- 
g-ests the “interpolation” method of computing: seasonals, and constructs 
a theoretical time series as a test of the new method. The mathemat¬ 
ical analysis and the theoretical series are based upon the assumption 
that the trend, cycle, and seasonal are proportional to each other, while 
the "errors” or residuals are additive in nature. The reasoning is 
not necessarily \ alid for series where the cycle or the seasonal is addi¬ 
tive rather than proportional to thd trend. 


The interpolation method as proposed consists in (1) finding the 
total of the items for each of the twelve months, and (2) dividing each 
total by a function which theoretically contains the trend and the cycle 
insofar as they influence the particular month In practice this twelve- 
month function turns out to be a smooth trend curve, and the method 
of its calculation inspires little confidence that it can reflect much 
cyclical influence. The function for each month, is simply a weighted 
sum of the annual totals, the weights varying for different months. 
The early years are weighted more heavily in finding the values of the 
function which apply to the first half of the year, while the later years 
are given a greater weight in the second half of the year The func¬ 
tion is influenced almost solely by trend, or rather, by the difference 
between the first year and the last year of the data, since these tuo 
years are the only ones whose weights vary considerably from month 
to month, It is certain that no cyclical movement 
can have the proper effect upon this function unless it affects the 

two extreme years. 



AND I'NKRIJAPlUTy IN SEASONALS 


M6 


Since the inter[X)latioii metluxj involve*, dividing' the monthly totals 
(for which may Iw substituted the monthly means) b> a function svhich 
is mainly coffl[>osed of trend, we are justified in considering it a varia¬ 
tion of the well-known monthly-.neans method.’ In the theoretical 
series of the Detroit Kdison article, the means of each month, cor¬ 
rected for trend by the Davies methtxl, yield a seasonal index almo.st 
identical with that obtained by the itucrnolation method (see Table I), 
It should be noted that we uscd the very easily computed semi-means 
line to correct the monthly means for trend. The semi-means trend 
in this series is not as .steep as the theoretical trend used in the con- 


TABLEI 

SEASONALS OF THE THEORETICAL SERIES 
As Obtaind by Five Methods 


Uonth 

Tbeoretlcel 

Index' 

True 

index 

l 

Monthly 

mOani 

2 

IntcrpoJn- 

tlon* 

S 

Link 

relative* 

4 

Ratio tot 

Moving 

mean 

free-hand 

correc¬ 

tion 

January 

.990 

,978 

,931 

,938 

.975 

,978 

989 

February 

.930 

.908 

880 

.885 


918 

90S 

Mareh 

l.OSO 

1020 

984 


,988 


1.037 

April 

1.020 

1,028 


1,021 

1007 

1.051 

1.035 

May 

1.040 

1063 

1.062 

1.065 

1030 

1 069 

1,064 

June 

980 

.969 

986 

,986 

.962 

982 

.957 

July 

.980 

.978 

994 


972 

,986 

976 

August 

1.000 

1,007 

1019 

1,017 

1013 


1016 

September 

.980 

1,009 


1 ^ 

1.033 


.995 

October 

, 1.040 

1056 



1099 


1.055 

November 

.990 

.974 

.990 

985 

1,004 

,955 

.958 

December 

1.000 

1,013 

1016 


1.027 

,982 

1.014 


♦ From the Detroit Edison article 


1 Davies, Economic Stalisltcs (1922), p. 117. 
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struction of the series. For the purposes of this quick and easy sea- 
sonals method, however, the semi-means trend is accurate enough. 


Any one series used m the comparison of methods should, of 
course, be viewed merely as an illustration, or at most as a sample, of 
their results. A thousand such series, constructed upon a thousand 
variations in assumptions, is necessary for determinative comparisons. 
Long and short series, large and small seasonals, cycles, trends, and 
irregulars, regular and irregular seasonals, curved and straight trends, 
additive and proportional combination of the factors: each of these 
attributes introduces some elements of error into the computation of 
sasonals, and the errors are not necessarily constant as between differ¬ 
ent methods. 


An instance of the danger of using any single theoretical series 
occur.s in the Detroit Edison article. If we test the residual factor, we 
find that it also contains some seasonal variation. The 1 rue seasonal 
index of the series, then, is the theoretical seasonal modihed by what¬ 
ever seasonal is to be found in the residuals, There is, as might be 
expected, some seasonal inequality in the cyclical factor las well, but 
since it is the task of the method used to eliminate this cvclical influ¬ 
ence, we do not consider it a part of the true seasonal. No method, how¬ 
ever', can be expected to distinguish between a seasonal arbitrarily 
designated as the theoretical, and one which is added as part of the 
residual factor. In Table I, the first column gives the theoretical, and 
the second column the true seasonal, of the series. 


The authors compare their results with those by the link-relative 
method, and find that the interpolation method gives an index jightiy 
closer to the theoretical seasonal. For further test, we have co p 
the seasonal by the somewhat more logical ratio-to-trend-cyc!e meth<^. 

u.. o. 

trS kss to S,e pr^toly —ed 
'■ ./ a 

p 241. 
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ERROR AND UNRELIABILITY IN SEASONALS 


methods. (See Table II) 

The ratios to the moving mean may be expected to be free from 
both trend and cyclical influence. However, the moving mean has Its 
faults, especially in its tendency to cut corners when the true cycle 
makes a sharp change of direction, and in its failure to extend to 
the ends of the series. For this reason we made another computation, 
using a corrected moving mean. The data and the moving mean were 
graphed together, and a free-hand curve was drawn (without refer¬ 
ence to the theoretical trend-cycle curve given in the article), correct- 


TABLE II 


ERROR OF SEASONALS 


Matbod 

(1) 

Mean deviation 
from theoretical 

seaional 

(2> 

Mean 

deviation 

fremtrae 

eeaeonal 

(8) 

1 

Mean 
deviation 
tmm I.OOOO 

(4) 

Katto 
oiW 
to (8) 

Theoretical seasonal 

_ 

.0158 

m 

,612 

True seasonal 

.0158 

1 

— 

■■ 

— 

Monthly means 

.0291 

,0197 

.0388 

,508 

Interpolation 

.0269* 

,0170 


.450 

Link relative 

,0277* 

,0198 

.0355 

.558 

Ratio to trend-cycle; 
Moving mean 

. ,0208 

.0132 

.0344 

.384 

With free-hand correction .0164 

.0078 

.0328 

.239 


* From the Detroit Edison article, 


ing the moving mean in three places and extending it to the limits of 
the series. The seasonal index computed from the ratios to the new 
trend-cycle curve had an error about half that of the interpolation 
method. (See Table II) 

When W, I. King* first proposed the use of a free-hand curve in 

1. King, An Improved Method for Measuring the Seasonal Factor, Journal of 
Ihi American Statistical Association, vol, 19, p. 301. 
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this connection, objection was raised that this introduced the personal 
equation into what should be mechanically determinable In many 
series, how^ever, any experienced statistician would draw a curve which 
would fit the data better than the moving mean, There is not as much 
discretion involved in drawing the curve as there is in choosing be¬ 
tween two mechanical methods. The possible error due to the per¬ 
sonal factor is very much less than the error made certain by the use 
of any more mechanical method. 

An important test of the reliability of the methods ot finding 
seasonal?, which maj be applied to actual series where the true seasonal 
is unknown, consists in an examination of the monthly arrays. The 
monthly-means and the interpolation methods depend for their relia¬ 
bility upon the distribution of the arra 3 's of the original data from 
the means of each month. Similarly, the link-relative method depends 
upon the scatter of the link relatives about their medians, and the ratio- 
tO'trend-cycle methods upon the arrays of ratios. We measured the 
dispersion for each month for any method by the mean deviation of 
its array about its central tendency. This should be divided by the 
central tendency itself to obtain a relative dispersion mea.sitre for that 
month Then the mean of all twelve dispersion measures was taken, 


TABLE in 


UNRELIABILITY OF SEASONALS 


Relative mean deviation 

Method 

ol monthly uraye 

Monthly means 

1838 

Interpolation 

1838 

Link relative < 

0734 

Ratio to trend-cycle. 


Moving mean 

.0621 

With free-hand correction 

, ,0492 


to give an indication of the unreliability of the method as a whole. 
The great unreliability of any method based on the monthly mean-s 
is apparent from Table III, as well as the superiority of the ratio-to- 
trend-cycle piethod with free-hand correction. 
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ERROR AND UNREUABILITY IN SEASON AES 


Some question may arise concermnjr the propriety of submitting 
the link relatives to this test of reliability, because the manipulations 
to which the medians are subjected before they emerge as a seasonal 
index may decrease the error inherent in the spread of the monthly 
arrays. We have not lieen able to derive the algebraic relationship 
between the mean deviation of the link relatives and the corresponding 
unreliability of the final seasonal indexes based upon them. In erratic 
series, the process of computing link rclative.s tends to heighten the 
spreading effects of rapid chang^es in direction: conversely, cumulative 
multiplication of the median link relatives possibly decreases the error. 
If so, the link-relative method is not as unreliable as Table Til would 
.seem to show it. 

The penalty which the computer pays for accuracy and reliability 
is, of course, a longer time of computation. The time required for 
the application of each method to the given seric.s is shown in Table 
IV. The time allowed is for each operation to be jicrformcd twice, and 
the results checked against each other. In addition to the five methods 
used throughout this article, the time is given for a short cut to the 
best method, involving much more of the personal equation The short 


TABLE IV 


COMPUTING TIME OF SEASONALS 

Method 

Time In mlnuten 

Monthly means 

60 

Interpolation 

110 

Link relative 

160 

Ratio to trend<ycle', 


Moving mean 


With free-hand correction 

495 

All free-hnnd curve 

371 


cut consists in not computing the moving mean at all, but drawing the 
trend-cycle curve altogether free-hand. 

This timing, of course, assumes that the seasonal index is the 
whole objest of the computation. If we were finding the .seasonal only 
as a part of a general statistical analysis of the series, the seasonal 
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should not be charged with the full time for the steps which are use¬ 
ful for other parts of the analysis. The trend-cycle curve, for instance, 
has other uses than in computing seasonals. In considering the ques¬ 
tion of speed, it should also be recognized that the various methods do 
not have the same relative time for series of different length, nor 
when more elaborate calculating equipment is available than we used. 

High sjreed of computation is not as necessary in seusonals as it 
is, shall we say, in index numbers The calculation of a seasonal is 
a task that does not have to be repeated often for any one series. It 
is more in the nature of a capital expenditure than a current routine. 
For student theses, and for investigations where the computation of 
seasr lals is merely incidental or can be roughly done, the monthly- 
means method is adequate. But for a positive study of actual sea¬ 
sonal influences, and for the elimination of the seasonal factor from 
indexes published currently bv research bureaux, the best method should 
be used regardless of the longer time needed, 




MODIFICATIONS OF THE LINK RELATIVE AND 
INTERPOLATION METHODS OF DETER¬ 
MINING SEASONAL VARIATION 


By 

RicnAiui A. Robb 


In a recent i)a()er' the statistical departoent of the Detroit Edison 
Company have introduced a new method of calculating seasonal viria- 
tion in a time series. Briefly, the time series is represented by the 
function c(x) s<x) + where/Cr) 

represents secular trend, ccr) cycle, aCx) seasonal, and 
Cjc residual errors, and by the Method of Least Square,s the seasonal 
variation for any one month will be given by 


lA^ 


5 ,- 


H sU^/Qc)> cQc) 


t- 1,2, 3, ...12. 


where j (/) represents the seasonal variation in the / ih month and 
the .summations in the right hand member of the equation are takCT 
over the years covered by the time series. 


If the Method of Moments be used 


The trouble lies in the determination of the denominator 
E[/0d c6e‘)]* or • cix)'] . The Detroit Ed¬ 

ison have overcome this difficulty by smoothing the observed time series 
with a sixth degree parabola, keeping the total population for each 
year unchanged over a period of seven years. In this way seasonal 


1. A Mathematical Theory of Seasonala, AnmJs of Math. Slat., I, p. 57. 
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variation is obtained from (A) or (B), (B) being much easier to 
handle than (A). 

There appears to be an objection m fitting a curve over a period 
of seven years and thus for successive seven year intervals obtaining 
smoothed values for a time series of any -given length The ordin¬ 
ates of the smoothed curve arc not equally weighted as, for example, 
in fitting curves over a ten-year period, the first smoothed ordinate 
for a year is given by one curve, the second by ttvo curves, the third 
by three curves, the fourth, fifth, sixth and seventh by four curves, 
the eighth by thrcOj the ninth by two and the tenth by one. To over¬ 
come this I decided that my smoothed curve should have the same 
zero, first and second moments as the observed curve over a period of 
twelve months, This simply means that a parabola of 2nd degree was 
fitted to the successive twelve month intervals, and as above a smoothed 
curve will be obtained for any length of time. 

If the observed values are plotted against the correspond¬ 
ing values of X and a parabola of second degree fitted to the points 

^-n > > .» “• *.' 

determining the constants by the Method of Least Squares, the ordin¬ 
ate of the curve at j:- 0 is taken as the graduated value of . If 
n - 6 this would involve thirteen observed ordinates, whereas I de.sire 
twelve. This difficulty, however, is easily removed by finding a first 
approximation to my graduated value by using thirteen ordinatw; hav¬ 
ing found the corresponding seasonal variation by (A) or 
thirteenth ordinate is divided by this seasonal factor. The parabola 
which is to represent the smoothed curve given by trend x cycle is 
then found from the twelve ordinates subject to seasonal .trend and 
cycle influences, and a thirteenth from which seasonal has been elim¬ 
inated. 

The graduated ordinate at 0 corresponding to is (first 
approximation) 

if I- 0J,t 

+ /6 (Ug + W.j) + 3 -H Cu,4+ 


(C) 
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For example, if we take thirteen ordinates, commencing at Janu¬ 
ary, 1904, and fini-shing at January, 1905, the first approximation for 
July is 

^ -11 (Jan.l 1904 +9 (Mar.J *■ 16 (Apr.) <-21 (May) 

julv^—— +24 (June) + 25 (July) + 24 (Aug.) ^ 21 (Sept) 

' 143 ^ 9 (Nov.) -n (Jan ) 1905 

where (1)1 have designated the production for any one month by the 
corresponding name of the month, and (2) the formula is rearranged 
in a form .suitable for the calculating machine. 

If formula (B) is used it is readily seen that to obtain the sea¬ 
sonal variation for any month we must 

(1) Sum together all the Januaries, then all the Februaries, etc. 
It should be noted that, as the first six months and the last six months 
of a time tenes are not weighted equally with the others, no graduated 
points were found for these peiiods. In consequence, as will be seen 
in practice, two sets of summations of the different months are re¬ 
quired, the first including every year except the last, and the .second 
excluding the first year. Then apply formula (C) This gives 

cCx)] 

(2) Divide by z\f (x) eCz)] 

Having obtained a first approximation to the sea.sonal factors, 
E[/Ca) c(jc)] is recomputed as explained above. In prac¬ 
tice this is quickly executed, as will be seen in an example completely 
worked out below. 

To illustrate this method I have taken the theoretical time series 
given by the Detroit Edison. Summing the productions fur the various 
months, we have Table I. 

To find the seasonal for Ivly, for example, we have to find the 
value of 

, [-11(20434) ^ 9(21621) +16(22615) +21(23035) 
Z\J{xy c(jc)]=T^ +24(21129) +25(21508) +24(22118) +21(22212) 
[+16(23186) + 9(21215) -11(21215) 
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Using formula (B) the 


seasonal for July is 


21508 

22280 


0.96S 


TABLE I 


Month 

1904-1914 

1905-1915 

1st approx. 

2nd approx 

January 

20,434 

21,215 

971 

,973 

February 

19,425 

20,143 

918 

.919 

March 

21,621 

22,389 

1.015 

1014 

April 

22,615 

23.196 

1045 

1.039 

May 

23,035 

24,231 

1.061 

1062 

June 

21,129 

22,567 

974 

.974 

July 

21,508 

22,820 

965 

.967 

August 

22,118 

23,077 

987 

.993 

September 

22,212 

23,707 

1.011 

1010 

October 

23,186 

24,964 

1071 

1067 

November 

21,215 

22,712 

987 

.982 

December 

21,836 

23,182 

1002 

1005 




120007 

1200 05 


In this way the seasonals in Column 4 of Table I were obtained 

The second approximation is obtained with little extra trouble; 
tor July, on account of the thirteenth ordinate, in this case the Janu¬ 
ary of the following year, which has a seasonal of .971, we have to 
replace the, last term in 143 c(x)] given above by 


11(21215) j g recomputed £, [/ (•*) ^ W] 
.971 ’ ■ ^ 


IS now 


.31R6 Q16 -1U21215) (0.0299) reciprocal of 0.971 being 1.0299. 
143 


The seasonals obtained with these corrections are given in Col¬ 
umn S of Table I. 

Comparing the seasonals with actual values, we ha\e the follow 
ing table. 
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Jan 

Feb. 

March 

April 

May 

June 

Actual Seasonal 

9% 

.930 

1.050 

1020 

1.040 

980 

Computed Seasonal 

.973 

919 

1.014 

1.039 

1.062 

,974 

Error 

-017 

-.011 

-.036 

+ 019 

+.022 

-.006 


July 

Aug. 

Sept 

Oct. 

Nov. 

Dec. 

Attual Seawnal 

980 

1.000 

.980 

1,040 

.990 

l.OOO 

Computed Scasronal 

.967 

993 

l.OlO 

1.067 

.982 

1,005 

Error 

-013 

-.007 

+.030 

+ 027 

-.008 

+.005 


The mean and standard deviations are compared with the Inter- 


polation Method of the Detroit Edison. 

Mean Deviation 

Standard Deviation 

of Errors 

of Errors 

.0168 

,0194 

Interpolation Method.0269 

,0.137 


It will be noticed that the new method of smoothing yields a 
standard deviation which is roughly a little greater than half that ob¬ 
tained by the Interpolation Method. 

To test whether any actual difference in Seasonala would be ob¬ 
tained by using formula (A), the ordinates of the smoothed curve 
were found by formula (C) and are given in Table II. The seasonals 
were as follows: 


Jan, 

WM 

March 

April 

May 

June 


.967 

mM 

1.009 

1.072 

.986 

1005 


July 

Aug. 

Sept. 

Oct. 

Nov. 

Dec. 

Total 

■971 

.906 

1.007 

1.042 

1.062 

.980 

11,995 


figures practically identical with those previously obtained. 


In Figure I, I have plotted against the various months (1) the 
actual Seasonal Indices, (2) those given by the Detroit Edison Inter- 
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TABLE n 



19(H 

1905 

1906 

1907 

1908 

1909 

January 


1724 

1916 

2105 

1306 

1656 

February 


1765 

1968 

2092 

1180 

1765 

March. 


1824 

1955 

2041 

1121 

1889 

April . .. 


1855 

1956 

2049 

1141 

2007 

May 

• 

1885 

1956 

2093 

1187 

2129 

June 

. 

1854 

1954 

2148 

1218 

2216 

July 

1405 

1880 

2019 

2127 

1223 

2310 

August 

1490 

1882 

2063 

2064 

1253 

2370 

September .. 

. 1522 

1859 

2078 

1917 

1307 

2458 

October .... 

. 1569 

1867 

2099 

1772 

1376 

2462 

>}ovcmber 

1634 

1890 

2122 

1618 

1465 

2502 

December 

1709 

1939 

2139 

1454 

1566 

2538 


1910 

1911 

1912 

1913 

1914 

1915 

January . ,.. 

2565 

1919 

2157 

2521 

2233 

1699 

February 

. 2574 

1872 

2222 

2562 

2123 

1803 

March* 

. 2571 

1861 

2293 

2590 

2022 

1920 

April 

2544 

1852 

2,170 

2592 

1900 

2057 

May . 

2529 

1869 

2441 

2609 

1863 

2248 

June 

. 2461 

1900 

2514 

2645 

1821 

2449 

July .. . 

2382 

1935 

2540 

2640 

1774 


August 

2275 

1972 

2554 

2624 

1735 


September 

2167 

1993 

2536 

2511 

1645 


October 

. 2036 

2008 

2488 

2405 

1634 


November .. 

, 1950 

3048 

2477 

2314 

1586 


December 

1931 

2113 

2464 

2271 

1613 



polation Method, and (3) those given by the method of this paper. 

As it will be interesting to note how the smoothed values of the 
ordinates of the time series agree with the actual, I have given below 
the Mean Deviation of errors from actual for the various months. 


Month 

Jan. 

Feb. 

March 

April 

May 

June 

M. D. .. 

58 

41 

SO 

43 

32 

34 

Month 

July 

Aug. 

Sept, 

Oel. 

Nov. 

Dec. 

M, D. ,.. 

.... 23, 

24 

23 

37 

42 

67 
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MODIFICATIONS OF '^UE LINK RELATIVE 


For the whole pci IikI the Mean Deviation is 39.5, 

The Deviations are small, the Jamiary Mean Deviation being 
roughly 3 per cent of the mean pcmluction for January; for December 
it is 3.4 per cent, 

On the assumption that the Seasonal Index for any one month 
is constant for a given time scrie.s, it will lie .seen that 1 east Squares 
can be used in several ways to yield Seasonals. I give one example 
of its use, obtaining Seasonals by a method closely allied to the Link 
Relative method. 

In the Link Relative method link relatives are formed for all the 
different months. This involves the greater part of the calculation, 
and it seemed feasible that instead of calculating link relatives and 
finding median values one could assume that the produrtion for any 
one month with reference to that tor the previous month is given by 

February - a. January 
March » February 


December - a » November 
January - a„December 

where, as before, the name of the month stands for the production for 
that month, and a,, a,, ■ . .i tf,jare constanta which can be 
determined by the Method of Least Squares. For February *> a, Janu- 
are, we have 


£ (February) (January) 

' £ ''January) ^ 

the summations extending over the years of the time series. 

Considering our time series to be u,, U,, u^,’ • , Un,-' 

u.u. 4. a., 4u., u, 

a,’ 




I 

IX 


+ U 
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FIGURE I 


— Actual Seasonals. 

- - New Interpolation MetM. 

.... Detroit Edison Interpdation. 
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MODIFICATIONS OF THE LINK RELATIVh 


i e , the observed productions for two successive months are multiplied 
together and summed and the whole divided by the sum of the squares 
of the production of the first of the months. 

These coefficients <3, , a,, . . . correspond to the median 

link relatives, and the procedure is then similar to that used in that 
method, i. e,, January is assumed to be 100.0, etc. Wc thus get the 
following table 


TABLE III 



(1) 

(2) 

(3) 


(S) 



Chain 

(2) 

Seasonal 

Error 

from Actual 

Month 


Relative 

Adjusted 

Indices 

divided by 100 

January 

,951 

100.0 

1000 

95.5 

-.035 

Febmry 

1.106 

951 

94,8 

90.5 

-.025 

March 

1,W3 

105 2 

104.3 

99.6 

-.054 

April . 

1.037 

109,6 

108 3 

103.4 

+.014 

May 

,934 

1137 

111.9 

106.8 

+.028 

June 

.997 

106.2 

104.1 

99,4 

+ .014 

July 

1,018 

106.0 

103,5 

988 

+ .008 

August 

1.019 

107.9 

105.0 

100,3 

+ 003 

September 

1.0S6 

1100 

106.6 

101.8 

+.038 

October . 

. .915 

116.2 

112.2 

107.1 

+.031 

November 

1.020 

106.3 

102.2 

97.6 

-.014 

December 

January 

. ,967 

1084 

104 8 

103 9 
100.0 

99.2 

-.008 


The Standard Deviation of the Errors of column (5) is found 
to be ^ 0.0269, which is considerably less than that of the Link Relative 
Method, 

If we assume that , can be represented by the points on a 
theoretical curve .u, - S(x) Ax) c(x) + fi, as given by 

the Detroit Edison Statistical De|!nrtment, it will be seen that Febru¬ 
ary d, (January) gives 

a - isL/cj) cCt)][/ (x*n c (x-> i] 

^ i[/Cr) e wr 
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where, if x - 1 corresponds to the first January of time series, x -1, 
13, 25, etc. 

can therefore be frjund as soon as a value can be obtained 
for the adjustment factor where (x)=f (.x) c(x) 

If the time series is smoothenfey tne method already discussed, satis¬ 
factory values of ^ (jcjare obtained and the adjustment factors easily 
computed. The smoothed values of the ordinates of the theoretical 
time series are given in Table II. As logarithmic correction, which 
has already been employed, assume.s a constant adjustment factor for 
uny pair of consecutive months, it will be interesting to find whether 
the assumption of a theoretical curve for the time series yields better 
adjustment factors than the constant one used in logarithmic correction. 


TABLE IV 


Month 

Adjustment 

U) 

Chain 

Keiativa 

(2) 

(2) adjutad 
(2) 

Saaaonal 

U) 

Encr tram 
actual/hco 

January 


100.0 

100.0 

97 2 

-018 

February 

.994 

945 

94.4 

91 8- 

-.012 

March 

993 

103,8 

103 6 

100.7 

-.043 

April 

.991 

107.3 

107 1 

104,1 

4-021 

Mav 

.980 

1090 

108,7 

105.7 

4-017 

June 

984 

100.2 

988 

960 

-.020 

July 

.996 

99.5 

99,0 

96.2 

-018 

August 

1,000 

101.3 

100.8 

98.0 

-020 

September 

I.OIS 

104.7 

104,1 

1012 

4-.032 

October 

1.016 

1123 

IU.6 

108 5 


November 

1.006 

103.3 

102.5 

996 

4-C06 

December 

.995 

1048 

104.0 

101 1 

4-.011 

January 

, 996 

100.9 

100.0 




The adjustment factors arc given in column (1) of Table IV, and 
the corresponding seasonal indices in column (4). The standard devi¬ 
ation of errors, i .0248. is less than that obtained with the adjustmen 
as used in the link rebtive, but in thi.s particular case the adjastmmt 
factor, using logarithmic correction, would.be .996 for each mon^ 
differing HtUe from the factors using smoothed ordinates. It will oe 
noted that, owing to accidental errors, the chain retative for Janiiaj 
is 100.9. not 100, and an arithmetical correction has to be applied. 
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MODIFICATIONS OF THF LINK KELATIVF 


From this one sees that, taking accidental errors into account, logar¬ 
ithmic correction is well adapted for reduction purposes 

Finally, I found the Seasonal Indices by the Variate Difference 
Method. In this method the trend is removed and second differences 
taken, which are treated by Fourier Analysis, For the second differ¬ 
ences I obtained 

A*u-+0.02 + 0.822cqs ( 0 - 339’52') 3,958 cos (J 6'-3l4°53') 
*3.902 cos (3 6i-39'’34'l* 4.374 cos (4 
>9.942 cos f 5 e - 293 - 39 ' ) * 0 77.5 cos fa 0. 


yielding the seasonal indices: 


Jan, 96.9 
Feb. 89 2 
Mar. 100.8 
Apr. 103.4 


May 105 6 Sept, 101.9 

June 99.4 Oct 106 3 

July 98.3 Nov. 97.8 

Aug. 102.2 Dec. 98.3 


Dividing the seasonals by 100 and comparing with Actual values, 
Mean and Standard Deviation of errors from the actual seasonals arc 


TABLE V 


SEASONAL INDICES 


. ^ ' 

Month 

Actunl 

Valuee 

Interpolation 

Link 

RoUtive 

Modified 

Link Relative 

Variate 

Differ¬ 

ence 

Detroit 

Edison 

Robb 

Corec- 

tion 

TheoreHcsl 

Convctlon 

January 

990 

.938 

973 

.975 

955 

.972 

.969 

February 

,930 

.885 

919 

.890 

905 

918 

,892 

March 


,988 

1,014 

,988 

.996 

1.007 

1.008 

April 

1.020 

1021 

1039 

1.007 

1.034 

1.041 

1,034 

May 

1040 

1,065 

1062 

1.030 

1.068 

10.57 

1056 

June 

.980 

.986 

.974 

962 

.994 

.960 

.994 

July 

980 

.993 

967 

.972 

,988 

,962 

.983 

August 

1.000 

1017 

,993 

1,013 

1003 

.980 

mojm 

September 

.980 

1,028 

1.010 

1,033 

1.018 

1.012 

■wall 

October 

1.040 

1.079 

1.067 

1099 

1,071 

1.085 

1.063 

November 

.990 

.985 

.982 

1,004 

.976 

,996 

.978 

December 

lIliTM 

1,009 

1.005 

1,027 

992 

1 on 

,983 

S.D 


:0337 

.0194 

,0338 

0269 

.0248 

.0246 
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given by ± 0,022 and ± 0,0246, which are still considerably less than 
those obtained by Link Relative oi Detroit Edison Interpolation, For 
reference I have put in Table V the results obtained from all the meth¬ 
ods mentiond in this paper, together with their Standard Deviation 
(S, D,) of errors. 

As the time taken to determine the Seasonal Indices by the various 
methods is important, I took the time seiies of Merchandise Imiwrts 
for a period of ten years, and calculated the Seasonal Indices. Denot¬ 
ing the Link Relative method by , Modified Link Relative (Log 
correction) by , Interpolation (as given in this paper) by 1, I 
found that as regards the time taken for one determination completely 
checked R, 1 I '111! 8 !7 

For the particular example taken, it took i 75 hours to transcribe 
the matei ial and to determine the Indices, completely checked, by the 
Interpolation method. For the Link Relative method, 7 75 hours were 
taken It is desirable, if possible, to base two independent determina¬ 
tions, and the above times would consequently have to be doubled. The 
Variate Difference method roughly takes the same time as the Link 
Relative method, when the trend has been removed from the time series 

- 


Glasgow, Scotland, 



